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ABSTRACT. In this article, we present some properties of the Katugampola fractional integrals and
derivatives. Also, we study the fractional calculus properties involving Katugampola Fractional inte-

grals and derivatives of generalized k—Wright function ,®% ().

1. INTRODUCTION AND PRELIMINARIES

In recent years, researchers have introduced new fractional integral and differential operators
which are generalizations of the famous definitions of Riemann-Liouville, Caputo, Hadamard, Hilfer,
etc. They have made a qualitative contribution to fractional differential equations. For more details,
see [1,5-7,9-14] and references therein.

Definition 1.1. [9] Let Q = [a, b], the Katugampola fractional integrals ,/J, ¢ and ,/”¢ of order
v € C(R(y) > 0) are defined for p >0, a=0and b= ¢ as

N A ()

(p/g+‘P)(5) = r(’Y) 0 (Sp o Tp)l_’y dT (5 > O)' (11)
and
1—y 00 p—1
(1 0)(s) = ?(7) L (TTP - fp(;)_w dr (s> 0), (1.2)

the corresponding Katugampola fractional derivatives ,D7, ¢ and ,DY ¢ are defined with (n =
1+ [93(y)]) as

(oDg10)(s) = (sl—Pi)lJr[?‘*('v)](

- /1*’Y+[9ﬁ*(’7)]tp)(s)
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-+ ds o (57— oy
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(le(p)(S) = ( _ gl PE) +[ ('Y)](p/i ’YJr[m(’Y)](p)(S)
_ p ol 1—p 4 V1RO / © P lp(r)
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Definition 1.2. [2] The generalized K—Gamma function ,(y) is defined by

k" (nk)% 1
Nely) = ”me (Y)nk

where (y)n k is the k—Pochhammer symbol given as

(k>0;, yeC\KZ),

Culrtnk) (k€R; y € C\ {0})

(Y)n,k =
y(y+ k) (y +2k)..(y + (n—1)k) (neNT; yeC)

and for R(y) > 0, the K—Gamma function I',(y) is defined by the integral
Me(y) = /OOO xy_le_%dx.
This gives a relation with Euler's Gamma function as
M(y) = KA ().

Also, in [8], we have
T

M=)y = sin(ym)’

Definition 1.3. [14] The Beta function B(v, w) is defined as

B(v, w) = /012“_1(1 — 2 tdz, R(v) >0 NRw)>0,

_ T)rw)
(v +w)

Furthermore, we have

(1.4)

(15)

(1.10)

(1.11)

Recently, the Generalized K—Wright function introduced by (Gehlot and Prajapati [3]) is defined

as follows:
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Definition 1.4. For k € RY; z € C; p;j,qj € C, ;B € R (a;, 5 # 0; i =1,2,...,n;, j =
1,2,..m) and (p; + a;r), (g + Bjr) € C\ kZ~, the generalized k—Wright function ,®¥, is
defined by

(i ai)1,n - |_|,»7: Cw(pi +ajr) z"
nPh(2) = a0, = =1 =iy 112
m(?) [(C/j:ﬁj)l,m Z] ; [1;21 Te(q; +Bjr) r! (1.12)

with the convergence conditions described as

. " Lo % By B
=2 (= TN TN v -
j=1

1 i=1 i=1

A:
J

m m n

jl(‘,’j)—;(’:w”;m.

Lemma 1.1. [3] For k € R"; z € C; pj,q € C, o;,Bj € R (a;,8; #0; i =1,2,..n, j =
1,2,....m)and (p; +a;r), (g +Bjr) € C\ kZ~

(1) If A > —1, then series (1.12) is absolutely convergent for all z € C and generalized k—Wright
function ,®% (2) is an entire function of z.

2) If A = —1, then series (1.12) is absolutely convergent for all |z| < u and of
y g
1
2| = n R(w) > 5.
2. PROPERTIES OF KATUGAMPOLA FRACTIONAL INTEGRAL AND DERIVATIVE

In this section, we investigate some properties of the Katugampola fractional integrals and
derivatives (1.1), (1.2) and (1.3), (1.4) for the power function @(s) = s*~! and the exponential
function e™* 5.

Lemma 2.1. Let p > 0,R(y) 2 0 and n =1+ [R(7v)]

(1) If R(a) > 0, then
pTM(1+ 251
M(1+95% +7)

(oIg, T ) (s) = s (R(y) > 0; R(a) > 0) (2.1)

—n a—1
(,DF, T 1)(s) = ’; 7(1 +r(01[+1 _Py))s@l)m (R(y) = 0; R(a) > 0). (2.2)
P
(2) If a €C, then
—y(l=a _
(o175 1) (s) = 2 Wrr(( e Voo (i) >0 Ry+a) <1) (23
o)
y—n(l=a
(,D7 T2 Y)(s) = © r<(1—poc>+ V@ ((y) 2 0; Ry +a— B < 1)

0
(2.4)

(3) If R’(N\) > 0, then

(ITe ™) (s) = (o) e (R(y) > 0) (2.5)
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(,DYe ) (s) = (Mp)Te " (R(y) 2 0). (2.6)

Proof. To prove this Lemma, let the substitution x = 'g—s in parts (1) and (2).

(1) Firstly, by the equation (1.1) and the given substitution, we have

( /’Y 7.04—1)(5) - p—’YS,D’H-a—l 1 XD‘TTI dX
ot T o (1=x)t=7
p VsPrta—l a—1

Now, using equation (1.10), we obtain the result (2.1).
Secondly, by the equation (1.3), the given substitution and by using the result (2.1), we have
d n _ -1
(g s)
pY(1 4 2L
T+ el n—9)
- -1
_ P T(1+%57)
M1+t —v)

(03,7 7)(s) = (s

d

1—p
(s ds

)”Sp(nfv)Jra*l

5(04—1)—0’7_

(2) Firstly, by the equation (1.2) and the given substitution, we have

¥ a1 _psrreTl (%0 e -1
(2T H)(s) = Ty x r (x—=1)"""dx.
1

Now, using the equation (1.11) with X =1 and y = 0, we obtain

—Y cpY+a—1
(7)) = P

By using equation (1.10), we obtain the result (2.3).

B(y,1—v— (1—|—a;1)).

Secondly, by the equation (1.4), the given substitution and by using the result (2.3), we have

(DY ) (s) = (- sl’p%)n(p/fﬂfr“’l)(s)
(D" TEZE Y =) 1 d e
= I'(lg‘f‘) (51 pE) gP(n=)+a-1
_ (—1)p7" I'(l_T"‘ +y-—ml(1-— [1_70‘ +v—n]) 27)
r(e) F(1— [y — 2=5) |
Also, by using (1.9), we have
l-o olme m I Gt
(G EE
and
1 _ r(y—254) S T=%h o a1
G-p-=) fo-shra-pos= o« T m @9

Substituting relations (2.8) and (2.9) in (2.7), we obtain (2.4).
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(3) For this part, let the substitution x = 7° — s”.

Firstly, by the equation (1.2) and the given substitution in this part, we have

04 0o
(TeP)(s) = Frse™ e mrtax
0

then by use the substitution ¥ = A x, we obtain

—y 00
QJZe_Aﬂv(s)::F)e_ASpA_W_/. e P97 1dw,
() 0
since [~ e P97 d¥ = '(7) [8], then the result is satisfied.
Secondly, by the equation (1.4) and by using the result (2.5), we have
d
TP 1— n —y TP
(D)) = (=P o) (,1TTe ) (s)
d

= (C1(TP ) () e )

n
_ (_1)n 5(17p)n (}\p)'yfn(%efx SP)

= (Mp)Te .

Remark 2.1. (a) In Lemma 2.1, if the power function is ¢(s) = (%)a_l, then
(1) If R(a) > 0, then

( p/3+(7;)°“1) (s) = @) (a1 gy > 0. M) > 0)

( ng+(7:)°‘_1) (s) = r(gf),y)(f)"“"‘l (R(v) = 0; R(a) > 0).
(2) If a € C, then

[ (1) = N2 @) 2 0y k) < 1)

( pDZ(T:V‘_l)(s) - W(SZ)“‘”‘I (R(y) 2 0; Ry +a— [R(Y)]) < 1),

(b) If () > R(v) > 0, then

p (5 =)

oYy—a
) s (2.10)

(I277%)(s) =
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3. KATUGAMPOLA FRACTIONAL INTEGRATION FOR GENERALIZED k—WRIGHT FUNCTION
In this section, we establish the Katugampola fractional integration for generalized k—Wright
function (1.12).

Theorem 3.1. Let v, a € C such that R(y) > 0, R(a) >0; X € C, p> 0, v > 0, then for
A > —1, the Katugampola fractional integration ,/g, for generalized k—Wright function ,®,(2)

e

(piv i)y (2(a+ (0 —1)k), %)
(9.8)1 e (5t (o(y+1) = 1)k), £)

is given as

a_ (Pi, &i)1,n
A
( O+( [(qjﬁjh,m

A si]. (3.1)

k ay
= (E)W skter=l n+1¢fn+1[

exists for s > 0. We consider that

T
M= ( p/g+( a_ ch [(P/ i)1.n

Proof. According to Lemma 1.1, a generalized k—Wright function in both sides of the equation (3.1)
(qjqu)l,m

) ] ) ) ©.
Using (1.12), we can write the above equation as

M:( (’)Y+(,r‘;‘ 1Z|_|/1|_k(/3:+ar)(>\7'k) ))(S)

—o j 1Tk(q+Br) !

Now, using the integration of the series term by term, we obtain

M = Zl_l k(pi +ajr) (A)" (p/ng(T%Jr%—l))(s)_

= [i= 1|—k q+Bjr) r!

Applying (2.1), the above equation is reduced to

an
?—1

) s%ﬁo’yfl_
+)

I_ll 1 rk(p/+Ol I’) (}\)r ’Yr(1+
M =
Z _/ 1|_k(QJ +Bjr) r! M1+ k+

vr 1

r=0
Using (1.8), we obtain

(piv i)y (3(a+ (0= 1)k), %)
(J,BJ)l,m, (p(a+(p(v+1)—1)k),%)

Asi].

Theorem 3.2. Let 7y, a € C such that R(y) > 0, R(a) >0, A€ C, p>0, v >0, then for
A > —1, the Katugampola fractional integration ,/” for generalized k—Wright function ,®K (z) is

k oy
M = (;)’Y skl n+1¢fn+1[

O

given as
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S

pi’ai)l,n' (% s~

A Y [( ] 32
(P) S n+1%"m+1 (qJ‘,,Bj)l'm ( ( )

%)
)

k-y
[e3
o'

Proof. According to Lemma 1.1, a generalized k—Wright function in both sides of the equation (3.2)

IR

exists for s > 0. We consider that
',a' v

ncbfn[(pl /)l,n T k]) )(S)
(gj,Bj)1.m

Using (1.12), we can write the above equation as
|_ >\ a+vr
N= ZH’ N Bt QT (25 ) o).

Applying (2.10), the above equation is reduced to

:Zﬂ,l k(pi+air) N e ot
- q +B r! a+tvr
i +Bjr) r( £ )
Using (1.8), we obtain
k a o , QK ,Z ,
N= (=) P77 pp @y (P ,)1'” (p afyup) A s_k]_
p (4.6)1m (5:5)
O

4. KATUGAMPOLA FRACTIONAL DIFFERENTIATION FOR GENERALIZED k—WRIGHT FUNCTION

This section deals with the Katugampola fractional differentiation for generalized k—Wright
function (1.12).

Let v, a € C such that R(y) > 0, R(a) > 0; X € C, p > 0, v > 0, then

Theorem 4.1.
for A > —1, the Katugampola fractional differentiation ,Dy, for generalized k—Wright function

e

L NI [ (Prei)y e (Bla+ (0= 1)K). %)
(p) S n+1%¥m+1 ( ﬁj)l’my (E(Oé—l—(p(l—’y)—l)k),%)

kK () is given as
(pi,ai)1.n

(G, Bj)1,m

a_ k
pDFy | THTT ® [

A sZ]. (4.1)

Proof. According to Lemma 1.1, a generalized k—Wright function in both sides of the equation (4.1)

exists for s > 0. Let n =1+ [R(7y)]. Then, we consider that
A TZ] ) ) (s).

Fi ok [(P/,Oé/)l,n
(9.8B)1.m

P=| 00|
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Using (1.3), we have

d a i, O
p= (Sl_pd)n( p/g;ry (Tk_l ncbl:n[(pl i)1.n
S (CIjqu)l,m

e

(Piveti)y e (5la+ (o= 1)k), 2)
G.B)y e (2@t (o(n—7+1) = 1)K), £)

Using (1.12), we can write the above equation as

Using Theorem 3.1, we obtain

d

k a
|

(s

Mz])_

Moy Tr(pi +ainTi(G(a+ (o —1)k) + 2r r
po (¥ )HWZ [1i2: Telpi+oir)Ti(5(a+ (p— 1)k) ) O\I)(lfpd)(s?++p("7) 1),
S 120 Tl +BNTe(G(a+ (p(n =y +1) = 1)k) + 4r) 1! ds
Also, the above equation can be written as
1 v
R Z [121 Te(pi+in)Ti(5(a+ (o — 1K) + £r) (N

J 1 rk(%“‘,ﬁjr)rk( (a+(p(n—'y+1)—1)k)—|— r) rl
G+ +(0—7p+p-1)

lra vr s%+%*p’771'
rGE+% —ve+p-1)

Using (1.8), we obtain

k

(=) skt n+1¢km+1[ (P, al) ( (ot (o= 1)), U)

=
( Jrﬁj)lym' (5(0‘ + (p(l _IY) - 1)/(), %)

0

Asi].

Theorem 4.2. Lety, a € C such that R(7y) > 0, R(ar) > 1+[R(7)]-R(y); A€ C, p>0, v>
0, then for A > —1, the Katugampola fractional differentiation ,D” for generalized k—Wright

O

function ,®% (2) is given as

oD’

(9.8)1.m

ok [(D/,Oé/)l,n

— (/;)_AY sTPYTR n+1®fn+1[(pi’ai)l’n’ (%

A s—Z] (4.2)

Proof. According to Lemma 1.1, a generalized k—Wright function in both sides of the equation (4.2)
exists for s > 0. Let n =1 + [R(-y)]. Then, we consider that

. [<p,»,a,>1,,, N ]) )(s)

" (C/j:ﬁj)l,m
A TZ]) )(s).

Q= (- slﬂd)”( i (T‘; nCDf,,[(p/' )1,
(9,8))1,m
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Using Theorem 3.2, we obtain

d

)G (prcu) e (5 = k=), %)

)n v gp(n—"—% +1<D )
" (9.6)1m (5:5)

QE(—Sl_p

A s_lk/].

ey e | limy Tilpi +ain)Tu(G = (n =)k + 5r) (X d\ny oomy o v
Q= (15 ul '*Z ! kml l—k(qj+l,z3jr)l—k( 7 <r!) (si-o-Lyn( solo-m-5-%).

Using (1.12), we can write the above equation as

ds

On simplifying the above equation, we obtain

= =Y [1i= pl+af)rk(*—(n—fy)qu%r)()\)r
Q_ k Z J 1 rk(qj +ﬁjr)l'k(°‘+ r) rl

|—(1+( - )47*7) _oy_a_ v
r(liryryikrfgk (S PY—% k).

Using (1.8), we obtain
[y Tk(pi +cxir) )"
Q=(-1)"" iy v
Zl_lj 1 Tl + 600 ( + oxr) !

I'('y—n+p7+p—”,(r)l'(1—(fy—n—l—;"fk—l—ﬁr))
M=+ 2+ %)

Using (1.9), we have

F('y—n—l——+—r)r(1—(fy—n+—+ r))

ok
_ 7r
osin[(y + 5+ Zer)m — nm]
_ 7r
sin[(y + 5 + g r)m cos(nm)
- (=1)"m (4.4)
sin[(v + 5% + )7l '
and
1 B C(y+ 0% + szr) sinl(y + 5% + 2x )] 45
M-+ 4% +2%N) 7r ' '

Substituting (4.4) and (4.5) in (4.3) and finally by using (1.8), we obtain

_( )Wsp'v—;

n+1¢k +1
; (9.5)
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5. CoNcLUDING REMARKS

o If p=1, then
Theorems 3.1, 3.2, 4.1 and 4.2, are reduced to Theorems 2, 3, 4 and 5 respectively
(see [4]).
e Some general properties of the Katugampola fractional integrals and derivatives for the

—\ sP

power function ¢(s) = s*~! and the exponential function e are investigated.

The Katugampola fractional integration ,/J, and ,/7 for generalized k—Wright function

2®K (2) are established.

The Katugampola fractional differentiation ,DJ, and ,D” for generalized k—Wright func-

tion ,®% (2) are established.

ACKNOWLEDGMENT

The authors are would like to thank the reviewers for their important remarks and suggestions.

REFERENCES

[1] R. Almeida, A.B. Malinowska, T. Odzijewicz, Fractional differential equations with dependence on the Ca-

puto?Katugampola derivative, J. Comput. Nonlinear Dynam. 11 (2016) 061017.

[2] R. Diaz, E. Pariguan, On hypergeometric functions and Pochhammer k-symbol. Divulgaciones Math. 15 (2) (2007)
179-192.

[3] K.S. Gehlot, J.C. Prajapati, On generalization of K—Wright function and its properties, Pac. J. Appl. Math. 5 (2)
(2013) 81-88.

[4] K.S. Gehlot, J.C. Prajapati, Fractional calculus of generalized K—Wright function, J. Fraction. Calc. Appl. 4 (2)
(2013) 83-2809.

[5] U.N. Katugampola, New approach to a generalized fractional integral, Appl. Math. Comput. 218 (2011) 860-865.

[6] U.N. Katugampola, A new approach to generalized fractional derivatives, Bull. Math. Anal. Appl. 6 (4), (2014), 1-15.

[7] UN. Katugampola, Existence and uniqueness results for a class of generalized fractional differential equations,
arXiv:1411.5229v2[math.CA] 9 Jun (2014).

[8] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier,
Amsterdam (2006).

[9] D.S. Oliveira, E.C. De Oliveira, Hilfer-Katugampola fractional derivative, Comput. Appl. Math. 37 (2018), 3672-3690.

[10] AY.A. Salamooni, D.D. Pawar, Unique positive solution for nonlinear Caputo-type fractional gq-difference equations
with nonlocal and Stieltjes integral boundary conditions, Fraction. Differ. Calc. 9 (2) (2019), 295-307.

[11] AY.A. Salamooni, D.D. Pawar, Existence and uniqueness of generalised fractional Cauchy-type problem, Univ. J.
Math. Appl. 3 (3) (2020), 121-128.

[12] AY.A. Salamooni, D.D. Pawar, Existence and uniqueness of boundary value problems for Hilfer-Hadamard-type
fractional differential equations, Ganita, 70 (2) (2020), 01-16.


https://doi.org/10.1115/1.4034432
https://doi.org/10.1115/1.4034432
https://doi.org/10.1016/j.amc.2011.03.062
https://doi.org/10.1007/s40314-017-0536-8

Eur. J. Math. Anal. 1 (2021) 44

[13] AY.A. Salamooni, D.D. Pawar, Existence and stability results for Hilfer-Katugampola-type fractional implicit dif-
ferential equations with nonlocal conditions, J. Nonlinear Sci. Appl. 14 (3) (2021), 124-138. http://dx.doi.org/
10.22436/jnsa.014.03.02.

[14] AY.A. Salamooni, D.D. Pawar, Existence and uniqueness of nonlocal boundary conditions for Hilfer-Hadamard-
type fractional differential equations, Adv. Differ. Equations, 2021 (2021), 198. https://doi.org/10.1186/
513662-021-03358-0.

[15] S.G. Samko, AA. Kilbas, O.I. Marichev, Fractional integrals and derivatives: theory and applications, Gordon and
Breach, New York (1993).


http://dx.doi.org/10.22436/jnsa.014.03.02
http://dx.doi.org/10.22436/jnsa.014.03.02
https://doi.org/10.1186/s13662-021-03358-0
https://doi.org/10.1186/s13662-021-03358-0

	1. Introduction and Preliminaries
	2. Properties of Katugampola Fractional Integral and Derivative
	3. Katugampola Fractional integration for Generalized k-Wright Function
	4. Katugampola Fractional Differentiation for Generalized k-Wright Function
	5. Concluding Remarks
	Acknowledgment
	References

