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ABSTRACT. This paper deals with a generalized aspect of multipliers for the pair (L}, L?) of Beurling
spaces. Using the Fourier transform related to a Beurling weight, we give a characterization of the
aforementioned multipliers. We also prove the identification of the space of the multipliers for the

pair (L%, LE) with the Beurling space L% when 1 < p < co.

1. INTRODUCTION

Multipliers are intensively studied by many researchers. They appear in several fields of math-

ematics and in various contexts, namely : mobile communication, signal processing, stochastic
process, partial differential equation etc. From a theoretical point of view, we refer to the source [9]
for more details about multipliers for commutative Banach algebras.
Like in [4], we are interested in the multipliers on a certain large class of Banach spaces related to a
locally compact abelian group. Namely, multipliers of Beurling spaces are concerned. Some inter-
esting publications about multipliers associated with locally compact groups are [1,6,11,12,14,18].
In [4], we study the multipliers on the weighted group algebra £ (G) which is the Banach space
LL(G) endowed with a generalized convolution product *, which depends on the weight w. This
generalized convolution product first appeared in [10]. The authors in [4] characterized the multi-
pliers on this weighted group algebra.

The present paper is the continuation of the study started in [4]. We consider a generalization of
the multipliers for the pair (L1 (G), L(G)). That is, the linear maps T : LL(G) — L5(G)) that
commute with a certain class of generalized translation operators denoted here by I;. If w =1,
then we recover the classical concept of multipliers. Via the weight Fourier transform, we obtain,

among other results, a characterization of the multipliers for the pair (L (G), LE(G)).
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The paper is organized as follows. In Section 2, the definition of Beurling spaces and some

results from [4,7,10] are recalled. In Section 3, we state our main results.

2. PRELIMINARIES

2.1. The Beurling spaces. Let G be a group whose neutral element is denoted by e. A Beurling
weight on G is a continuous fonction w : G — (0, o) such that Vx, y € G,
w(xy) < w(x)w(y),
w(x) =1,
w(e) = 1.
For instance, for each o > 0, the function w, defined by

wa(x) = (14 [IxI)%,

n
where x = (xq, -+, x,) € R" and ||x|| =1/ Y_ x?, is a Beurling weight on (R”, +).
i=1

Integration on G is taken with respect to a left Haar measure. Beurling spaces are defined to
be
LP(G) = {f G—C: / [f () [Pw(x)dx < oo} , 1< p<+4oo.
G

The case where p = oo is defined in an obvious way by essential boundedness. The mapping

Frs | Fllp = ( / If(X)lpw(x)dx)p

is a norm on L5 (G).
It is well-known in the mathematical litterature that L}(G) is a Banach algebra under the

convolution product * defined by
(F =)0 = [ f(naly~x)d.

The following sufficient condition for LZ(G), 1 < p < oo, to be a Banach algebra under the
convolution product * can be found in [7] : the space L (G), 1 < p < oo is Banach algebra under
the convolution product * if WP %W TP < wis. For a general background and history on Beurling

spaces, we refer to [13,15].

2.2. A Generalized convolution product. In [10], the author introduced a new convolution product

on L1 (G) which has the particularity to depend of the weight w. That is,

fr g(x) = [G F()g(y %)

If w =1, then one recovers the usual convolution

(f*g)(X)=/Gf(y)g(y1X)dy.

w(y)w(y 1x)

w(x) dy.
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Hence, the convolution product *, is a generalization of the usual convolution product. It was
shown that L}(G) is a Banach algebra under this new convolution product [10]. We denote by
LL(G) this new Banach algebra ; in other words £}(G) = (LL(G), || - 1.0+ *w)-
For s € G, define the operator '}, by
TsMyf(x)
w(x)

where M, is the multiplication operator defined by

s f(x) = ,fell(G),

(Mo f)(x) = w(x)f(x)
and Ts is the translation operator defined by
(TsF)(x) = F(s71x).

The operator $, appears first in [4] for the study of the multipliers for the algebra £ (G). A
linear map T : £L(G) — LL(G) is called a multiplier if T commutes with the operators IS, for all
s € G. Since the operator '}, is a generalization of the translation operator 7, the latter notion of
multiplier covers the classical one related to commutation with translations.

The natural next step is to investigate the multipliers for the pair (L} (G), L2(G)). This is the
main purpose of the present article.

We denote by M} (G) the Banach space of all complex bounded reqgular Borel measures y on G
such that

lull, = /G w(x)dlul (x) < oo, (1)

We write M1(G) in the case where w = 1. For u,v € M}(G), define %, v by

w(x)w(y) 1
*uf:[/fx du(x)dv(y), f € Cc(G, w
K *e V() e (xy) w0y) p(x)dv(y) =l )
where C.(G,w™1!) is the set of complex functions f defined on G such that fw™! is of compact

support. Also, define

—1y
o £ = [y 20 gy

for f € L}(G) and u € ML(G). Then, the Banach space M.(G) is a unital Banach algebra with
respect to the convolution product , and L} (G) is a closed ideal of M}(G) [10, Theorem 5.1].

2.3. Some useful facts. Let G be a locally compact abelian group with Pontryagin dual group G.
We denote by /\m) the collection of all the Fourier-Stieltjes transforms of elements of M*(G).
That s,
ML(G) = {B : ne M'(6))
where [ is defined by

Ay) = /G YR du(x).7 € 6.


https://doi.org/10.28924/ada/ma.3.27

Eur. J. Math. Anal.

For a function f € L({,(G), the Fourier transform of f, denoted Ff or 7? is defined by

F) = Fon = [ 0
The following theorems will play an important role.

Theorem 2.1 ([3]or [17]). Let G be a locally compact abelian group and let ¢ be a complex function
on G. Then, the following assertions are equivalent.
(1) ¢ € M1(G) and |l¢] < C.

(2) ¢ is continuous and there exists a constant C > 0 such that

n n
> ol < C|Y_ () 2)
i=1 i=1 IS
for all positive integer n and all choices of ¢c; € C and y; € G,i=12"--,n

Moreover, if ¢ = [, then ||u|| is the smallest constant C for which (2) holds.

Theorem 2.2. ([9, page 252)) Let G be a locally compact abelian group. Then, for each compact
KCGande >0, given an open set U containing K, there exists a function f € L*(G) such that
0< f(y) <1lifye G fy)=1ifye K, f(y) =0ify ¢ U and|f|]| <e+1 In particular,
given any open set U C G with compact closure, it is possible to find f € L'(G) such that
Fly)=1ifyeU.

Theorem 2.3. ( [5, Theorem 3.2)) Let G be a locally compact group. Let f € LE(G), 1 < p < oco.
Then, Vs € G,

p=1
P

()] Fllpw < 175 Flpw < [0(5D)]7 1Flpw. 3)

3. MutLTipLIERS FOR THE PAIR (L1 (G), LE(G))

In this section, we study a generalization of the concept of multipliers. Here, the multipliers
are defined with respect to the generalized translation operators [;,. Throughout this section, we
assume that G is a locally compact abelian group. A look at Theorem 2.3 shows that f € L{(G) if
and only if IS € LL(G). That is, the spaces L. (G) are stable under the action of the operators

I>. Therefore, we are able to define a concept of multiplier in the framework of this study.

Definition 3.1. A linear operator T : L}(G) — L5(G) is said to be a multiplier if T commutes

with all the operators ';,, s € G. That is,
Vse G, Tr;, =TI,T.

We denote by M5P(G) the set of such multipliers. We denote by ||T|| the operator norm of
T e MEP(G).
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We will use the fact that for 1 < p < oo, the following identification holds [7] :
(Le(G)) = L3(G)

1 1 _a
with =+ = =1 and w = w™». From that, one may deduce that for 1 < p < oo, the space L5(G)
is a reflexive space.

For f € L}(G), define the Fourier transform of f by
FulF)(7) = /G FOOT(w(x)dx, 7y € G.
In [4], the following convolution result was proved.
.9 € Ly(G), Fulf +u 9) = Fu(F)Fu(9).

Set
Fu(Li(G)) = {Fu(f) : FeLy(G)}.

Let us remark that functions in 7, (L} (G)) are continuous and vanished at infinity by the Riemann-

Lebesgue theorem. We fit out the space F, (L (G)) with the norm defined by

[Fu(O = Ifll1w. f € LE(G).

Then, we have the following result.
Theorem 3.2. The space F,,(L}(G)) is a Banach algebra for the pointwise multiplication.
Proof. Let (F,(f,)) be a Cauchy sequence in F,(LL(G)). Let p, g € N. The equality
1Fu () = Fu(f)ll = lIfo — fall1.e

and the fact that (LL(G), || - [l1.w) is a Banach space show that there exists f € L. (G) such that
(fn) converges to f in LL(G). Now, || Fu(fn) — Fu(F)|l = [|fa — fll1.w- Thus, (Fu(f,)) converges to
(Fu(F)) in Fu(LL(G)). Thus, the space F,(L}(G)) is a Banach space. Moreover,

[Fu(A)Fu(D = I1Fu(f *0 )l
= [If*w 9glliw
< flhwllgllie = [Fu(OIFu(I-

Thus, the space (Fu(LL(G))). " |ll1.w) is a Banach algebra. O

1 1
For f € LE(G) and h € L},(G) with - + i 1, we set

“MMZLNMMXUM@M.
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Theorem 3.3. Let G be a locally compact abelian group. Let T : LL(G) — LE(G) be a bounded
linear transformation. Then, T € M&,’p(G) if and only if there exists a unique element ¢ such that

Tg=@x*,9 forall g€ LL(G), where o € ML(G) if p=1 and v € L{(G) if 1 < p < oo.

Proof. (1) Suppose p = 1. Let T € M}L(G). In [4, Proposition 5.4], it was shown that
T € MLL(G) if and only if there exists a unique function B defined on G such that
Fu(TF) = BF,(f) for all £ € LL(G). Clearly, BF,(f) € Fu,(LL(G)). Therefore, the
function BF,(f) is continuous for all f € L}(G) (the Fourier transform of a function is a
continuous function). Moreover, for each open set in G with compact closure, there exists a
function f € L}(G) such that F,(f) is constant on U [9, F.7e]. Thus, B is continuous on G.

Let € > 0 and let y1, 7, ...., Yn € G. Via Theorem 2.2, we can choose g € L*(G) such
that [|F(g)] = gl < 1+ € and F(g)(vi) = 1,i = 1,2,3, ..., n. Now, set f = %. Then,
fe Ll ), |FulOll=Ifl1w<14+eand Fo()(v)=1i=123,...n

ForzzeC,i=1,2,...., n, one has

> ziB(v)
=1

= ‘ / [Z Z,-'y,-(x)] F(x)w(x)dx
G Li=1

S 2 Fu ()
=1

n

< flliw ZZIW
i=1 oo
n

< Q+e)|> zm
i=1 0o

Since € is chosen arbitrarily, it follows that

n n
> _ziBw)| < [>_zmi
=1 =1

We conclude via Theorem 2.1 (with C = 1) that there exists a unique bounded measure
w such that B = F(u). Now, if we set ¢ = w1y, then ¢ € ML(G) and B = F,(p).

Therefore,

<

o0

Fu(TF) = Fu(0)Fu(f) = Ful(@ *u f).

Since the Fourier transform is injective, it follows that Tf = @ %, f.

(2) Assume that 1 < p < co. Let T € MGP(G). The weighted group algebra (LL(G),| -
l1.w, *w) has a bounded approximate identity [10, Theorem 2.2]. Let {v,} be a bounded
approximate identity for (LL(G), || [l1.w. *w). Let g € LL(G). Then,

ITg = Tun*wgllpw = 1Tg—TWn*w 9)llpw
< ITHg = Vn *w 910

Since ||g — Up *w 9]l1,w tends to 0 whenever n goes to oo, then (Tv, %, g), converges to
Tgin LE(G).
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~—

~

Moreover, || TUn|lpw < [|T||l|Unll1,w = | T]]. Therefore, {Tv,} lies in a norm bounded subset

of LJ(G) = (Lf,’V(G))/. So, by Alaoglu’s Theorem ([16, page 299] or [9, Theorem D.4.3.]) and
the reflexivity of L5 (G), we see that there exists a subnet {Twv,} of {Tv,} and p € LL(G)
such that {Twv,} converges to ¢ in the weak*-topology. That is, lim(Tvnm, U), = (@, U)w
for all u € L}, (G). Then, for h, g € Cc(G), we have K

(Th,g)w = IIm(Tvp *y h, g
— (T U, (B %0 2)w)e
m w

= (o, (h+y D)

= {(Q*y h, g)u.
However, C.(G) is norm dense in L{,(G). Therefore, Th = ¢ %, h for each h € C.(G).
Moreover, Cc(G) is norm dense in LL(G). Thus, Th= @ *, h for all h € L}(G).

Conversely, let 1 < p < co. Assume that there exists a measure p € /\//(},(G) or a function
© € LE(G) such that Th= @ *, h for all h € L}(G). Then,

(Tr)h=T(I;h)

=@y h

= rfJ((P *w h)

=0(Th)= (I, T)h.
Thus, T € MGP(G).
Concerning the uniqueness statement, let us consider ¢ and ¥ be such that Th = @ *, h =
¥ *, h for all h € L}(G). Then, using the Fourier transform, we obtain F,,(p)F,(h) =
Fo(P)Fu(h). So, Fu(v) = Fu(). Finally, ¢ = 9 by the injectivity of the Fourier

transform.
O

Theorem 3.4. Let G be a locally compact abelian group. Then, ML1(G) is isometrically isomorphic
to ML(G).

Proof. We have seen in Theorem 3.3 that T € M}1(G) if and only if there exists a unique measure
w € ML(G) such that T = ux,f forall f € LL(G). Then, the mapping T — u defines a bijection
from ML1(G)) onto ML(G). Moreover,

ITHllw = Nk *w fll1w

-1
L1 o022 qun| weods

G
—1
[ [ 1r601 2 2 wdulnax

N
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(]f Dox) ( [ i)

(invariance of the Haar measure)

< fllwliplle.

< lpflw-
In the converse, for y1, -+ .Y, € G, z1, -+ ,z, € C, and € > 0, let us choose f € L}U(G) such

that || Fu(F)|| = ||fll1w < 1+€and Fu(F)(y) =1,i=1,2,3,.....,n. Then,

Y zFuw))| = (D zFu(w) () Fu(H)(n)
i=1 i=1
= Z ZiFu(l *w £)(7i)
i=1
= Z ZiFu(T) (i)
=1

< Tl +e)

n
E ZYi
i=1

Since ¢ is arbitrary, then || T|| > ||¢|lw by the use of Theorem 2.1 applied with F,, instead of 7. [

[e.9]

Theorem 3.5. Let G be a locally compact abelian group. Let 1 < p < co. If f € LE(G), then the

mapping s — 3 f is continuous from G into L{(G).

Proof. The set of complex continuous functions on G with compact support Cc(G) is dense in L2 (G)
under the norm || - ||p.w. Let € > 0. Consider g € Cc(G) and set C; = supp(g). Let us choose a
compact neighborhood C, of the neutral element e. Set C = C;UCoU(C1Cy). We have for s € C,

IS — g5, = [C I18.9(x) — 90 P (x)dx

N

/C|9(5_1X)w(5_1><) — g(x)w(x)|Pdx.

The mapping x — (gw)(x) is uniformly continuous on G. Thus, there exists a neighborhood U of

e which we may assume to be contained in Cp, such that

¥s € U, |(gw)(s™) = (9u)()P <
where |C| is the measure of the compact set C. Then, for s € U, we have
elC
59— gl < [ o)™ ~ (qw)Pax < S =

We will show the claim for f € LL(G). Let K be a compact neighborhood of e. Since C.(G) is
dense in L2 (G), then there exists g € C-(G) such that

1)
I = 9gllpw < 3
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There exists a compact neighborhood V of e which we may assume to be contained in K, such that
e g —9llpw < = 3 ® forallseV.
Then, for s € V, we have

IF2F =l P27~ ol + 1720 Sl 17 =l
< w(s)[|(f g)(t)|pw(5t)dt+ —|—§
< w(s)/| OPw(s)w(t)dt + 5 + 5
/G|(f—g>(r>|%<t>dt+§+§||f—g||p,w+§+§:§+§+§=e.

O

Theorem 3.6. Let G be a locally compact abelian group. Let f € L(G), 1 < p < co. Lete > 0.
Then, there exists a positive function g € Cc(G) such that ||g|l1.w =1 and ||f *, g — f|lpw < €.

Proof. Let f € LL(G) and € > 0. According to Theorem 3.5, the mapping s — 'S f is continuous

at the neutral element e of G. Then, there exists a compact neighborhood K of e such that
Hl—i;f - pr,w <€, Vs € K.

Consider a positive function g such that supp(g) C K and / g(y)w(y)dy =1 (thatis ||g]l1,0 = 1).
G

— f(x)] < /|I_fJf(x) — f(x)|9(s)w(s)ds. Using the Holder’s inequality with
G

respect to the measure g(s)w(s)ds, one has

([ g(s)w(s)ds)‘l’

(F *0 9)00) — F()| < ( [rareo - f(x>|pg(s)w<s>ds)

T =

1 1
where @ is such that E + 6 = 1. Then,

IF %0 g — B, = ]G ((F %0 9)(x) — F(0)Pus(x)dx

< / / 75,7 (x) — FOO)Pa(s)w(s)dsw(x)dx
GxXG
< /G IFSF — FI2,g(s)w(s)ds
= IrSF— I8, /G g(s)w(s)ds = [F5F — 2, < €
_f||p,w<5- J

Theorem 3.7. Let G be a locally compact abelian group. If T € MEP(G), then Ty < TN
In other words, T : L}(G) — LE(G) is a bounded operator.
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Proof. Let ¢ > 0. Via Theorem 3.6, there exists a positive function g in Cc(G) such that
[Gg(t)w(t)dt =1and ||g*, Tf—Tf|p <€ because |||, < ||| p.w- We have,
190w TF=TFllp Z I TFlp— [lg*w Trlp.
Therefore,
ITFllp < [lg*w TFllp+e

=Tg*ufllp+e

<T9llpllflla +e

<|Tgllpwlflls+e

< ITHwlfll + ¢

=TIl +e.
Since the latter inequality is true for arbitrary € > 0, then we obtain ||[Tf||, < || T||||f]l1- O

For a function f in L£(G), we define the convolution operator Tr by

Trg="1%*yg.

Theorem 3.8. Let G be a locally compact abelian group. Let1 < p < co. Let f be a function in
Lo(G). Then, [ Te|l = [Iflpe-

Proof. Let f € LE,(G) and let € > 0. From Theorem 3.6, there exits a positive function g such that
/ g(t)w(t)dt =1 and ||f x, g — f|[pw < €. Then,
G

Ifllpw < e+If*ugllpw =€+ Trgllpw

< e+ |[Trllllgliw =€+ [Tl

Thus [[fllp.w < [IT#ll-
Let us prove the inverse inequality. Let g € L1(G). Applying the Hélder's inequality with
respect to the measure g(y)w(y)dy, one has

IFxgllB, = /G 19 %0 FPw(x)dx

-/ ‘ [ strzreauty)

< [ [ / |raf(x>|f’|g<y)|w(y)dy] [ / |g(y)|w(y)dy]5w(x)dx

p
w(x)dx

< /G (1P 0 1g]) w(x)dx [ [G |g(y)|w(y)dy]5

b 2]
< AP0 lalliwlgliy < IFI5Llgliwligl e = IFI5L9l7 .-
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Then,

Tegllpw < Ifllpwllglf - Thus,

ITell < N Fllpw- O

As a consequence of Theorem 3.3 and Theorem 3.8, we have the following result.

Corollary 3.9. Let G be a locally compact abelian group. Let 1 < p < oo. Then, the multipliers
space MEP(G) and the Beurling space LE(G) are isometricaly identified by the mapping T

f— Tr.

CoNcLUSION

In this paper, we obtain a characterization of multipliers for the pair (L}, L2) using the Fourier
transform related to a Beurling weight. We also obtain the identification of the space of such
multipliers with the Beurling space L, when 1 < p < oco. It would be interesting in the future to

consider the case of the pair (L5, L¢) in this framework of the weight dependent convolution.
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