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ABSTRACT. Many applications from a wide variety of disciplines in the natural sciences and also in
engineering are reduced to solving of an equation or a system of equations in a correspondingly
chosen abstract area. For most of these problems, the solutions are found iterative, because their
analytic versions are difficult to find or impossible. This article encompasses efficient, derivatives-free,
high-convergence iterative methods. Convergence of two types: Local and Semi-local areas will be
investigated under the conditions of the ¢, 9-continuity utilizing operators on the method. The new

method can also be applied to other methods, using inverses of the linear operator or the matrix.

1. INTRODUCTION

In the area of Applied Science and Technology, a great number of problems can be resolved by

converting them into nonlinear form equation
G(x) =0 (1)

where G : B C U — U is differentiable as per Fréchet, U/ denotes complete normed linear space
and B is a non-empty, open and convex set.

Normally, the solutions to these non-linear equations can not be obtained in a closed-form.
Therefore, the most frequently used solving techniques are of iterative nature. Newton's Method
is a well-known iterative method for handling non-linear equations. Recently, with advances in
Science and Mathematics many new iterative methods of higher order have been discovered for the
handling of non-linear equations and are currently being used [1,2,4-8,10-22]. The computation
of derivatives of second and higher order is a great disadvantage for the iterative systems of higher

order and is not suitable for the practical application. Because of the computation of G”, the
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cubically converging classical schemas are not appropriate with respect to the cost of calculations.
We found that many such methods rely on Taylor series extensions to prove convergence results
and require the existence of derivative with at least an order of magnitude greater than that of
the methodology [1,2,4,10-19,21,22]. Here we consider, for example, a three-step two-parameter
family of derivative free methods with seventh-order of convergence for solving systems of nonlinear
equations proposed in [18] and which may be expressed in the following formulation:

For xo € Band each n=20,1,2,...
Wp = Xp + aG(xn), Sn=xp—aG(xp), An=[wn sp G|,
Yn = Xn — A G (xn),
Zn=Yn— Ay G(¥n), )
Up = 2zn+ bG(z,), Vvh=2z,—bG(zy), Qn=[un, vn;G],
Xnt1 = Zn = (PI + A Qn(al + A Qn(rl + dAQn))) A, G (20),

where a,b,p,q,r,d € R, [-,-;G] : Bx B — #(U), the space of bounded linear operators from
U into U. The local convergence analysis of the method (2) is provided in [18] using the Taylor
series expansion approach and conditions reaching the eighth derivative of the operator G. These
derivatives do not appear on the method (2). The convergence order is shown to be seven provided
that p = %, q= —24—7, r= 179 and d = —%. The conditions on high order derivatives restrict the
applicability of the method (2) for solving equations where at least G(8) should exist. Although,

the method may converge. Let us consider the toy example for B = [—1,2] and G defined by

t*logt +5t" =50, i t#0
G(t):{ og if t #

ift=0

It follows by this definition that G(£) = G(1) = 0 but G is not bounded on B. Thus, the results
in [18] cannot assure that lim,_,» X, = £ = 1. But, the method converges to 1.

Therefore, there is a need to weaken the conditions. In this article, we use only conditions on
the operators on the method (2). Therefore, the method can be utilized to solve non-differentiable
equations. Furthermore, the results should also demonstrate the isolation of the solution and the
bounds of error in advance. This is what is new and what motivates our article. This means
extending its applicability, taking advantage of weaker conditions for such methods. In addition,
we are also discussing a more interesting case of semi-local convergence. It is obvious that the
aforementioned goals can be easily achieved in a similar way for other iterative methods [1,2,4,
10-17,19,21,22]. Furthermore, our bounds of error is more precise and our criteria for convergence
apply even if the assumptions referred to in the references above are infringed.

The remainder of the article is organized as follows: Analysis of local convergence is provided in
Section 2. Majorizing sequences will be introduced and analyzed for the semi-local convergence

analysis of 2 in Section 3. Results demonstrating isolation of the solution is discussed in Section
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4. Numeric experiments that use convergence results from the previous sections are described in

Section 5. The concluding remarks of Section 6 bring this article to an end.

2. CONVERGENCE 1: LocAL

Let M = [0, +00). The following conditions are used:
(C1) There exist continuous and non-decreasing functions (CNF) oo : MxM — M, 61 : M — M,
02 : M — M, a solution £ € B of the equation G(x) = 0 and a linear operator & such that
for each w = x + aG(x), s = x — aG(x) and 271 € # (U)
127w, s; G] = 2)|| < wolllw — €]l Is =€),
lw — €]l < d1(]Ix — €I

and
Is — &Il < da(llx = €]).
(C2) The equation @o(01(t), 62(t)) — 1 = 0 has a smallest positive solution denoted by pg. Let
Mo = [0, po) and By = BN S(&, po).
(C3) ThereeXi.StCNF(pZ/\/IoX/\/’()X/\/IQ—)M,égZM0—>M,542M0—>M,¢12M0XM0X
Mo x My — M, @2 : Mg — M such that for each x,z € By, u = z+ bG(z), v = z — bG(z2),
lu—&ll < 63(llz =€), llv—¢&ll < dalllz = £,
12w, s:G] =[x, & Gl < o(lx — &I, lw — €] [Is = £I).
|2~ ([w, s:G] = [u.v; GDIl < wr(lw =€l Is = €Il llu = €]l v = €1I)
and

127z, & Gl = 2)|| < wa(llz = €.

(Ca) The equations hi(t)—1 =0, i =1, 2,3 have smallest solutions r; € My — {0}, respectively
where the functions h; : Mg —+ M are defined by

@(t,01(t),02(t))

() = T G061(0), 82(0)

ha(t) = @(h(t)t, 61(t), 62(t)) hi (1)

T T T o(81(1), 0(t))

e(t) = Pr001(0). 02(8). 05(Ma()1). Sa(M()1)

1 — o(01(t),02(t))
MNt)=|p+qg+r+d—1|+|p+2r+3dle(t) + |r+ 3d|e(t)? + |d|e(t),

~ [e(ha(t)t,61(t), 02(t)) , A(t)(1+ p2(h2(t)t))
hs(t) = [ T 0o(61(0).52(0) T 1 po(a1(0), 62()) ]”2(”'
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Set r = min{r;}. Let My = [0, r). It follows by these definitions that for each t € M;

0 < ¢o(61(t), 62(¢)) <1,
0 <e(t),
0 < A(t)

and

0< h,‘(t) < 1.
Notice that for xo € S(&, r) — {£} the conditions (C1)-(C2) and (Cy4) imply

1227 ([wo, s0; G] — 2)llwo(llwo — £II. llso — £1)
< o(01(r), 62(r)) < 1.

Thus Ayt € #/(U) by the Banach lemma on invertible operators [3,9,10] and the first
iterate yp is well-defined by the first sub-step of the method (2).

(Cs) SI¢ r] C B.
The motivation for the development of the functions h; follows in turn by the estimates

1 1
ool — €l Tsn — €D = 1= 9o(6s(lxn — &) 62(xn — €Y’

Yn—§&= Agl(An - [Xn,f; G])(Xn - E),

©(l1xa = &l Iwn — €Il llsn — €lD1Ixa — &Il
1 = @o(b1([lxa = £l). 02(I1xn — £I1))

< hlixa = €IDIx0 — €Il < llxn = €Il < 7.

1A 20 < 1=

lyn =&l <

Similarly,

@(llyn = &l lIwn — €Il lIsn — €lDIlyn — &l
1= @o(81(llxn = £l). 82(llxn — £1))

< ho(llxn = &IDIIxn — &Il < lIxn — €I
Xpp1 — €=z, —E—AYG(z) — [(p+q+r+d—1)1+(q+2r +3d)(A,*Q,— 1)
+ (r43d)(A,1Q, — 12 + d(A'Q, — 1A 1G(z2,)

1zn =€l <

which can be shortened for
Dn - Agl(Qn - An),
To=(p+q+r+d—1)+(p+2r+3d)D,+ (r+3d)D? + dD3.

Thus
Xn+1 — £ = Agl(An - [Zn' g; G])(Zn - 5) - TnAglG(Zn)-
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But,
1Dall < AL 20127 H(Qn — An)l
< (Pl(HWn - g”v ||5n —£||, HUn _£||v ||Vn _EH) _
1 — @o(llwn — &Il Isn —€lI) "
NThll <|lp+qg+r+d—1|+|p+2r+3dle, + |r+3d|e,27+ |d|e% = An,
leading to

_ o(llzn — &Il [lwn — £lI, [Isn —€]I) A1+ @o(llzn —£I)) .
bt =< [ s e €13 * Tl €1 e 1o~

< h3(||Xn - gH)HXn _£|| < HXn _£H

Hence, the iterates {x,}, {vn} {20} C S(&, r) and there exists ¢ = h3(||xg — &||) € [0, 1) such that

X1 = &Il < cllxa =€l <,
from which it follows that lim,_o xp = &.

Therefore, we achieve the following local convergence result for the method (2).

THEOREM 2.1. Under the assumptions (C1)-(Cs), {xn} C S(&,r) and limp_, o Xp = & provided
that xo € S(&,r) — {&}-

REMARK 2.2. The functions §;, j = 1,2, 3,4 are left uncluttered in the Theorem 2.1. A possible

choice for the first function 01 is motivated by the estimate
w—§=x—-¢+aF(x)= (/I +alx & F)(x—¢€)
=(l+a22 ([x,£Gl— P+ P))(x— &),
=[(l+a2)+a2 27 ([x,£ Gl = 2)](x - €),
lw =&l < [IlF + a22|| + |all|Z]lwo(llx — &INTIIXx = £l
Thus, we can choose
01(t) = [l + aZ|| + [al| Zllpo (t)]2.
Similarly, we can choose
02(t) = [l = aZ|| + |al[| Z[lpo (D12,
d3(t) = [l + b2 + |bll| Z w0 (h2(t) )] ha(1)1
and
04(t) = [l = b2 + |bll| Zl[@o(h2(t) )] ha(1)L.
Two possible choices for the linear operator & are:

The differentiable option : & = G'(¢) and
The non-differentiable option : & = [xp, x_1; G]. Other choices are possible [18]
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3. CONVERGENCE 2: SEMI-LocAL

The role of &, “¢" is replaced by xp, “¢" as follows. Assume:

(H1) There exist CNF 999 : M x M = M, xo € B, g1 : M = M, 9> - M — M and a linear
operator & such that for x € B

w = x+aG(x), s=x—aG(x),

Iw = xoll < g1(lix = x0ll).  [Is =0l < g2(llx = xoll)

127 ([w. s:G] = 2)|| < bo(w = xoll. lIs = xoll)-

(H2) The equation ¥o(91(t), g2(t)) — 1 = 0 has a smallest positive solution denoted by p.
Let My = [0, p) and B1 = BN S(xp, p).
Notice that || 2~ ([wp, s0; G] — 2)|| < (0,0) < 1.
Thus, Aal € W (U) and the iterate yp is well-defined by the first sub-step of the method
(2)-
(H3) There exists CNF g3 : Mo — M, ga - My — M, 1, %2 : Mo X My X My x My — M such
that for each x, y € B;

lu—xll < g3(llz—xll, [Ilv—xll < ga(llz— xll)
1271y, x: Gl — [w. s; GD)|| < ¥1(llx — xall. [ly — xoll. [lw — xoll, lIs — xoll)
and

1271w, s: G] = [u, vi DI < Ya(llw = xoll, lIs = xoll. lu = xoll. lv = xol).

Define the real sequence {a,} for ag = 0,80 > [|A; G (x0)

"/jl(anyﬁnv gl(an)v 92(an))(ﬁn - an)
L —o(g1(an), g2(an)) '
~ Ya(g1(an), g2(an), g3(Vn). 9a(Vn))
mt 1 —o(g1(an), g2(an))

A1 =|p+q+r+d +|p+2r+3dens + |r+3dle3, + |d]ed,

W1(Bn, Y. 91(n), 92(n)) (Yo — Bn)An1
1 —o(g1(an), g2(an)

Ont1 = P1(on, angr, gr(an), ga(on))(ans1 — an) + (1 + Po(g1(an), go(an))(@nr1 — Bn)

,and eachn=0,1,2,... by

Yn = Bn +

Opt1 = Yn+

5n-i—l
1 —o(g1(ans1, go(ant1)’

A convergence set of conditions for the sequence {a,} is given for each n=0,1,2,....

Bn+1 = Qpg1 +

(Ha) Yo(g1(an), g2(an)) < 1and oy < a < p.
It follows by this condition and (3) that 0 < o, < B, < v, < apt1 and there exists

a* € [0, a] such that lim,_. ap = ™.
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and

(Hs) S[x0, "] C B.
As in the local case the motivation for the introduction of the sequence {a,} follows in turn to form

the estimates:

Zn — Yn = —AEIG(Yn),

but
G(yn) = G(¥n) — G(xn) = An(Yn — Xn) = (V. Xn: G] = An) (Vo — Xn),
SO
2o — yll < P1(|[xn — xoll. 1vn — X0l W — X0l I5n — Xl |[¥n — Xal|
1 —Yo(llwn — xoll. [Isn — xoll)
<Y — B,

”Zn - XO” < HZH _Yn” + Hyn - XOH < Yn _,Bn +.8n — Qo= < a*,
Xptl — Zn = —TnAglG(Zn),

>\n,1¢1(||Yn —xoll, |1z = xoll. [Iwn — xoll, [|5n — Xol1)||zn — ¥al|
1 —o(llwy — xoll. Isn — xoll)

X1 — Znll <

< apt1 — Yn,
since
To1=((p+qg+r+d)+(qg+2r+3d)D,+ (r+3d)D? + dD3,

Wa([lwn — xoll, Isn — xoll. lun — Xoll. [[va — xol|)

Dyl <
| Dl 1 —Yo(llwn — xoll. lIsn — xoll)

HTn,1H S >\n,l
and
IXn+1 — X0l < X1 — Zall + |20 — x0ll < @np1 —Yn + 90 — o

=an1 < a’.

G(XH-H) = G(Xn-H) - G(Xn) - An()’n - Xn)
= G(Xn+1) - G(Xn) - An(Xn+1 - Xn) + An(Xn+1 - Yn)y

127G ()| < Da(llxn = xoll, xa+1 = xoll, Wn = xoll, llsn = xolDIxa+1 — xal

(4)

+ (1 +Yo([[wn — xoll. Isn — X0 ) IXn1 — Yall = gn—i-l < 0nt1.

1yn+1 = xpeall < AL 2NN PTG (o |

5n+1
1 — Po([|Wat1 — xoll. [1Sn+1 — Xol|

IN

) < Bn1 — Anta
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and
1Vn+1 — Xoll < |¥ns1 — X1l + [[Xo+1 — X0ll £ Bny1 — apy1 + app1 — Qo

= ,Bn-i-l <a’
Therefore, the sequence {x,} is complete in Banach space U. Hence, there exists £ = lim,_o0 X
and by (4) G(§) = 0.

Then, we achieve the following semi-local convergence result for the method (2).

THEOREM 3.1. Under the conditions (H1)-(Hs) the sequence {x,} converges to a solution £ €
S[xo, a*] of the equation G(x) = 0.

REMARK 3.2. A possible choice for the functions g;, j = 1,2,3,4 follows as in the local case.

We have in turn
w—xg=x—Xp+ a(G(x) — G(x0) + G(x0))

=[(l +a2) + a2 2 Y([x, x0. G] — P)|(x — x0) + aG(x0),
lead to the choice

g1(t) = [[I1 + a2|| + [al|| Z|[¥s(1)]t + |al[| G (x0) |
provided that for some CNF 3 : My — M, x € B

1271 ([x, x0: Gl = 2)|| < P3(lIx — o).

Similarly, we define

9:(t) = [[Il — a2|| + |al[| Z[|¥s(t)]t + [al |G (x0) |,

g3(t) = [[II + b2 + |al[| Z |93 (t)]t + [bI[|G (xo).

and

94(t) = [[|l = b2 + [b|| Z|93(t)]t + [b][|G (x0) |-

The options for & are:
P =G'(x9) or P =]xp, x_1;G].
Other options exist [10]
4. |SOLATION OF A SOLUTION

We first present the uniqueness result for the local convergence case.

PROPOSITION 4.1. There exists a solution v* € S(&, p2) of the equation G(x) = 0 for some
02 > 0;
The last condition in (C3) holds in the ball S(§, p2) and there exists p3 > py such that

Po(ps3) < 1. (5)
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Set B3 = BN S[&, p3]. Then, £ is the only solution of the equation G(x)=0 in the set Bs.

Proof. Let v* # & Then, the divided difference V = [£, v*; G] is well-defined. Using the last

condition in (C3) and (5), we obtain in turn that
|27V = 2)|| < walllv* —€ll) < ¥a(p3) < 1,
so, V™1 € #(U) and from the approximation
V= €=VTHG(V) - G(§)) =VTH0) =0,
we deduce v* = €. O

PROPOSITION 4.2. Assume:
There exists a solution v* € S(xg, p4) of the equation G(x) = 0 for some ps > 0;

The condition (H1) holds on the ball S(xg, p4) and there exist ps > p4 such that

0o(p4, p5) < 1. (6)

Set B4 = BN S[xp, ps]. Then, v* is the only solution of the equation G(x) = 0 in the set Bj.

Proof. Let z* € B4 with G(z*) = 0 and z* # v*. Define the linear operator F = [v*, z*; G]. Then,
by the condition (H1) and (6)

127 H(F = 2)Il < wolllv* = xoll. 2" = xoll) < @o(pa, p5) < 1,
thus, again v* = z*. |
REMARK 4.3. (1) The limit point o* can be replaced by p in the condition (Hs).

(it) Under all the assumptions (H1)-(Hs), let v* = & and ps = o™ in Proposition 4.2.

5. EXPERIMENTS

EXAMPLE 5.1. Consider the system of differential equations with
Gi(wm) =e", Gim)=(e—1)wa+1, Gi(ws)=1

subject to G1(0) = G2(0) = G3(0) = 0. Let G = (G1, G2, G3). LetU = R3 and B = U[0, 1]. Then
¢€=1(0,0,0)7 is a root. Let function G on B for w = (w1, wo, wz)' be

e—1

G(w) = (e" —1, 5

W22 + wy, Wg)T.

This definition gives
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Thus, by the definition of G it follows that G'(§) = 1. Let & = G'(§) and [x,y;G] = fol G'(x +
0(y — x))d6. Then, for a = b = 1, the conditions (C1)-(Cs) are validated by Remark 2.2 provided
that

01(t) =2+ %(e —1)t)t,
52(t) = %(e— 1)t?,

Potr, &) = 5~ 1)(E(t1) +a(t2))
55(t) = (2 + %(e — Dho(t))ha(D)t,
5a(t) = %(e— Dho(£7222,

o(ty, to, t3) = %(e — 1)(t1 +01(t2) + 92(t3))

p1(t1, to, t3, tg) = %(e — 1)[01(t1) + 62(t2) + 03(t3) + da(ta)]

and
1
wa(t) = 5(6‘ - 1t.

By solving, we get pg = 0.426037 and hence My = [0,p0). The radii are obtained as rn =
0.204146, r, = 0.134409 and r3 = 0.126891. Therefore, by the definition r = min{r;}, we get the

radius of convergence, r = 0.126891.

REMARK 5.2. A non-differentiable non-linear system is solved using the method (2), where the
divided difference is defined by the 2 x 2 matrix given for t = (t1, t2) € RxR, t = (t3, t4) € RxR
and G = (G1, G2) by

_ Gi(ts, ta) — Gj(t1, ta)

[t t:Gli1= — t3 # t1
and

_ o~ Gi(ty, ta) — Gi(tq, t

[£.7Glp = i(t1, ta) — Gi(ty, 2)’ b b,

ty — to

Otherwise, we set [-,-; G] = 0.
The actual example is given below
EXAMPLE 5.3. Let us solve the non-linear and non-differentiable system given as

32+t -1+t —1]=0

tf +tit3 — 1+ |t2| = 0.


https://doi.org/10.28924/ada/ma.3.19

Eur. J. Math. Anal.

Then, we set G = (G, Go), where
Gi(t1, t) =3t2tr +t5 — 1+ |t — 1]
Ga(t1, 1) = tf + 1185 — 1 + |t

Choose the initial points (5,5) and (1,0). Then, using the aforementioned divided difference and

the method (2), we obtain the solution £ = (x{, x3) after three iterations with
xj = 0.894655074977661

and

x5 = 0.327826643198819.

EXAMPLE 5.4. We consider the system of 25 equations

25
Y x—e¥=0 1<i<25
J=1j#i
with initial point xo = {1.5,1.5,...,1.5}7. Then, applying method (2) we get the solution ¢ =
{0.04003162719010837 - - - , 0.04003162719010837 - - -, ..., 0.04003162719010837 - - - } T after 4

iterations.

6. CoNcCLUSION

A new procedure has been developed to demonstrate both local and semi-local convergence
analysis of high-order convergence methods, using only derivatives that appear on the methodology.
Previous works have proven convergence based on the existence of high-order derivatives that may
not be present in the methodology. Hence, it has been a limitation of their applicability. This
procedure also offers error limits and uniqueness results that were not available before. Moreover,
this procedure is general in the sense that it is not dependent on the method itself. This is the
reason why it may be used in the same way to broaden the scope of other methods of higher order,

such as single and multi-step methods [1,2,4,10-17,19,21,22].
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