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ABSTRACT. We investigate strong continuity of composition semigroups on the generalized Bloch
spaces of the upper half plane. These composition semigroups are induced by automorphisms of

the upper half plane as classified into three distinct groups in [3].

1. INTRODUCTION

Consider H(2) as the Fréchet space of analytic functions f : Q — C endowed with the topology
of uniform convergence on compact subsets of Q2. A function f € H(D) is in the Bloch space of the
unit disc B(D) if

Iy (0) 2= sup(1 — |2)|F'(2)] < oo

and in the little Bloch space of the unit disc By(D) if

im
|z|—

For f € B(D), we define the norm on B(D) by

(A=1zP)If )] =0.

1fllsm) = IF(O)] + Il 5, D).

where .||, (py is @ seminorm on B(D).

Bloch space of the upper half plane B(U) is a set of analytic functions f € H(U) such that
115, (w) := sup I(w)|f'(w)] < oo.
wel
For f € B(U), we define the norm on B(U) by

1fllsw) = [FD)] + [l W)
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where |||, vy is @ seminorm on B(U).
Let & > 0 be a real number, we define the generalized Bloch space of the unit disc, B*(D) as

the space of all functions f € H(ID) such that
1F |32y := sup (1 — 127)% |f'(2)] < oc.
zeD
For f € B*(D), we define the norm on B%(D) by

1l Ba) = [F(O)| + [|f]|52(m)- (1)

We also define the corresponding generalized little Bloch space of the unit disc as the space of all
functions f € H(ID) for which

lim (1-12[2)%|f'(z)| =0,

|z|—=1
with the same norm given by (1). Here, B¥(D) and BZ(D) are both Banach spaces with respect
to the norm ||.||gep). The generalized little Bloch space of the unit disc, BY(ID) is the closure of
the set of polynomials in the norm topology of B*(D). For more details see [17,18]. The space
B(D) has been studied by many authors because of its intrinsic interest since its introduction
[1,4,8,10,13,14,18]. In [17], the generalized Bloch spaces of the open unit disc, B*(D) are
defined and proved to be Banach spaces with respect to their norm. Zhu [17] further established
generalized little Bloch spaces of the unit disc BY(ID), as closed, separable subspaces of B*(ID).
There is scanty literature on the properties of the generalized Bloch spaces of the upper half plane
B*(U), including whether they are Banach spaces. Composition semigroups on Bloch spaces of
the unit disc have been studied in literature, see for instance [2,11,12] and references therein. On
strong continuity of composition semigroups, Siskakis [12] proved that no nontrivial composition
semigroups are strongly continuous on the Bloch space of the unit disc B(ID). The corresponding
study of composition semigroups defined on the Bloch spaces of the upper half plane has not yet
been exhausted. Moreover, existing works on the half plane, see [7,13], have neither exhausted the
investigation of properties of these semigroups nor considered these generalizations. In this paper
therefore, we investigate the properties of the generalized Bloch spaces of the upper half plane as
Banach spaces and extend the study of semigroups of composition operators to the setting of the

generalized Bloch spaces of the upper half plane.

2. PRELIMINARIES AND DEFINITIONS

Let C be the complex plane. The set D := {z € C : |z| < 1} is called the open unit disc.

On the other hand, the set U := {w € C : &(w) > 0} denotes the upper half of the complex

plane C, where &(w) is the imaginary part of w € C. The function w(z):i(lljzz) is referred to as

the Cayley transform and maps the unit disc D conformally onto the upper half-plane U, with the

inverse Y1 (w) = Z—jr; mapping the upper half plane U, onto the unit disc, D. We refer to [16] for
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details. Let o > 0 be a real number. A function f € H(U) belongs to the generalized Bloch space
of the upper half plane, B*(U) if

1l 8a(uy := sup S (W)™ [f'(w)] < o0
wel

with the norm given by
1l g quy = [F (D) + I | 2wy
The corresponding generalized little Bloch space of the upper half plane, Bg(U)is defined as
BX(U) :={f e H(U): Ilim S (w)*|f(w)| =0}
F(w)—0
having the same norm as B*(U). There is little literature on the properties of the generalized Bloch
spaces of the upper half plane as Banach spaces. Let X be a Banach space. A one-parameter
family (T¢)¢>0 is a semigroup of bounded linear operators on X, if
(i) To =/ (ldentity operator on X), and
(i) Texs = Tt o Ts for every t, s, > 0 (Semigroup property).

A semigroup (T¢)¢>0 of bounded linear operators on X is strongly continuous if
lim ||[Tex — x| = 0 for all x € X.
t—0*

The infinitesimal generator denoted by " of (T¢)s>¢ is defined by

Tix —x

for each x € dom(I"),
t=0

[x:= lim
t—0+ t

0
= 37 (Tex)

where dom(I") denotes the domain of [ given by

Tox —
dom(lN) = {x e X lim “X X ex'tsts]» :
t—0+t t
We define a group of bounded linear operators as

T, t>0,
(Tt)ter =
T_:; t>0.

if both (T+)¢>0 and (T—¢)¢>0 are semigroups on X. For more details see [5,0,9]. Suppose ¢ : 2 — Q

is a self analytic map. The composition operator induced by ¢ on H() is defined as
Co(f)="foep,

for all f € H(§2). On the other hand, given t > 0 we define a semigroup as a family (¢t)t>0 of
self analytic maps on (2 satisfying the following properties

() wo(z) = z (ldentity map on 2).

(il) @t+s = @ros,Vit,s >0 (Semigroup property).

(iit) @+ — o uniformly on compact subsets of €2 as t — 0.
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Composition semigroup induced by @ on H(Q2) is defined as

Cop,(f) = fo ¢, forallf € H(Q).

3. GENERALIZED BLocH SpPAcEs oF THE UPPER HALF PLANE

In this section, we study properties of the generalized Bloch spaces as Banach spaces. We also
relate functions in the generalized Bloch space of the upper half plane U to their counterparts in

the unit disc D. Following [17,18], it's well known that B%(D) and B§ (D) are Banach spaces with

oo
respect to the norm ||. || ga(p). Moreover the set of analytic polynomials C[z] := 1 }_ a,2" : z € C}
n=0

is dense in BF (D). These results are not explicitly clear from the literature in the setting of the
upper half plane U.

In the following theorem, we establish the completeness of B%(U) with respect to the norm ||.|| g (v).
Theorem 3.1. B*(U) is a Banach space with respect to the norm ||.||g= (1

Proof. It's clear that (B*(U), ||.||g=(1)) is a normed space. Now we prove that the space B*(U)
is complete in ||.||g«(yy. Let (fx), denote a Cauchy sequence in B¥(U). For € > 0, there exists
N € N such that ||fx — fi|lg=u)y < €, Vk,I > N. Hence by the definition of the norm, we have for
allVk, I >N,

(1) = (1) +2L€J%%(w)°‘ i (w) = (W) <e,

which means that
(i) = fi()] <€ and (I(w))* [fx(w) — fi(w)] <e,

for w € U. So, (f(/))en is Cauchy in C. By the completeness of C, (fc(/)), converges to a limit,

say up. Similarly, (fk’(w)) is Cauchy in C and therefore converges to a limit, say g.

keN
Since |f)(w) — f/(w)] < W and f/(w) — g uniformly on compact subsets of U, then g € H(U).

Now, take f such that f'(w) = g(w)Vw € U and f(i) = up.
Thus, Ve > 0, 3N such that Vk,/ > N,

S (w)*|f(w) — f(w)| <€ YVw €U.
Taking limits as | — oo, then Yk > N,

S (w)* |fi(w) — f(w)] <€ Yw €U.
It follows that

fie = Fllsaqoy = (i) = FDI + sup I (W)™ |fe(w) — Fw)] < e
we
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and so ||fx — f||gequy — 0as k — oo.
Now, it remains to show that f € B*(U). We have

S = S (W) (w) - fi(w) + f(w)]

IN

S (W) [ (w) = fwl + S (W)™ [f(w)]

N

€+ S (w)|f(w)| < oo

since (fx), € B*(U).

Now, taking supremum over all w € U in the above equation, we have that
sup S (w)* | (w)| < o0
wel
which implies that f € B*(U), as desired. O

As an immediate consequence, we have

Corollary 3.2. B(U) is a Banach space with respect to the norm || . ||z

Proof. Follows immediately by taking o = 1 in Theorem 3.1. O
Under the norm || . ||g«(1y, the space B (U) also becomes a Banach space as in the following

theorem,

Theorem 3.3. B3 (U) is a Banach space with respect to the norm || . ||ge(u)-

Proof. Following Theorem 3.1, we need to show that every sequence in B§(U) convergent in B%(U)
has its limit in Bg (U).
Let (f;) € B§(U) and g € B*(U) be such that f, — g as n — oco. We need to prove that
g € B§(U). Since f,, g are holomorphic on compact subsets of U, and f, — g, we have f; — ¢’
uniformly. Now that f, C B (U), we have

%(LLF)TLO (S(W)* |f3(w)] =0,V n. (2)

Since lim,_0 f, = ¢, we have

Jm (@)@ = fm(S(@)* ] lm )

which is equivalent to

JJm (@)@ = fim (lim ()7 1) )

Following equation (2), we see that
lim (S(w))* |g'(w)] = 0.
S(w)—0
So, g € Bg(U), completing the proof. O



As a consequence, we have the following,
Corollary 3.4. Bo(U) is a Banach space with respect to the norm ||.|| g

Proof. Follows immediately by taking & = 1 in Theorem 3.3. O

In the next results, we generate a relationship between functions in the generalized Bloch space

of the upper half plane U and their counterparts in the unit disc D

Proposition 3.5. Let f € B*(U) and ¢ be the Cayley transform, then f € B*(U) if and only if
foy e B*(D)

Proof. It suffices to prove that ||f|[se(y) < oo if and only if ||f o 9[[pxp) < co. Let f be a function
in B*(U). Then by definition,

1132 0y = supwer S(w)*|F'(w)] < oo

Now, by changing variables, let w = 9(z), where ¥ is the Cayley transform. Then
w—w
2i
Y(2) —¥(2)
2i '

Sw) =

Using ¥(2) = '(HZ) and Y(z) = _'(HZ) , we have

i(A+z)  —i(1+2)
1—z 1-Zz

2i
i(1+2)1-2)+i(14+2)(1-2)
2i(1—2)(1-2)
i(2—-2zz)
2i(1—2)(1-2)
1-—|z?
1—2z]>

Sw) =

We get the absolute of ¥/(z) = (137’2)2 as

[V (2)| = T=zp (3)

Now, by definition we have

2|2

sy = sup (1255) Irwe)

From equation (3), we have |1 — z|> = WQW therefore
1
Ifllsewy = 2a S Sup(l — [2P)* W' (@)% (%(2))].
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Since, (f o) (2) = f'(¥(2))y'(z), we have
[ (2) || (%(2))] = [ (2)(F o) (2)[|9'(2)*~| and hence

1 _
Ifllewy = 54 sup(l— 2 (2)(F o) (2)[[9'(2)* 7]
zeD
1 _
= %IV HIIF o Pllseny.,
which is finite if and only if || o ¢||B%(D) is finite. This completes the proof. O

An immediate consequence is the following,
Corollary 3.6. Let f € B(U) and 9 be the Cayley transform, then

1
1 llsywy = S1F o ¥llsy) (4)
In particular, a function f € B(U) if and only if f o1 € B(D).

Proof. This follows immediately from Proposition 3.5 by taking o« = 1. t

4. CoMPOSITION SEMIGROUPS ON THE GENERALIZED LITTLE BLocH SPACE oF THE UPPER HALF PLANE

In [3], the non trivial automorphisms of the upper half plane U were classified according to the
location of their fixed points into three distinct classes namely; scaling, translation and rotation
groups. In this section, we determine composition semigroups induced by these automorphism
groups of the upper half plane U, on the generalized Bloch space of the upper half plane B*(U). We
then employ the theory of linear operators on Banach spaces to investigate the semigroup properties
of the induced composition semigroup. For any given semigroup ¢, the induced operator semigroup
Cy, is known to be strongly continuous on the little Bloch space. On the other hand, no non trivial
composition semigroup is strongly continuous on the Bloch space, see [11]. Therefore, we shall
determine the composition semigroup induced by these automorphism groups on the generalized
little Bloch space of the upper half plane, B§(U). Further, we show that composition semigroups
induced by scaling and translation groups are strongly continuous on B§(U). We also establish
strong continuity of composition semigroups induced by rotation group on B§ (D). The infinitesimal

generator is identified and its domain stated.

4.1. Scaling group. The automorphisms of this group are of the form ¢;(z) = k'z, where z € U
and k,t € R with kK # 0. As noted in [3], the semigroup properties of the induced composition
operators will differ significantly depending on whether 0 < k <1 or kK > 1. Thus for 0 < k < 1,

we consider without loss of generality, the analytic self maps ¢; : U — U of the form
wi(z)=e"z, zeU. (5)
The composition semigroup induced by equation (5) on B§(U) is given by

Coif(2) = (fowps)(z) =1 (e "2)
7



It can be easily proved that (Cy,),cg is a group on B§(U).
In what follows, we prove that the composition semigroup given by equation (4.1) fails to be an

isometry on B§(U).
Proposition 4.1. The operator Cy, fails to be an isometry on B§(U).

Proof. By the definition of the norm, we have for all f € Bg(U)

1CocfllBry = |C<ptf(/)|+52%3(w)a|(thf)’(w)l
w

= |f(e )| + sup H(w)¥|le (e tw)|.
w€elU

Now by change of variables:

Let z = e~ fw, then w = efz, and J(w) = e'3(2). Therefore,

1Co fllaquy = [f(e7"i)| + sup e *S(2)*|e™ f'(2)]
zelU
= |f(e )| + e D sup 3(2)*|f'(2)]

zeU
# [f()l+ SEB%(Z)O‘IT"(Z)I = Il a(w).

which completes the proof. O
Next, we prove that the operator Cy, given by (4.1) is strongly continuous on B§ (U).
Theorem 4.2. (Cy,),cp is strongly continuous on B (U).

Proof. To prove strong continuity of (Cy, ), it suffices to show that ||Cy, f —f||ga) — Oast — 0.
Thatis, | (Cp,f — ) ()| +[|Cy.f = fllpe) — 0ast — 0. This is equivalent to | (Cy,f — 1) (/)] = 0

and [|Cy,f — fllge@w) — 0, ast — 0. For the former, we have

[ (Co.f =) (D] = |Co, (i) — (1) (6)
[ (@e(1)) — F(1)]
= |f(e7t)—f(i)] = Oast — 0,

as desired. We now prove that ||Cy, f — f||3(lx(U) —0ast — 0. Recall that ¢y : D - U, ¢; : U —
Uandy ™! : U — D. We can therefore have D huLudsp Now, let Xy =9 Lopro:
D — D. If (¢+)t>0 is an automorphism of the upper half plane U, then (X:)¢>0 is an automorphism
of the unit disc D. Since X = ¥~ o ;0 9P, it follows that ||Cp, f — fllpzuy — Oast — 0 if and
only if [[Cx,f* — | gy — 0ast — 0



Cayley transform is given by ¢(z) = % We therefore have

Y lop roy(z) = P (p:(¥(2))).
= v e [2F)

=i

e—t(i(llj-zz)) —

e_t(i(l-i-z)) + /

1-z

Substituting ¥~1(z) = ;—_T_; we obtain

Y lop so(z) =

Simplifying the fraction, we have

z+eltz—1+4et

_1 _
Vepo¥(2) = o et

Now, by factorizing z and dividing both the numerator and denominator by (1 + e~ t), we obtain

(1—e9)

_ ~ (Tze )
Y lop so(z) = 1_((17_:4))
1+et
Let by = %Z:;' and substitute to obtain
-1 o Z = bt
’d} O‘P—to'lp(z) - 1_th
= X(2).

Further, we apply density of polynomials in B (D) to prove that for f* € B (D), we have ||[Cy¢f* —
f*”B‘l"(D) —0ast—0.

By the definition of the norm, we have
im [|Caef* — Fllgamy = lim [(Caef* — £*)(0)| +sup (1 — |z[?)™ [(Caef* — )/ (2)!.
t—0+ t—0t zeD

Let f*(z) =z" and z € D.

We need to show that || (Cx,f* — *) [[g=) — 0, ast — 0.

Since
Crz"=2" = (X%(2))"= 2" n>1,
differentiating (X;(z))” — z" with respect to z, we obtain
(Caf* =) (2) = n(Xe(2))" T X/(z) — nz"!
= n[(X:(2))" Xi(2) - 2",
Substituting for

Z—bt
1—th

Xi(z) =
9



and

(1 — btz)1 — (z — bt)(—bt)

XL{(Z) - (1 o th)z
)
(1= be2)?

we obtain

(Cuf"— FY(2) = n(

z—be \" (1-52)
1—th

_(1 — th)nil(]_ - th)2

(1—bz)? ©
_ [z be )" N(1-b7) Zn—l]

(1 — th)’H'l

It therefore follows that lim;_,o+ ||Cx¢f* — f*||B(lx(D) is equivalent to

2)6!

(1 _ th)”'H

Now, let by — 0 as t — 0, we obtain

: * * _ 2 -1 -1
t'_'>”8+||Cth — Fllgey = sup(l—|z)*|n[z""t = z"1]|

zeD
= 0.

Since lim;_,o+ [[(Ca,f™ — || g2y = O, it follows that

Jim (lICo.f = Fllszy) =0,

n [(Z — b)" (1 — b%) _ Z”_l(l o btz)”H

[(z — b)Y (1—b2) — 2" 1(1 - btz)”“]

Il

Therefore |[Cy f — f|gaquy = |@ef (1)) — F(1)| + [|Cy.f — fllpzw) — Oast — 0, as desired. O

In the next proposition, we compute the infinitesimal generator and determine the domain of the

composition semigroup in equation (4.1).

Proposition 4.3. The infinitesimal generator " of (Cy,),~q on Bg(U) is given by I'f(z) = —zf'(z)

with the domain dom (I') = {f € B§(U) : zf'(z) € B§(U)}.

Proof. Using the definition of the infinitesimal generator " of (Cy,)t>0, for f € B§(U) we have

rf(z) = lim C“’ff(z)t‘ f(z)
o fe tz) —f(z)
N t—l>rg+ t
0 —t
= af(e Z) -
= —zf'(2)



This implies that ['f(z) = —zf'(z) and therefore dom(I") C {f € B§(U) : zf" € Bg(U)}. To prove
reverse inclusion, we let f € B (U) be such that zf" € BF(U). Then for z € U,

Co,f(2) — f(2)

1 (to
t = 1| a(Carands

- 1/0 (—e *zf'(e7%z))ds

1 t
— t/ Co.F(2)ds, where F(z) = —zf'(z).
0

Since F(z) is a function in B (U), it remains to show that the limit of F(z) exist in B§(U). Thus

lim Co.f(2) = 1(2) = lim 1/tC(psF(Z)dS.
0

t—0+ t t—0+ t

By strong continuity of (Cy,)s>0 we have
1 t
t/ |Cp.F — F||ds — Oast — 0.
0
Hence
{f € B§(U) : zf" € B§(U)} C dom(I).

This completes the proof. O

4.2. Translation group. In this case the automorphisms are of the form ¢:(z) = z + kt, where
z€Uand k,t € R with k # 0. As noted in [3], we can consider the self analytic maps of U of the
form

pe(z) =z +t. (7)
The composition semigroup induced by translation group on Bg(U) is given by

Co, f(z) =f(z+1). (8)

The proof of our results given in equation (8) as a group on B§(U) is basic, we therefore omit the
details.

We shall now prove that the composition semigroup in equation (8), fails to be an isometry on
B§(U).

Proposition 4.4. The operator Cy, fails to be an isometry on B§(U).
Proof. By norm definition, we have
1Cocfllgawy = 1Co f(N + igB%(Z)o‘l (Cocf) (2)]
= |f(i+t)+ igg%(z)ﬂf’(z + 1)].
Now by change of variables: Let z +t = w then z = w — t, and ¥(z) = I(w). Therefore,

1Cocfllawy = [F(i+ )] + sup I(w)*|F(w)]. (9)
wel
1"



The right hand side of equation (9) is not equal to the norm [|f ||z () for any t > 0. This implies
that (8) is not an isometry on B (U). This completes the proof. O

In the following results, we investigate the strong continuity of the composition semigroup in
equation (8) on B§(U).

Proposition 4.5. The operator Cy, is strongly continuous on Bg(U).

Proof. We need to show that [|Cyp,f — f|[gay)y — Oast — 0. This approach is similar to (7). We

omit the details. We compute the automorphism of the unit disc D, denoted by X} as follows

Xi(z) = ¥ (o (¥(2)))
(o)

= Y (/(1+Z)+t).

1—-~z

_z=i

Since the inverse of Cayley transform is given by ¢~ = we substitute to obtain

Eal
(1+2) -
i(14z .
Tz Tt
- .
_ '(1;2) —(t+1)
= 2 —
Rl

We simplify further by multiplying both the numerator and denominator by (1 — z) to obtain
(1+2z)+(t—)(1—-2z2))

Xe(z - .
«(2) i1+2)+ (t+)(1-2)
_ (2i-t)z—-t
2i+t)—tz’
By dividing both the numerator and denominator by 2/ — t, we get
- zZ+ 2it—t
= s
St~ 22
Letting ky = Tt—t and m; = g:fg We have
k
X, = LK
mes — ktZ

Next, we apply density of polynomials in B§(ID) to prove that for f* € B§ (D), we have ||[Cy+f* —
f*HB‘f‘(]D)) —0ast—0.
. * * _ : _ 2\« * _ ok\/
S N Coeef” = Fllggmy = Jim, | sup (1= [2F°) " [(Caef™ = Y (2)] |
Using density of polynomials in BF (D), let f*(z) = z" and z € D be such that

Cxtz" —2"=(X:(2))"— 2", n> 1. (10)
12



Now, differentiating (X:(2))" — z" with respect to z, we get
(Carf* = )(2) = n(Xe(2))" T X{(2) — nz"
= n[(X(2))" X (2) = 2" (11)

We also differentiate Xy = -2EX by quotient rule to obtain

mi—kiz
(me — kez)1 — (2 + ke)(—kt)

X/ =
t(2) (me — kez)?
B my + kt2
(me — kez)?”
Substituting for Xy = mztifftz and X/(z) = % in equation (11) we have

(Catf* =) (2) = n[(Xe(2))" 1 X{(2) — 2" ]
_ (z+ ke)" H(my — kez?) — 2" 1 (me — kez)"H?
- [ (me — kez)"t1 ] '

It therefore follows that as t — 0, we have
[Cxef™ = Fllgamy = (I(X:(0))" —0)
+ (sup (1—1z7)% |nl(Xe(2))" "t xi(2) — 2" Y]] = 0.
ze

Therefore [|Cy,f — flgau)y = |@ef (1)) — F(D] + |Cp, f — fllgzuy — Oast — 0, as desired. This
completes the proof. O

In the next theorem, we obtain the infinitesimal generator of the strongly continuous composition
semigroup given in equation (8).
Theorem 4.6. The infinitesimal generator I of (Cy,).~o on B§(U) is given by I'f(2)=f'(z) with
the domain dom(I") = {f € B(U) : f'(z) € B§(U)}.

Proof. Using the definition of the infinitesimal generator I, for f € B§(U), we have;
f(z+1t)—f(2)

Mz = tlrgh t
0
-
5 (z+1) .
= f(z).

This means that dom(") C {f € B§(U) : f'(z) € B§(U)}.
It remains to prove the reverse inclusion. Let f € BF(U) be such that f'(z) € Bg(U).

Then for z € U, we have;

Co, f(z)—f(z) = /Ogsf(z—ks)ds

= /Ot f'(z)ds.

13



Letting F(z) = '(z), we obtain
t
Co F(2) — F(2) = ] F(2)ds.
0

This implies that F(z) = f'(z) is a function of Bg(U). It remains to show that the limit of F(z)

exists in B (U). Since
_ t
Couf(2) = 1(2) _ 1/ F(z)ds,
t t Jo

we now take limits as t — 0" and invoke strong continuity of (Cy,)s>0 to obtain

1 t
lim / ICp.Fds — F|| = 0.
t Jo
Hence dom(I") 2 {f € B§(U) : f'(z) € B§(U)} which completes the proof. O

5. RoTtatioN GRrRoup

The induced composition semigroups for rotation group are defined on the analytic spaces of the
unit disk. We shall therefore generate composition semigroups induced by rotation group on the
generalized little Bloch space of the disc. The results obtained can then be mapped onto the upper
half plane by use of Cayley transform. In this case, the self analytic maps of D are of the form
pi(z) = ekt

given by

z. We consider the composition semigroup induced by the rotation group on Bg (D)

Co.f(2) = (Foy:)(2)
= f(e'z), (12)
for all f € By (D).

It can be easily shown that (Cy,),>, and (Co_.) are semigroups on BF (D) thus (Cy,),cp

t>0

defines a group on B§ (D).

Moreover, this group is an isometry, as we prove in the next proposition.
Proposition 5.1. The operator Cy,, given by (12) is an isometry on Bg (D).

Proof. We shall prove that for each t € R, the group (Cy,),cp is an isometry on B (ID). It suffices
to prove that
1Co, FliBz) = Il Bo(m)-
It follows from the definition that
1Co fllgam)y = [Co.F(O)]+ sup (1= 121)*[(Co.F)' (2)]
z
= (")) + sup (1 |22)° [ F(e"2)
zeD
= |F(0)] +sup (1 —|z?)* |f'(e'2)].
zeD

14



Now, let w = etz so that z = e 'tw. Then;
1Cp.fllgemy = [f(O)]+ sup (1—1]e "wl?)® |f'(w)])
w

= |F(O)[+ sup(1 — W) (W)

11 B (my.-

Theorem 5.2. The operator Cy, given by (12) is strongly continuous on B§ (D).

Proof. Since polynomials are dense in B§ (D), it suffices to show that (Cy, ),y is strongly contin-
uous on B§ (D) that is, for a polynomial (z),>0 where z € D we obtain

lim ||Cp,2" — 2"||ga(my = O.

Jim. 1Co: | B (D)

Clearly,

Jim G 2" = 2"llgn(o) = Im1Co,F(0) = F(O)] +  sup(1 — [21)%[(Coez” — "))

But

Cp2" — 2" = ("™ — 1)2".
So its derivative is given by
(thzn _ Zn)/ — n(eint o 1)Zn—1'
implying that
lim [|Cyp, 2" — 2"(|ga(my = lim |e/*f(0) — £(0 1—[z[?)%[nz" (™ = 1)]) | .
Jim [Cp,2" = 2y = Jim 1€ F(0) = F(O)] + [ sup(2 ~ %) Inz" (e ~ 1))
Hence,
IinS+ |Cp.2" — 2"|| g2y = O as desired.
t—
O

Proposition 5.3. The infinitesimal generator I of (Cy,,) is given by ['f(z) = izf'(z) with the
domain dom(T') = {f € BY(D) : zf'(z) € B§(D)}.

Proof. We obtain the infinitesimal generator as follows

lim Ccpt(z) B f(Z)

t—0+ t

rf(z)

_ 9
= af(e Z) o
= izf'(2).
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It therefore follows that dom(I") C {f € BF(D)} : zf'(z) € By(D)}. On the other hand, let
f € B(D)} be such that zf'(z) € B§(D)}, then for z € D we have by the Fundamental theorem

of Calculus,

Cof(2)-F2) = [ S(Cot()ds

t . .
= / ie"*zf'(e"z)ds
0

where F(z) = izf'(z) is a function in B§ (D). Thus

Cof —F 1 [t
lim —2—— = lim / Cp. Fds
t—0+ t t—0t t Jg
. . . . 1 rt 1 (t +
and strong continuity of (Cy,)s>0 implies that |5 [; Cp.Fds—F|| < 3 [y |Cp, F — Fllds — 07 as
t — 0". Thus dom(I") D {f € B3(D) : zf'(z) € B§(D)}, as desired. O
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