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ABSTRACT. In this paper we consider unified convergence analysis of two-step iterative methods for
solving equations in the Banach space setting. The convergence order four was shown using Taylor
expansions requiring the existence of the fifth derivative not on this method. But these hypotheses
limit the utilization of it to functions which are at least five times differentiable although the method
may converge. As far as we know no semi-local convergence has been given in this setting. Our
goal is to extend the applicability of this method in both the local and semi-local convergence case
and in the more general setting of Banach space valued operators. Moreover, we use our idea of
recurrent functions and conditions only on the first derivative and divided differences which appear
on the method. This idea can be used to extend other high convergence multipoint and multistep

methods. Numerical experiments testing the convergence criteria complement this study.

1. INTRODUCTION

We consider the problem of approximating a solution x* of equation
F(x) =0, (1.1)

where F : 2 C B — B is a continuous operator acting between Banach spaces B and B; with
Q # . Since a closed form solution is not possible in general, iterative methods are used for

solving (1.1). Many iterative methods are studied for approximating x*. In this paper, we consider

the iterative methods, defined for n=10,1,2,..., by
Yn = Xn— F/(Xn)_lF(Xn)
Xot1 = Yn— AaF (xn) T F(¥a), (1.2)

An = A(Xn, ¥n), A: QxQ — L(B, By), where A~! € [(By, B). Many methods are special cases
of (1.2). For example:

Received: 31 Aug 2021.

Key words and phrases. iterative methods; Banach space; convergence criterion; continuous functions.
68


https://adac.ee
https://doi.org/10.28924/ada/ma.1.68

Eur. J. Math. Anal. 1 (2021)

Traub [35]
Yo = Xo— F'(xa) T F(xn)
Xot1 = Yo — F'(xa) T (),
Newton [6]
Yo = Xo— F'(xa) T F(xn)
Xot1 = Yo — F'(va) " F (),
Ostrowski [25]
Yo = Xo— F'(xa) T F(xn)
Xpr1 = Yo — 2lxn yni F1 = F'(0)) " F(vn),
Kung-Traub [35-37]

Yn = Xn— F/(Xn)_lF(Xn)

Xn+1 = Yn— [Xn:yn; F]_lF/(Xﬂ)[Xnvyn; F]_lF(y,-,),

Ostrowski-type [25]
Yo = Xo— F'(xa) T F(xn)
X1 = Yo = xa Yo FI7H = F/06) "1 F (),
Sharma type [32]
Yo = xp— F' () T ()

Xn+1 = Yn— P(XanH)F/(Xn)ilF(YH)-

(1.3)

(15)

(1.7)

(1.8)

To obtain all these special cases choose, A, = I, A, = F'(y2) F'(xa), An = (2[Xn, Yn; F] —
F'(xn))F'(xn), An = Dxn, Vi F17HF (x0) [0, Vi F17HF (), An = (2D, Yns F17H=F7 () ™) F' (),
An = P(Xn, yn), respectively, where [.,.; F] : 2 x Q — L(B, B1) is a divided difference of order
oneand P: Q2xQ — L(B, By) is weight operator [32] (see also [15,28,40] and reference therein).

These special methods were shown to be of order four using Taylor expansion and assumptions on

the fifth order derivative of F, which is not on these methods . So, the assumptions on the fifth

derivative reduce the applicability of these methods [1-41].
For example: Let B= By =R, 2 =[-0.5,1.5]. Define X on €2 by

t3logt?+t5—t* ift#0
A(t) = ’ s
0 if t=0.

Then, we get t* =1, and
N (t) = 6log t? + 60t> — 24t + 22.
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Obviously A" (t) is not bounded on Q. So, the convergence of method (1.2) is not guaranteed by
the previous analyses in [1-41].

In this paper we introduce a majorant sequence and use our idea of recurrent functions to extend
the applicability of method (1.2). Our analysis includes error bounds and results on uniqueness of
x* based on computable Lipschitz constants not given before in [1-41] and in other similar studies
using Taylor series. Our idea is very general. So, it applies on other methods too.

The rest of the paper is set up as follows: In Section 2 we present results on majorizing sequences.
Sections 3,4 contain the semi-local and local convergence, respectively, where in Section 4 the

numerical experiments are presented. Concluding remarks are given in the last Section 5.

2. RESULTS ON MAJORIZING SEQUENCES

We recall the definition followed by convergence results.

Definition 2.1. Let {w,} be a sequence in a Banach space. Then, a nondecreasing scalar sequence

{wn} is called majorizing for {w,} if

|Wnt1 — Wp|| < Wpp1 — wp foreach n=0,1,2,.... (2.1)

Sequence {w,} is used instead to study the convergence of {w,} [23-25]. Set M = [0, c0).
letn >0~ M —RP: M—R, a- MxXMxM-—R, I:MxMxM-—R
and b: M x M x M x M — R be continuous and nondecreasing functions. Set a, = a(n) and
&, = b(n). Define scalar sequences {s,}, {t,} foreach n=0,1,2,... by tp =0,5 =,
tht1 = sSp+ dn(sn - tn)
S+l = thn +6n(tn+1 - Sn), (2'2)
where &, = a, fol P((1—6)(s, — t,))d6 and

5 & _ a, if n=0
= —, an =
"1 = Py(tpgr) "

— PQ, if n=20
P =
P, ifn=12...

Next, we present results on the convergence of sequence {s,}, {t,}.

and
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Then, sequences {sp}, {tn} converge to their unique least upper bound t* € [n, u] and
th < Sp < thya.

Proof. It follows from (2.2)-(2.4) that these sequences are nondecreasing, bounded from above

by w, and as such they converge to t*.

O
LEMMA 2.3. If function Py is increasing then conditions (2.3) and (2.4) can be replaced by
tn < Py (1), (25)
Proof. Set u = Py (1) in Lemma 2.2.
O

REMARK 2.4. Conditions (2.3)-(2.5) are very general and can be verified only in special cases.
That is why we present stronger conditions that are easier to verify.
Define functions f and g on the interval [0, 1) by

n_ T 2 /1 P((1 - 6)t2n)d6 — t
0

) =3 17

and

_ n n_ 2. .3 noy_
9(t) =b(y— gttt +th(—) — ¢

Suppose that these functions have minimal zeros Af and Ay in (0,1), respectively. Set X =

min{r, Ag} and Ao = max{ap,Bo}. Then, we can show the third result on majorizing sequence
for method (1.2).

LEMMA 2.5. Suppose that
Ko < Ao < A (2.6)
Then, sequences {s,}, {t,} are nondecreasing, bounded from above by t** = {5, and converge

to t* € [0, t**]. Moreover, the following estimates hold for each n=1,2, ...

0<s,—ty <Aty —Sp—1) < X2, (2.7)
0 < thp1 —Sp < A(sp — t,) < X2, (2.8)
1 — >\2n+1
< < — .
0<sy< =551 (2.9)
and
1— >\2n+1
0< thy1 < n. (2.10)

1-X
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Proof. Estimates (2.7)-(2.10) hold if

0<any <A\, (2.171)
0<Bm <A, (2.12)

and
tm < Sm < tm+1, (2.13)

are true for m=20,1,2,.... These estimates hold for m = 0 by (2.6). We suppose that (2.11)-
(2.13) are true for m=1,2,...n. By induction hypotheses, (2.7) and (2.8), we have

Sm < tm A+ NN < Sspo1+ XTI 4 N2y

< N+t .+ AT

a 1 _ H2m+1 n

= mT<1-x

:t**,
1-X

and
tm+1 < sm+ >\2m+l,n < tm+ >\2m,n+ )\2m+l,n

< MEAN+ . A2
_ 1— >\2m+2 _ n
1—x 1T571-x

Therefore, by (2.13) and the induction hypotheses, we see that sequences {sp,} and {t,} are

— t**

nondecreasing. Then, (2.11) shall be true if

1
a(tm, Sm, Sm — tm)/ Y((1—6)(sm—tm))do < X
0

or
1- X2 1\t 2m
- <
A ) [ (L= 8)xmn)de <
or
2 2
L - - <
o ¥ [ (- 9 <
or
f(\) <o,
which is true by the definition of Ar and X. Similarly, (2.12) shall be true if
1- >\2m 1- >\2m 2m 2m+1
b 5 AT AT )
1— >\2m+2

or

b o AP0 %) + AR (5

n
<
1-X1- >\ —>\) A
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or
g(A) <0,

which is also true by the definition of Ay and X. Hence, we conclude (2.13) holds and lim, o0 5m =

0

3. SEMI-LOCAL CONVERGENCE

Let U(xo,r) = {x € B: |[x—xoll < r,r >0} and Ulxo,r] = {x € B : |[x — x| < r,r > 0}.
We use some parameters and functions. Consider M = [0, c0). Suppose that there exists function
FPo : M — M which is continuous and nondecreasing such that functions Py(t) — 1 = 0 has a
minimal zero s € (0,00). Set My = [0, s). Suppose function Py : My — M is continuous and

nondecreasing. The following conditions (C) are needed:
(C1) There exists xp € 2 and 1 > 0 such that F'(x) ™! € L(By1, B) and
IF"(x0) " F (o)l < .
(C2) For each x € Q
IF"(x0) " (F"(u) = F'Co))l < Polllu = xoll)-
Set Sop = U(xp, s) N Q.
(C3) For each x,y € Sq the following hold
IF"(x0) " (F'(v) = F'C)I < P(lly = xII)

(C4) Foreach n=0,1,2,...
HAnF/(Xn)_lFI(XO)H < ap

F'(x0) "Iy, x: F1 = F'OO)I < Lally — x|
and
IF"(x0) ™ Hall < &,
where .
Ho = F60) ™ [ (F 0 + 80013 = 1) = F/(x0) 45 ).

(C5) Conditions of Lemma 2.2 or Lemma 2.3 or Lemma 2.5 hold.

and
(C6) Ulxo, t¥] C 2.

Then, we can show the semi-local convergence of method (1.2) using the conditions (C) and the

preceding notation.
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THEOREM 3.1. Under the conditions (C), sequences {y,}, {xn} generated by method (1.2) are
well defined in U[xp, t*], remain in Ulxp, t*] for each n = 0,1,2, ... and converge to a solution
x* € Ulxp, t*] of equation F(x) = 0. Moreover, the following error estimates hold for each n =
0,1,2,...

IIx* — xp|| < t* — t.

Proof. We shall show items

(Pm) lym = Xmll < sm — tm
(Qm) IXm+1 — Ymll < tm+1 — Sm
using mathematical induction on integer m. By the first substep of method (1.2) for n = 0 and (C1),

we have
1Yo = Xoll = IF'(x0) ' F(x0) || <m =50 — to = s < t¥,
so Yo € U[xo, t*] and (Fp) holds. We can write by the first sustep of method (1.2) that
1
F(y0) = F(o) — F(x0) — F'(x0) (%0 — %0) = / (F'(x0 +8(y0 — x0)) = F'(x0)) (o — x0)d6,
0

leading by (C2) and (Fy) to

IF(x0) " F (o)

IA

1
/0 Po(8llyo — x0l1) 61150 — ol

IN

1
/O 15(9(50 — to))dQ(SO — to). (31)
Let z € U(xo, t*). In view of (C2), we get
IF'(x0) " (F'(2) = F' o))l < Polllz = xoll)
< Ry(t*) <1, (3.2)

S0
1

<
N ()
holds by a lemma on invertible linear operators due to Banach [24] and (3.2). Therefore, iterate x;

IF'(z)~F'(x0)

(3.3)

is well defined and we can write in turn by (C3) and (3.3) (for z = xg, ¥o)

Ix = yoll = 1lAcF"(x0) " F(x0)

|
1
1AF" (x0) " F (xo)l| /o F'(x0) H(F'(x0 + 8(y0 — x0)) — F'(x0))d0(y0 — x0) |

a0 Ji P((1 = 0)lyo — xol))d8ly0 — xo
B 1 — Po(llxo — xoll)

a0 Jo P((1 —6)(s0 — t0))d#
- 1-— Po(O)

IN

(so —to) = t1 — %, (3.4)
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showing (Qg). Then, we have
X1 = xoll < llxo — yoll + llyo — xoll £ t1 — 5o + 50 — to = t1 < t7,
so x1 € U[xg, t*]. Moreover, we can write
F(x1) = F(x1)—F()+ F(v)
F(x1) — F(%0) — F'(x0)Ag (x1 — y0)
1

_ / (F'(% + 0x1 — x0)) — F'(x0)A5 1) d8(x1 — o)

0

= Ho(x1 — yo), (35)

since by the second substep of method (1.2), we have F(yp) = —F'(x0)A5* (x1 — o). By (C3), (3.4)
and (3.5), we obtain

IF' o) TGl < IIF' (o) " Hollllxa — yol

€o(t1 — %0), (3.6)

IN

SO

Iyi =l < IFGa)  F o)l F (xo0) HFOa)l

B €o(ty —s0)

< —
— 1-P(ty)

s1 — t1, (3.7)

showing (Py) for m = 1. Suppose (Pn), (Rm) hold ym and xpm11 € Ulxp, t*]. Then, by repeating
these computations with X, ¥m, Xm+1 replacing xo, ¥o, X1, respectively, we complete the induction.
Moreover, sequence {xn,} is complete in a Banach space, so it converges to some x* € U[xp, t*].

Finally, by letting m — oo in the estimation

HF/(XO)_IF(Xerl)H < fm(tm+l - Sm) (38)

and using the continuity of F, we conclude F(x*) = 0.

O
Next, we present a result for uniqueness of the solution x*.
PROPOSITION 3.2. Suppose
(a) x* is a solution of F(x) =0
(b) there exists § > t* such that
1
/O Po((1— 0)3 + 0t")d6 < 1. (39)

Set S1 = U[xo, 5] N Q. Then, the only solution of equation F(x) = 0 in the region Sy is x*.
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Proof. Set T = [01 F'(X 4 6(x* — X))d0 for some X € S; with F(X) = 0. Using (C2) and (3.9),

we get

1
IF/(x0) (T = F'(o))| < ]O Po([I% + 8(x" — %) — x| 8

IN

1
/ Po((1— 8) 1% — xol + 61lx* — xol1)d8
0

IN

1
/ Po((1 — 0)% + 0t7)d6 < 1,
0

leading to X = x*, where we used the identity T(x* —X) = F(x*) — F(X) = 0—0 = 0 and the
invertability of T.
Il

REMARK 3.3. Let us specialize operators A, to see how sequences {sn}, {tn}, {an}, {&n}. {an}
and {Bn} are defined. Choose the case of Newton’s method (1.4). Then, we have

IARF () T (o)l = [IF (vn) T F'(x0)
1
1 — Po(llyn — xol)’

and
1
IF'(x0) "Hall = ||/0 F'(x0) " (F'(yn + 0(Xns1 — ¥n)) — F'(xn) A, 1) db)||

1
= /O F(50) ™ (F (v + 60xs1 — y)) — F'(v)) 8]

IN

1
] POlxrs1 — vol)do
0

IN

/1 P(6(tn+1 — s))d6,
0

so we can choose

1
and
1 —
éo= [ PO(trs — 1)) (3.11)
0

In this case we can show another result on majorizing sequences which is weaker than Lemma 2.5

for the interesting case Py(t) = Lot and P(t) = Lt. We get in this special case that

_ L(sp—tn)
and
L(tyhi1 — Sn)

ﬁn_

~2(1— Lotpt1)’ 3.13)
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Define sequences of function {f,,(l)}, {f,,(z)} on the interval [0, 1) by

L
() = S+ Lo(L+ t 4.+ 2T — 1,

L
(1) = S+ Lo(L+t+...+ 2" -1,

and polynomial ¢ by
L L
o(t) = Lot3 + (Lo + §)t2 -5
Notice that ¢(0) = —é and ¢(1) = 2Lg. Denote by p the smallest zero of polynomial ¢ in (0, 1)

assured to exist by the intermediate value theorem.

LEMMA 3.4. Suppose that
N<p<l-—Lgn (3.14)

Then, the conclusions of Lemma 2.5 hold for sequences {s,}, {t,} with p replacing \.

Proof. We must show this time

< — 3.15
0 ST Losn) = (3-15)
L(tm—i-l _Sm)
0< ——mm———~ 3.16
~ 2(1—Lotmt+1) (316
and
tm < Sm < tmp1. (3.17)

These estimates hold for m = 0 by (3.14) and the definition of these sequences. Then, as in Lemma

2.5 we can show instead for (3.15) that

L
§p2mn+pLo(1+p+...+p2m)n—1 <0. (3.18)
This estimate motivates us to define recurrent functions f,,(ql) by
L
£ () = ST Lo(L t4 . 4 2Ty~ L. (3.19)

We shall find a relationship between recurrent functions f,gljzl and f,SP. By definition (3.9), we have

in turn that

L
() = S Lo(Lt t 4+ 27y — 1

L
=2l oL+t 4+ 2™+ 1+ £ (2)

2
(1) L, L 2 3\ .2m—1
= fy (t)+(§t—§~|—L0(t + t3)t n
= £5(8) + p(t) 2™ . (3.20)

In particular, we have
fm+1(0) = fm(p), (3.21)
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so evidently (3.8) holds if

f3(p) < 0. (3.22)
Define fo(ol)(t) =limn—oo f,,(ql)(t). Then, we have
Lon

f. = -1 2
o(t) = T2 (323)
Then, (3.22) holds if
foo(p) <0, (3.24)
which is true by (3.14). Similarly, (3.16) holds if
L
5PN+ pLo(L+ p+ ..+ p*" n —p <0 (3.25)
or
fi (p) < 0. (3.26)
As in (3.20), we get in turn that
£(2) (t) = £t2m+2 Flo(l+t+ +t2m+3) 1
m+1 = n+ Lo e n

2

L
—Etzmn —Lo(l+t+ ...+ 2™ Yn 4+ 14+ £2(0)

= 2) + o(t)t2™n. (3.27)
Define fcg)(t) = Iimfﬁ)_mo(t). Then, we get again
A1) = (),

)
2 (p) <0,
can be shown instead of (3.26). But this is true by (3.14). The induction for items (3.15)-(3.17) is

completed. The rest of the proof follows as in Lemma 2.2.

4. LocAL CONVERGENCE

We shall introduce real parameters and functions to be used in the convergence analysis. Set
M = [0, c0).

Suppose function
(i) Yo(t) — 1 =0 has a smallest zero Ry € M — {0}, where function ¢y : M — M is continuous
and nondecreasing. Set My = [0, Rp).
(it) ¥1(t) —1 = 0, has a smallest zero Ry € My — {0}, where function ¢ : My — M is continuous
and nondecreasing and 1 : My — M is defined by
Jo w(1—6)t)d8

1—1o(t)

Pa(t) =
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(il)) Yo (¥1(t)t) — 1 has a smallest zero Ry, € My — {0}. Ser R> = min{Rg, R1} and My = [0, R>).

(iv) ¥2(t) — 1 =0 has a smallest zero Ry € My — {0}, where

(Wo(t) + h(t, ¥1(8)D) fy w(O%(t)t)d
(1 —=%o(t))(1 — o(¢1(1)t))

where w : My — M and h: M x M; — M are continuous and nondecreasing. We shall show

that

9]¢1(t),

Po(t) = [1(1(t)t) +

R = min{R1, Rz}, (4.1)
is a convergence radius for method (1.2). Set M, = [0, R). These definitions, imply that for each
te M

0 < o(t) <1, (4.2)
0 <9o(¥r(t)t) <1, (4.3)

and
0<yi(t)<1,i=12. (4.4)

The conditions (H) shall be used provided that x* is a simple solution of equation F(x) = 0.

Suppose:
(H1) For each x € ©2

IF' () THF () = F ENI < do(llx = xoll)-
Set Qg = U(X*, Ro) N Q.
(H2) For each x,y € 9
IF' O THF () = FTOOIE < 9l = xI),
IF' () G0l < w(llx = X)),
and
IF () HF (x*) = AC I < hlllx =<1 Iy = 7))
(H3) U[x*, R] C <.
Next, we show the local convergence of method (1.2) based on the preceding notation and conditions
(H)..
THEOREM 4.1. Under conditions (H) further suppose that xo € U(x*, R) — {x*}. Then, we

conclude lim,_—so X5 = X*.

Proof. Let v € U(x*, R) — {x*}. Using (4.1), (4.2), and (H1) we obtain in turn that
IF' O THF (V) = F O < do(llv = X711 < 9o(R) < 1,

SO

/ 11 % 1
IF O F OO < T =T
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In particular, iterate is well defined for v = xg and the first substep of method (1.2), from which we

can also write
Yo—x* = xo—x*—F(x0) 'F(x0)
= (F'(x0) 'F'(x*))

1
x(/o F/(x*)7HF (X 4 0(x0 — x*)) = F'(x0)) d6(x0 — x).

(4.6)
By (4.1), (4.4) (for i = 1), (4.5) (for v = xo), (4.6) and (H2), we get in turn that
. Jo B((1 = 8)|1x0 — x*[1)dbl|x0 — x*|
o=l = T~ (o — )
< o — x| <R, (4.7)

so yp € U(x*, R). We also have that (4.5) holds for v = yp, and iterate x; is well defined from

which we can write in turn that
x1—x* = yo—x*—F' (%) 'F(x)
+(F'(yo) ™t — AoF'(x0) 1) F (o)

= yo—x"—F'(0) ' F(y0) + F'(v0) 1 (F'(x0) — Ao)F(x0)' F (o).

(4.8)
In view of (4.1), (4.4) (for i = 2), (4.5)(for v = xp. y0), (4.7), (4.8) and (H2), we obtain in turn
Ixa =" < [Wa(a(llxo = x7))
L Wollxo = x*[l) + hllixo = x"1I. llyo = x*[1)) Jo w(®llyo — X*II)dG]Hy -
(1= bo(llyo =N = ol — x*IN) ’
< Palixo =X DlIxo — X7 < [Ixo — x*[| < R, (4.9)

so x1 € U(x*, R). Simply, switch xg, Yo, X1 by Xm, ¥m, Xm+1, respectively in the preceding calcula-
tions to get
1Ym = x* I < D1llxm = x*Dlxm = X7 < llxm = X" < R (4.10)
and
[IXm+1 = X[ < 2(lxm = XD IXm = x*|| < {lxm — x7|l. (4.11)
Then, by the estimation
[Xm+1 = X[ < dixm = X[ <R, (4.12)
where d = ¥ (||x0 — x*||) € [0, 1), we get limpn—00 Xm = x* and xm11 € U(X*, R).
O

Next, we present a uniqueness result.
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PROPOSITION 4.2. Suppose:
(i) There exists a simple solution x* of equation F(x) =0

(ii) There exists R* > R such that

1
/ PYo(OR*)dO < 1. (4.13)
0
Set Qo = QN U[x*, R*]. Then, the only solution of equation F(x) = 0 in the region Q; is x*.

Proof. Consider X € Q7 with F(X) =0.Set T = fol F'(x*46(X — x*))d6. Then, using (H1) and
(4.13), we get in turn that

1
IF(¢) T — F (x| < /0 Wo(B]1% — x*||d8

1
< lwo(QR*)d9<1,
0

so X = x*, follows by T=t € L(B1,B) and T(X — x*) = F(X) — F(x*) =0—0=0.

5. NUMERICAL EXPERIMENTS

We provide some examples in this section.
EXAMPLE 5.1. Define function

q(t) = &ot + &1 + &asinést, xo =0,

where §;, j =0, 1,2,3 are parameters. Choose Py(t) = Lot and P(t) = Lt. Notice that Lo and L

are the center Lipschitz and Lipschitz constants, respectively. Then, from the graph of q(t) clearly

for &3 large and &> small, % can be small (arbitrarily). Notice that % — 0.

EXAMPLE 5.2. Let B = By = C[0, 1] and Q = U[0, 1]. It is well known that the boundary value

problem [16]
s(0)=0(1)=1,

"= —¢—0¢’

can be given as a Hammerstein-like nonlinear integral equation

1
() =s+ / Qs. )(S3(t) + 06>(t))dt
0

where o is a parameter. Then, define F : Q — B; by

1
[FOII(s) = x(s) —s — /O Q(s, t)(x3(t) + ox3(t))dt.



Eur. J. Math. Anal. 1 (2021)

Choose so(s) = s and Q = U(<o, po). Then, clearly U(so, po) C U(0, po + 1), since ||sol] = 1.
Suppose 20 < 5. Then, conditions (A) are satisfied for

20 4+ 3pg + 6 o+ 6pg+ 3
Lo = y L= '
8 4
and n = 51_+2‘;. Notice that Lo < L.
In the last two examples we consider Traub’s method (1.3). So, we take A(x,y) = | and

h(s,t) =0.
EXAMPLE 5.3. Consider the motion system
Gi(vi)=e", Gi(y)=(e—Dwa+1, G4(v3) =1

with Gl(O) = GQ(O) = G3(O) =0. let G = (Gl,GQ,G3). let B =B = R?’,Q = U(O, ].),X>|< =
(0,0,0)". Define function G on Q for v = (vi, vo, v3)" by

G(v)=(e" -1 V3 + o, v3)
Then, we get
eX 0 0
G(v)=| 0 (e—1w+1 0
0 0 1

soPo(t) = (e—1)t, Y(t) = eeTt, w(t) = eeT and K = e is the Lipschitz constant on Q and pr
is given in [29,35]. Then, the radii:

2 2
R1 = 0.3827 = pa = —, R =0.3061 = R, p7 = =~ = 0.2453.
2(e—1)+e1 3K

EXAMPLE 5.4. Consider B = By = C[0,1], Q = U(0,1) and Q : Q — By defined by

1
Q(e)(x) = o(x) — 5 / x05(6)3db. (5.1)
0
We obtain
1
Q' (s(8)(x) = &(x) — 15/O x05(0)%£(0)d6, for each ¢ € D.

Then, since x* =0, we set Yo(t) = 7.5t, Y(t) = 15t, w(t) = 15 and K = 15. Then, the radii:

2 2
R> =0.0290 = R, p7 = =— = 0.0444.

R = U. = =
1=0.0067=pa= 505y 15 3K

Notice that in the last two examples p4 is the radius given by us in [1-7] and is the largest.
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6. CoNcCLUSION

We have provided sufficient convergence criterion for the semi-local and local convergence of
two-step methods. Upon specializing the parameters involved we show that although our majorizing
sequence is more general than earlier ones: Convergence criteria are weaker (i.e., the utility of the
methods is extended); the upper error estimates are more accurate (i.e. at least as few iterates are
required to achieve a predecided error tolerance) and we have an at least as large ball containing
the solution. These benefits are obtained without additional hypotheses. According to our new
technique we locate a more accurate domain than before containing the iterates resulting to more
accurate (at least as small) Lipschitz condition.

Our theoretical results are further justified using numerical experiments.
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