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ABSTRACT. In this note, we provide detailed characterization of operators in terms of norm-attainability
and norm estimates in Banach algebras. In particular, we establish the necessary and sufficient
conditions for norm-attainability of the derivations and also give their norm bounds in the norm-

attainable classes.

1. INTRODUCTION

The norm of a derivation was first introduced by Stampfli [49], who determined the inner derivation
o7, + Ao — ToAo — AoTo which acts on B(H), the algebra of all bounded linear operators on a
complex Hilbert space H. Further,

07, || = inf 2||To — Alg||, for every complex A was shown. For

a normal operator T, ||07,|| can be expressed as the geometry of the spectrum of To. Johnson [21]
established methods which apply to a uniformly convex spaces with a large class, i.e the formula
|67 is false in /P and LP(0,1) 1 < p < oo, p # 2. For L' space the formula is true for a
real case and not for a complex case whose space dimension is 3 or more. Johnson [20] found
that a derivation on B(H) is a mapping A : B(H) — B(H) with A(AS) = AA(S) + A(A)S, where
A, S € B(H). Such derivations are necessarily continuous and if S € B(H) then As(A) = AS—SA
is a derivation on B(H). Gajendragadka [18] was concerned with the Von Neumann algebra and
computed the norm of a derivation. Specifically, it was proved that the Von Neumann algebra acts
on a separable Hilbert space H, whereby if T is in &l and 47 is the derivation induced by T, then
o7 ||| = 2 inf ||T — Z||, where Z is the centre of L. Therefore, Anderson [3] in his investigation on
normal derivations with the operators A, C € B(H) proved if A is normal and AC commute, for every

X € B(H), [16a(X)+ C|| > ||C||- Therefore, the inequality showed that the kernel and the range of

04 are orthogonal to §4 which is the commutation of {A} of A. Kyle [24] examined the relationship
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of the numerical range of inner derivation and that of the implementing element. Kyle [25] studied
norms of inner derivations and used their properties and concluded that a closed subset of all
derivations on a C*-algebra, forms the set of inner derivations and obtained the result which is a
converse of Stampfli [49]. Charles and Steve [11] answered the question when X = T by structure
characterization of compact derivations of C*-algebras. Moreover, the structure of weak compact
derivations of C*-algebras was determined and as immediate corollaries of these results, conditions
that were necessary and sufficient were obtained so that C*-algebras can admit a non-zero compact
or weakly compact derivation. Stampfli [50] studied operators on Hilbert spaces and their properties
inducing a derivation whose closure is self-adjoint after the range of such operators are termed
D-symmetric and then characterized compact D-symmetric operators. Erik [16] established that
any operator 7 on a Hilbert space H with a cyclic vector has a property with a finite spectrum.
Mecheri [31] established that T(X) is linear for any m-linear derivation and hence, the topology
of Von Neumann algebra X of type | is automatically continuous in measure with center m and the
semi-finite trace T which is normal is faithful. Therefore, T(X) is the algebra of all 7-measurable
operators affiliated with X. Mathieu [29] proved that for non-zero derivations, the product of two
prime C*-algebras are bounded if both of them are bounded. In [51] two automatic continuity
problems for derivations on commutating Banach algebras were discussed, that is, derivation on a
commutative algebra is mapped onto the radical, and Banach algebras are continuous on semiprime
derivations. Bresar, Zalar [9] showed that a Jordan *-derivation is the map d,(x) = ax — x*a for
fixed a € 4; hence, the derivation is inner. Douglas [15] continued the study of Ws(Y') which was
considerably more amenable where Archbold [1] defined the smallest numbers to be [0, o] and
introduced two constants W (Y') and W(Y') such that d(y, Z(Y)) < W(Y)||D(y,Y)], forally € Y
and d(y, Z(Y)) < Ws(M)ID(y,Y)|. for all y = y* € Y. The author in [26] showed that for the nth
order commutator [[[k(B),Y],Y].....Y], a formula was obtained in terms of the Frechet derivatives
S™k(B) in which the formula illustrated was used to obtain bounds for norms of a generalized
commutator k(B)Y — Yk(B) and their higher order analogues. In [17], numerical ranges of 2 x 2
matrices were determined and the convex of the numerical range for any Hilbert space operator was
established in Toeplitz-Hausdorff theorem and the relation of the numerical range to that of spectrum
was discussed. Further, the closure of the numerical range is contained in the spectrum and the
intersection of closures of the numerical range of all operators were asserted by Hildebrandt's
theorem. Considering results on special cases [10], established that ||PXQ + QXP| > [|P||IQ]l.
Chi-Kwong [13] established that for an n x n matrix X, the numerical range W(X) has many
properties which can be used to locate eigenvalues to obtain norm bounds. Algebraic and analytic
properties were deduced which help in finding the dilations of simple structures. Let the linear
operators X; and Yj, 1 </ < n act on separate Hilbert space H, therefore, Hong-Ke, Yue-qing [19]
proved that sup{|| 7, AXQil : X € B(H), [X]| < 1} = sup{| X0, ATQ : UU* = T*U =
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I,U € B(H)}. In addition, Okelo, Agure and Ambogo [35] established the norm of Jordan elementary
operator Ua,g : B(H) — B(H) which is given by Us,g = AYB+ BY A, VY € B(H) and A, B fixed
in B(H) and showed that [|a,5 || > ||Al|ll|B]| and then characterized the norm-attainable operators
using this norm. Inner derivations implemented by norm-attainable elements of a C*-algebra has
relation to those of ideals and primitive ideals. Since there is a relationship between the constants
A(&) and As€ of C*-algebras to the ideals and primitive ideals then related results have been
given in general Banch settins. Okelo, Agure and Oleche [38] gave results on necessary and
sufficient conditions for norm-attainable operators and also studied norm-attainable operators and
generalized derivations. Okelo [37] extended the work by presenting new results on conditions
that are necessary and sufficient for norm-attainability for operators in Hilbert space, elementary
operators and generalized derivations. Further, Okelo [37] established that a unit vector exists
X € H, [|A|| = 1such that ||SA]| = ||S|| with (SX, \) = 7. Results from [23] showed that every Jordan
derivation of the trivial extension of A by M, under certain conditions, is the sum of a derivation
and antiderivation. In [10], the author studied norm-attainable operators that are convergent and
established norm-attainability of operators via projective tensor norm. Wickstead [52] showed that
if an atomic Banach lattice Z with a continuous norm order, X,Y € 7" and Mxy is the operator
on 7" (Z) defined by Mxy(A) = XAY, then ||Mxy|, = || X]|/|Y|lr but there is no real 8 > 0
such that ||Mx y ||, = B||X||-|Y|l;. Okelo [36] outlined the theory of normal, self-adjoint and norm-

attainable operators then presented norms of operators in Hilbert spaces. In [8] the author proved
that for a linear map A : {4 — U, A(XY) = A(X)Y + AX(Y) for each X,Y € il is a derivation,
and for any two derivations A and A’ on a C*-algebra 4l there exists a derivation § € I such
that AA’ = §2 if and only if either A’ = 0 or A = fA’ for any f € C. Clifford [12] studied
hypercyclic generalized derivations acting on separable ideals of operators and also identified
concrete examples and established some conditions that are necessary and sufficient for their
hypercyclicity. Okelo [36] considered orthogonal and norm-attainable operators in Banach spaces,
gave in details the characterization and generalizations of norm-attainability and orthogonality.
The conditions that are sufficient and necessary for norm-attainability of operators on a Hilbert
space, the result on orthogonal range and the kernel of elementary operators implemented by norm-
attainable operators in Banach spaces were also given. Okelo [34] characterized norm-attainable
classes in terms of orthogonality by giving norm-attainability conditions that were necessary and
sufficient for Hilbert space operators first and the orthogonality result on the range and kernel of
elementary operators when implemented by norm-attainable operators in norm-attainable classes
were also given. Okelo [38] gave conditions for norm-attainability for linear functionals in Banach
spaces, non-power operators on H and elementary operators and also gave a new notion of norm-
attainability for power operators then characterized norm-attainable operators in normed spaces.

In [51] determined the norm of the inner Jordan *-derivation s : X — SX — X*S acting on the
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Banach algebra B(H). It was shown that [|ds]| > 2supxew,(s) ISA| in which Wp(S) is the maximal
numerical range of operator S. The work of [1] obtained precisely when zero belongs to maximal
numerical range of composition operators on H and then characterized the norm-attainability of
derivations on B(H). In Okelo [41] norm-attainability for hyponormal operators that are compact
were characterized, sufficient conditions for a compact hyponormal operator that is linear and
bounded on an infinite dimension for a complex Hilbert space to be norm attainable were given.
Further, the structure and other properties of compact hyponormal operators when they are self-
adjoint, normal and norm attainable with their commutators were discussed in general. Lumer [27]
obtained a sharp estimate not only from |sp(R)| equal to spectral radius of R but indeed for |sp(R)|
in terms of sup(|X(R)|, |X(R™)|*"), n being any positive even integer. In [18] the author studied
the algebra of functions that are continuous on [0, 1] and are ||.||,-approximate polynomial; i.e
point-wise functions of limits of ||.||,-Cauchy sequence of polynomial. Archbold [1] investigated
whether the simple triangle inequality || T (a, A)|| < 2t(a, Z) if applied holds. D(A) was defined
to be a minimum value D in [0, oo] such that t(a, Z) < D||T(a, A)||. The behaviour of D in ideals
and quotients were discussed which proved that Ds(A) < 1 for a weakly central C*-algebra A and
considered a class of n-homogeneous C*-algebras that are special. D and Ds were investigated
and approximated finite-dimension (AF)C*-algebra in that context and an example was given to
show certain estimates. The results of [44] showed that for a certain Von Neumann algebra i,
a constant F existed such that dist(T, ) < Fsuppcjap ||PETPI|VYT € B(H). The work was
extended to a Von Neumann algebra 4 and showed that there exists a constant G € B(H),
dist(T, ) < G| Ar|W|| where o1 is the derivation §7(S) = ST — TS thus proving that the
inequality holds for large classes of Von Neumann algebras. In [14] the researcher considered
A(M) defined as the smallest number ||Z||?> of Z that satisfy [Z*, Z] = M and showed that
1 < X(M) < 2. Matej [28] estimated the distance of d; and d to the generalized derivations and
the normed algebra of P and considered the cases when P is an ultraprime, when d; = d» and
P are ultrasemiprime and when P is a Von Neumann algebra we have the equation ||P + Q|| =
1P|l + [|Q|l, P,Q € B(H). Further, a constructive proof was provided that a minimum bound is
not valid and a relevant method to analyze the problem on estimation of eigenvalues such an
interpolation matrix was commented on. The norm property was done by Cabrera, Rodriguez [10]
for basic elementary operators and obtained ||M, ]| < 2|/a|||b]|, for Jordan elementary operator
WUIl = (IMapll + (IMapll, IMapll + IMasll < 2]all||b]| for the upper estimates. In fact, [30] gave
an estimate on matrix-valued function that is reqular and showed that for normal matrices it is
attainable and investigated their stability. Kittaneh [26] established the orthogonality, kernel
and the range of a normal derivation associated with norm ideals of operators with respect to
the unitarily invariant norms. Results related to orthorgonality of some derivation that are not

normal were also obtained. Stacho and Zalar [48] established the lower estimates for elementary
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operators of Jordan type in standard Banach algebras. Danko [14] established that for all unitarily
invariant norms and for bounded Hilbert space operators there exist {x,}, € H which is a unit
sequence such that lim, [|C — w||x, = 0. From [11], [|A]| € o(A) if and only if [|A|| € 0,5(A) also
o(A) € W(A) (spectral inclusion) and if w(A) = ||A|, then yv(A) = ||A]|. Therefore, the result
implied that ||A|] € W(A) if and only if ||Al| € c(A). In fact, Megginson [32] established that for
allY € &, then 0g(Y) € Jand |BY —=YBllg = (B=XNY =Y(B—-0a)ll < 2|B—-a|lYls
for all & € C. Hence, [|05(Y)lla < 2d(B)||Y|ls, implying that ||0g|R|| < 2d(B). Further, the
notion of R-universal operators was introduced and that R-universal is an operator A € B(H) if
10| K|l = 2d(B) for every norm ideal 8 € B(H). Landsman [23] proved that for a standard operator
algebra on H || M, p|| +|IM, || > 2(v/2—1)||al|||b]|. Therefore, both the lower norm and upper norm

bounds have been established for normally represented elementary operators. The work of [3] had an

estimate on transfer functions of stable linear time-invariant systems on stochastic assumptions. The
approach of nonparametric minimax was adopted to measure the estimate accurately, an estimator of
quality was measured over a family of transfer functions by its worst case error. In [32] the author
established that for a holomorphic functions f with Re{gf’(g9)} > o and Re{gf"(9)/f'(9)} >
a—1,(0 < a < 1) respectively in {|g| < 1}, estimates of sup4 <1 (1—[9|%)|f"(g)/f'(g)| were given
and functions Gelfer-convex of exponential order o, B was also considered. Milos, Dragoljub [33]
considered elementary operators x — Zle vixw; that acts on a Banach algebra. The ascent
estimation and lower bound estimation of an operator was given. Barraa and Boumazgour [4]
showed that the norm of bounded operators more than one on a Hilbert space is the same as
the sum of the norms and showed that ds 4 g is convexoid with the convex hull of its spectrum
if and only if A and B are convexoid. Richard [44] established the CB-norms of elementary
operators and the lower bounds for norms on B(H). The result was concerned with the operator
Ua X = AXB+ BXA which showed that ||{U/a g|| > ||All||B|| which proved a conjecture of Mathieu,
other results and formula of ||{U/a gl/cs and ||[Ua g|| were established. Richard [45] provided the
Haagerup estimation on the norm of elementary operators that are completely bounded. Seddik [46]
proved that lower estimate bound [Ty |l > 2(v/2 — 1)|[M]|||N]|| holds, if it is either a standard
operator algebra or a norm ideal on B(H) and M, N € B(H). Florin, Alexandra [17] estimated
the norm of operator Hgx = Uy + Uz + (X\/2)(Vo + V) which is an element on a C*-algebra
Ag = C*(Ug, Vi unitaries : UgVp = €®™9VUp), and proved that for every A € C and 6 € [% %] the

inequality [|Hg »|| < \/4 +A2—(1- ﬁ)(l — 1Jr%zzmg)m/n{él, A2} holds. This significantly
improved the inequality ||Hp 2|l < 2v/2,6 € [%, 3], conjectured by [18]. The author in [31] considered
commuting matrices of matrix valued analytic function and established a norm estimate, in particular,
two matrices of matrix valued functions on a tensor product in a Euclidean space were explored. In [5]
the research communicated results on complex symmetric operator theory and showed that two non-

trivial examples were of great use in studying Schrédinger operators. The work of [43] showed that


https://doi.org/10.28924/ada/ma.3.9

Eur. J. Math. Anal.

triangle inequality served an upper norm bound for the sum operators that is sup{||T*RT +V*SV/|| :
TandV'} are unitaries. The result discussed had relationship to normal dilations, spectral sets
and the Von Neumann inequality. Yong, Toshiyuki [53] gave a norm estimate on pre-Schwarzian
derivatives of a specific type of convex functions by introducing a maximal operator of independent
interest of a given kind. The relationship between the convex functions and the Hardy spaces was
discussed. In [16] the author analyzed the structure of the set D = {y € D(9) : limp—oo An(y) =
A(y)} for convergence of the generators that are pointwise where o is an approximate inner
flow on a C*-algebra T with generator A and A, for bounded generators of the approximate
flows a”. In fact, the relationship of D and various cores related to spectral subspaces were
examined. Seddik [47] showed that Q is a normal operator which is invertible in B(H) if the
estimate [Q®@ Q'+ Q7 ®Q|x < IQIIQ™Y + m holds, such that ||.||x is the injective
norm on the tensor product B(H) ® B(H), when Q is invertible self-adjoint then the equation
becomes an equality. Bonyo and Aqure [7] characterized the norm of inner derivation on norm
ideal to be equal to the quotient algebra and investigated them when they are implemented by
normal and hyponormal operators on norm ideals. A hyponormal X is a bounded linear operator
on a Hilbert space H if X*X — XX* > 0 and is normal if X*X = XX*. Bonyo and Agure [8]
investigated the relation of the diameter of the numerical range of an operator B € B(H) and the
norm of inner derivation implemented by B on a norm ideal J and considered the application of
S-universality to the relation. Bonyo and Aqure [0] defined inner derivations implemented by A, B
respectively on B(H) by d0a(Y) = AY — YA, 65(Y) = BY — YB and generalized derivation by
oa.8(Y) =AY —YBVYY € B(H). Further, a relationship between the norms of 04,05 and 4,5
on B(H) was established, specifically when the operators A, B are S-universal. Ber, Sukochev [5]
showed that for every self-adjoint element b € S(N) a scalar A\g € R exists such that V ¢ > 0,
then there exists a unital element ug from N satisfy |[b, ug]| > (1 —€)|b— Xol|. From this result a
consequence is that for any derivation 4 on N with the range on an ideal / C N the derivation ¢
is inner i.e 0(.) = 04(.) = [a,.] and a € /. Pablo, Jussi, Mikael [42] provided theoretic estimate of
two functions for the essential norm as a composition operator C,, that acts on the space BMOA,;
one in terms of the n-th power " denoted by ¢ and the other involved the Nevanlinna counting
function. The research of [20] introduced a new type of norm for semimartangles, the defined norm of
quasimartangales and then characterized the square integrable semimartangales. In [4] the author
gave the result on lower bound of the norms for finite dimensional operators. The work of [14]
determined the norm of two-sided symmetric operator in an algebra. More precisely, the lower
bound of the operator using injective tensor norm was investigated. Further, the inner derivation
norm on irreducible C*-algebra was determined and Stampfli’'s [49] result for these algebras was

confirmed.
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2. PRELIMINARIES

This section provides the basic concepts which are useful in the sequel.

Definition 1 ( [1], Definition 1.5). A Banach x-algebra T is called C*-algebra if ||tt*|| =
It|?, VteT.

Definition 2 ( [37], Definition 2.1). Elementary operator T : B(H) — B(H) is defined by
Tpe(X) =Y 1Di X E;VX € B(H) and ¥V D;, E; fixed in B(H) where i = 1,...,n. For
B(H), we define the particular elementary operators as below:

(i). Left multiplication operator Lp : B(H) — B(H) by Lp(X) = DX, V X € B(H).

(it). Right multiplication operator Rg : B(H) — B(H) by Re(X) = XE, V X € B(H).
(iii). Generalized derivation (implemented by D, E) by 0p g = Lp — RE.
). Inner derivation (implemented by D) by 6p(X) = DX — XD.

). Basic elementary operator (implemented by D, E) by Mp g(X) = DXE, ¥V X € B(H).

). Jordan elementary operator (implemented by D, E) by Up g(X) = DXE + EXD, V X €
B(H).

(iv
(v

(vi

Definition 3 ( [49], Definition 2.3). A derivation is a map D : U — U satisfying D(fg) = fD(g) +
D(f)g for all f,g € U.

Definition 4 ( [39], Definition 1.2). The maximal numerical range of an operator S is defined by:
Wo(S) ={B: (St, t) — B, where ||t|| =1 and ||St|| — ||S||}.

Definition 5 ( [35], Definition 2.1). An operator K is norm-attainable if t € H exists which is a unit
vector such that ||Kt|| = ||K||. Moreover, it is self-adjoint if K = K*.

3. MaIN REsuLTs

In this section, we give results on norm-attainability conditions an norm estimates for derivations.

We begin with the following proposition.

Proposition 6. Let H be a complex Hilbert space and B(H) the algebra of all bounded linear
operators on H. A € B(H) is norm-attainable if and only if its adjoint A* € B(H) is norm-

attainable.

Proof. Given A € B(H) is norm-attainable then we need to show that A* € B(H) is norm-

attainable. If A € B(H) is norm-attainable then by definition of norm-attainability there exists a

unit vector x € H with ||x|| = 1 such that ||Ax| = ||A||. That is, |AA*x|| = ||A®x||. Let n = ﬁ,
then 7m is a unit vector such that ||n|| = 1 this implies that ||[A*n| = ||A|| = ||A*||. Hence, A* is

norm-attainable. O
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The next result gives norm-attainability conditions for operators via the essential numerical range.

An analogy of the same can be found in [37].

Proposition 7. Let A € B(H), A € Wess(A) and m > 0. Then there exists Ay € B(H) such that
IAIl = [[Aoll with [|A— Aol > .

Proof. See [37] for the proof. O

Remark 8. The set of all norm-attainable operators is denoted by NA(H), the set of all norm-
attainable self adjoint operators is denoted by NA*(H) and the set of all norm-attainable elemen-

tary operators is denoted by Ena[B(H)].

At this point, we consider norm-attainability in a general set up. We begin with the following

proposttion.

Proposition 9. Let D be the unit disc of a complex Hilbert space H and A : H — H be compact
and self adjoint. Then there exists x € D such that | Ax|| = ||Al|.

Proof. By the definition of usual norm, we have ||A|| = sup,cp ||Ax||. So, there exists a sequence
X1, X2, ..., Xp in D such that [|[Ax,|| = ||A|l. But A is compact so let yp = lim,_o Ax, exist in

H. Suppose Y = span{xi, x2}, then it is a closed subspace of H. If we pick a subsequence Xxp,

of x,, then it converges weakly to x and we have done (x,x) = limy_oo(Xn,, Xx) and [(x,,, X)| <
Ixn lll[X]l = 1 for all k. Therefore, ||x|| < 1 but we cannot have ||x|| < 1 since then ||Ax| =
IAIllIxIl < |IT]| which is a contradiction. Thus, ||x|| = 1 i.e x € D. Hence, the existence of x is
shown and thus completes the proof. |

At this point, we consider g-normality and g-norm-attainability.
Lemma 10. Let A € NA(H) then A is g-norm-attainable if it is g-normal.

Proof. Let A € NA(H) be g-normal i.e A9A* = A*A9. Raising A* to power g and using it to
replace A* we have A9(A*)9 = (A*)9A9. This shows that A9 is normal. Now A9A* = A*A9 by
Fuglede property. Therefore, A is g-normal. However, A € NA(H) and A9 is normal so it follows

that there exists a unit vector x € H such that ||A9%]| = ||A9

, for any g € N. Hence, A9 is

norm-attainable. O

Remark 11. Every norm-attainable operator and every self adjoint operator is g-norm-attainable

and g-normal for any g € N. However, the converse need not be true in general see [66].

Lemma 12. Let NAy;(H) be the set of all g-norm-attainable operators on H. Then NAy(H)is a
closed subset of NA(H) which is algebraic if and only if for any A € NA(H), A is g-normal.
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Proof. Let A be g-normal and pick A € K. By premultiplying by A and postmultiplying by g as
a power on the normal A we have (AA)9(ANA)* = (AA)*(ANA)9. This proves the normality of A\A.
Now if A € NA(H) then the converse is true if we take limits over a sequence of vectors in H and

also by Proposition 9. Therefore, A is a g-normal. O
Theorem 13. Let A € NAy(H). Then the following conditions are true.

A* is g-norm-attainable.

VAV* is g-normal, for a unitary operator V € NA,(H).

A=l is g-norm-attainable if it exists.

Ao = A/G is g-norm-attainable for some G which is a uniformly invariable subspace of H
which reduces to A.

(v). Ag is uniformly equivalent to A implies Ag is norm-attainable.

Proof. (i). Since A € NA,(H), then from Lemma 10, A9 is g-norm-attainable and so (A*)9 is
norm-attainable. Consequently, A* is g-norm-attainable.

(ii). Since V is unitary then VV* = V*V =/, where | is the identity operator. By definition of
norm-attainability and Lemma 10 we obtain the desired results.

(iii). If A=! exists then since A is g-norm-attainable, A9 is g-norm-attainable. Now since A is
g-norm-attainable then by Lemma 10 A9 is g-norm-attainable. But (A9)~! = (A~1)9 is
g-norm-attainable. So A™! is g-norm-attainable.

(iv). Follows from the fact that G invariant under A.

(v). Follows from (iii) since V' is unitary.

Corollary 14. Let A9, Al € NA4(H) be commuting operators, then A, Ay € NA4(H).

Proof. Since A9, A € NAy(H) are commuting then A, Ay are commuting normal operators. By
supraposinormality of operators in dense classes we have A, Ay € NA,(H) and hence are norm-
attainable. Indeed, AYA7 = (AAg)? = (AgA)? which is normal and norm-attainable. Hence,

A, Ao € NAG(H). O

Remark 15. Not all g-norm-attainable operators are g-normal. Thus, the following example shows

that the two commuting g-normal operators need not be g-normal.

10 01 11
Example 16. Let A= and Ay = . Now A+ Ay = and (A + Ap)? =
01 0 0 01

1 2
[ - ] are not normal. So A+ Ao is not 2-normal. We note that Ag is self-adjoint.

Lemma 17. The sum of norm-attainable operators is norm-attainable.
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Proof. Consider A, B € B(H). We need to show that the sum of A and B is norm-attainable. For
A, B to be norm-attainable then there exists a unit vector x € H such that ||x|| = 1, [[(A+ B)x| =
[Ax+Bx|| = [[A+ Bl = [|Al+[|BI|. Since [[Ax+Bx|| < [|Ax||+[|Bx|| < [All+[|Bx] < [[All+] B
then for an orthonormal sequence x, € H we have lim,_ o (||Ax, + Bxyl|) = ||[Ax + Bx||. But since

A and B are norm-attainable we have ||Ax+ Bx|| = ||(A+ B)x|| = ||A+ B|| is norm-attainable. [
Theorem 18. A norm-attainable operator perturbed by an identity operators is norm-attainable.

Proof. Let B € B(H) be norm-attainable. Since B is norm-attainable then there exists a unit
vector xg € H, an identity / € B(H) and for every € > 0 we have |[(Bl)x|l < ||Blxol +€ <
1Bl xoll + €. Since € is arbitrary then it follows that ||[(B/)xol < ||B|||I!||/[xo0ll = ||B]|. Hence,
1(BNxoll = [IBII. 0

At this point, we consider norm-attainability for elementary operators. We begin with inner deriva-

tions.

Lemma 19. Let 64 € E[B(H)], then 04 is norm-attainable if there exists a unit vector xo € H,
A€ NA(H) and (Axo, x0) € Wess(A).

Proof. For an operator A € NA(H) we know that an operator is norm-attainable via essential
numerical range from proposition 4.2. Now, we need to show that 4 € £[B(H)] is norm-attainable.
By the definition of inner derivation, 64 = AYp—YoA. Since A is norm-attainable then there exists a
unit vector xp € H such that ||xp]| = 1, ||Axol| = ||All. By orthogonality let yy satisfy yo L{Axo, X0 }
and a contractive Yy be defined as a linear transformation Yg : xg — Xg with Axg — —Axg as
yo — 0. Since Yj is a bounded linear operator on H, then by norm-attainability || Yoxo|l = ||Yo|| =1
and

[AYox0 — YoAxo|l = [[Axo — (=Axo)l| = 2[|A]l.

It follows from Lemma 3.1 in [49] that |0l = 2||Al|. By the inner product (Axg, x0) = 0 € Wess(A),
it follows that ||0al| = 2||Al|. Therefore, ||[AYy — YoA|| = 2||All = ||dall. Hence, da is norm-
attainable. ]

Lemma 20. Let A, Ay € B(H). If there exists unit vectors y and yy on H such that A, Ag are

norm-attainable then d4 4, is also norm-attainable.

Proof. Given the operators A, Ag € B(H) are norm-attainable then we need to show that 04 4, is
also norm-attainable. We define the generalized derivation by d4 4, = AY — Y Ag. Since A, Ag are
Ayl = [|All
and [|[Aoyoll = ||Aol|. By linear dependence of vectors, if y and Ay are linearly dependent then we
have [[Ay[| = n[/Ally where [n| =1 and [(Ay, y)[ = [|A]|. It follows that [(Aoyo, yo)| = [ Aol which
implies that ||Aoyoll = ¢||Aollyo and |¢| = 1. Therefore, (ﬁ\j’\—gﬁ,yo) =¢= —(HATy”,y> =-nlfYis

norm-attainable then there exists unit vectors y and yp on H such that ||y|| = ||y = 1,
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definedas Y :y — yp and yp — 0, ||Y]] = 1 then (AY —Y Ao)yvo = ¢(||All + | Aoll)yo which implies
|AY — Y Aoll = [[(AY = YAo)woll = |All + | Aoll = 1|0a.4, |- Hence, 64 4, is norm-attainable. [

Lemma 21. Every inner derivation is norm-attainable if and only if it is self-adjoint.

Proof. Let 4 € B(H) be norm-attainable then we show that 4 = 6%. Now since 04 € B(H)
is norm-attainable then there exists a contraction Y € B(H) such that [[04Y|| = ||04l|. That is,
16564Y || = 162 ||l Let n € H be defined as n = ”(§—2” then m is contractive such that [|037] =
104l = [|624]]- Hence, d4 is self-adjoint. Conversely, let 64 be self-adjoint. Now since ¢ is norm-
attainable from the first part, then there exists a contractive M € B(H) such that |03 M| = [[d4]]. i.e
16405M|| = [|65M]. Let ¢ be denoted by ¢ = % where ||C|| = 1 such that |[0aC]| = [|04]] = (|04l

Hence, 64 is norm-attainable. 4

Lemma 22. Every generalized derivation is norm-attainable if and only if it is implemented by

orthogonal projections.

Proof. Let A, Ag € B(H) be orthogonal projections. Indeed, to show that a generalized derivation
is implemented by orthogonal projections A and Ay, it is enough to show that it is self-adjoint if
and only if it is normal as proved in [22]. Let d4 4, : B(H) — B(H) be bounded linear operator on
B(H). Then exists a unique bounded linear operator 6} , : B(H) — B(H) such that (54 4, X,Y) =
(X, 8% 4,Y) forall X, Y € B(H). Now,

16a4, Y = sup (644X, Y)
[IX]=1
< sup (1044 HIXITY
(IXII=1Yl=1
= [|0a,4ll

So, we conclude that 6Z,AO is norm-attainable. Conversely, let 04 4, be norm-attainable. We need
to show that it is implemented by orthogonal projections. This follows immediately from [22] and

this completes the proof. ]

At this point, we give results on upper norm estimates for norm-attainable derivations. We con-

sider both inner derivations and generalized derivations. We begin with the following proposition.
Proposition 23. Let A, B € NA(H) and 645 be bounded then |64 5] < ||All + |IB]l-

Proof. Since 4 5 is bounded then for fixed A, B € NA(H) we have |04 5(X)| < [|[AX — XB|| <
IAX| + IXB| < [|AIIXI + IXIIIB]l- Let X be of norm 1 and take supremum over X € NA(H)
then [[0a,8]l < Al + [1B]. O

Remark 24. If A= B then ||54]| < 2||A].

Next, we consider upper bounds in the unit ball of NA(H) denoted by [NA(H)]o.
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Lemma 25. Let [NA(H)]o be the unit ball of NA(H) and S be a fixed element of NA(H). Let
X € [NA(H)]o then [|ds|nacHy, |l < 2d(S).

Proof. Since X € [NA(H)Jo has norm 1 then we have ||ds|inacm), (X)) = ISX = XSliva), =
(S =N)X=X(S=Mlvam < IS =X vaco + IXIHIS = MivacHy,- Taking the supremum
over [NA(H)Jo, we obtain [|0s|nacHy,ll < 2[IS — All and considering the infimum over A € C we
obtain [|6s|vacHy,ll < 2infaec IS — All = 2d(S). O

Remark 26. The restriction of daliya(Hy, i.e 0a to [NA(H)]o is a bounded linear operator.
Next we give an extension of Lemma 25 to a generalized derivation in the following theorem.
Theorem 27. Let S, Sq be fixed elements of NA(H) then |05 s, livact |l < 110s.s,]l-

Proof. Since X € [NA(H)]o has norm 1 then we have |[6s, s, [[vacH)], (X))l = [[SX—=XSol|. Following

proof of lemma 25 anologously we have

105,50l [vacHY, O < NIS = M X T ivacy, + IXITTSo = Mivaco-

Taking the supremum over X € [NA(H)]o we obtain
165,50 lvac Il < infaec (IS — All + IS0 — All) = [|6s,5, |- O

Corollary 28. Every generalized derivation ds, s, is norm-bounded.

Proof. This follows immediately from [49] and from Theorem 27. This completes the proof. ]

Now, we consider lower bounds for norms of derivations. We begin the following proposition on

generalized derivation.

Proposition 29. Let S, Sy be fixed elements of NA(H) then
105,50l ivacoll = 1S1H+ 1Soll-

Proof. Let m, & and x be unit vectors in H and ¢, ¢ be positive linear functionals such that ¢ @ 7 :
H— Cand p @ £ : H — C be of rank 1 defined as (¢ @ n)x = ¢(x)n and (v ® &)x =
p(x)€, Vx € H, |x]| = 1. Now we have that [|(¢@n)x| = sup{l|(¢@n)x||, x|l = 1} = [¢(x)| = [].
Similarly, we have ||(¢ ® &)x|| = |l¢]|. Letting S = ¢ ® n and Sg = © ® £ then ||S|| = ||¢]]
and [|So|
bounded this implies that ||ds,s,|(nacty, (X1l = [10s,5,(X)|| where X € [NA(H)lo. Therefore,
105,50 [ pvaco 17 = 15X = X Sol|? implying that [1ds, s, [pvacy, 17 = [ISII+11Sol]?. Taking positive

= |l¢]l. Now from Corollary 28 we have that every generalized derivation is norm-

square root on both sides we obtain (|05 sol[naci), |l = 195,51l > IS+ [|Soll- O
Remark 30. If S = Sq then ||0ss,]| = ||10s]] > 2||S]|.

Remark 31. From Theorem 27 and Proposition 3 it is easy to see that ||0s s, || = ||S|| + || So|| and
hence [|6s]| = 2||S].
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Theorem 32. Let S, Sy € NA(H) and a1 € Wo(S) and an € Wo(So). Then ||ds.s,1| > (||S]|?> —
a1 )12+ ([1Sol1? = Jaa )12,

Proof. By definition of Wy(S) we have x, € H such that |[|Sx,|| = ||S|| and (Sxn, xn) — a3
for a1 € Wy(S). This argument follows for Wo(Sp) and ax € Wo(So). Let Sx, = 0nXxn + Bnyn
S0 SoXn = OpXn + ApYn Where (x5, vn) = 0, |lyall = 1. Take Upxy, = x, and Upy, = —y, for
Up = 0 in {xn yn}. Then [[SUnxa — UpSoXnll = [16n + Ball < [6n] + |Bnl. But [6n] + [Bn| =
(I1S112 = 16,22 = €, + (IISoll? = |1Bal2)Y/2 — £,). Since &, is arbitrary and letting n — oo, so it
follows that [|ds s, || > [(SUn—UnSo)%all = 18al+18nl = (ISI> a1 |?)* 2+ (IS0l = |a2l?)*/2. D

Corollary 33. Let (xn, yn) =0 then 0 € Wp(S) and if 0 € Wp(So) then ||0s,s,1| > ||SI| + [|Soll-

Proof. Follows immediately from definition of W, (S) and the Theorem 32. ]

4. CONCLUSION

In this paper, we have given a detailed characterization of operators in terms of norm-attainability
conditions and norm estimates for in Banach algebras. In particular, we have established norm-
attainability conditions for the derivations and also given the norm bounds in the norm-attainable

classes.
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