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ABSTRACT. In recent years, frames in Krein spaces and several generalizations have been extensively
studied. In this paper, we propose an alternative way of looking at the notion of frames in Krein
spaces and give a necessary and sufficient condition for a sequence in a Krein space to be a Bessel
sequence. We observe that a subsequence of a frame in a Krein space need not be a frame. Also,
two complementary subsequences are considered in which one of them is a frame for a Krein space.
We obtain necessary and sufficient conditions under which the other one is also a frame for the Krein

space.

1. INTRODUCTION

Hilbert space frames were originally introduced by Duffin and Schaeffer [7] to deal with some
problems in non-harmonic Fourier analysis. The linear independence property for a (Hamel) basis,
which allows every vector to be uniquely represented as a linear combination is very restrictive for
practical problems. Frames allow each element in the space to be written as a linear combination
of the elements in the frame, but linear independence is not required. Frames can be viewed as
redundant bases which are generalization of Riesz bases. This redundancy property sometimes is
extremely important in applications such as sampling theory [9], filter banks [3], signal and image

processing [6] and so on.

Definition 1.1. [4] Let H be a Hilbert space and | be a countable index set. A collection {fy} e/

in a Hilbert space H is said to be a frame for H if there exist a, b > 0 such that

alFI> < 3 [F. )l < bIFIP, vF e
nel
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We now look at the definition of frame which is equivalent to perceive as the map

Moo ) (Ff)heH (1)

nel
which is a well-defined bounded positive invertible operator.

The bounded linear operator S : H — H defined by

SF=Y (f.fa)fa fEM,

nel

is known as the frame operator associated to the frame {f,},c;. This operator S is bounded invert-
ible, positive and self adjoint. It allows to reconstruct each vector in terms of the sequence {f,} ¢/
as follows:

f=) (FSHafa=) (f.f)S'f 2)

nel nel

The formula (2) is known as reconstruction formula associated to {f,},c; and if S = /, then the
reconstruction formula resembles the Fourier series of f associated with the orthonormal sequence
{fatner-

The concept of indefinite inner product was first found in a paper on quantum field theory by
Dirac in 1942 [5]. Pontrjagin gave the mathematical interpretation of indefinite inner product.
Giribet et al. have introduced and studied frames for Krein spaces [8]. Motivated by the equivalent
definition of frame as given in (1), in this paper, we propose an alternative way of looking at the
notion of frames in Krein spaces by decomposing the index set / in a natural way and obtain some
new results on frames sequences.

The paper is organized as follows. Standard definition of Krein space is given in Section 2
along with some notations and examples which will be used in the sequel. In Section 3, we define
the concept of Bessel sequence in Krein spaces and give a necessary and sufficient condition for
a sequence to be a Bessel sequence in Krein spaces. In Section 4, we give the definition of frame
for Krein space and study operators associated to the frame. In the last section, we study frame
sequences in Krein spaces. In general, if {f,},¢; is a frame in a Krein space and {nx} is any infinite
increasing sequence in /, then {f,, } need not be a frame sequence. We provide some sufficient

conditions under which subsequences become frame sequence for the Krein space.

2. PRELIMINARIES

Let IC be a complex vector space with a Hermitian sesquilinear form defined on it. Then we
call (IC,[.,.]) an inner product space. An element x € K is called neutral, positive, or negative
if [x,x] =0, [x,x] > 0, or [x,x] < O respectively. If K contains positive as well as negative
elements, then it is called an indefinite inner product space, otherwise it is called a semi-definite

inner product space. We refer [1,2] for basics on indefinite inner product spaces.
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An indefinite inner product space (K, [.,.]) is decomposable if it can be written as an orthogonal
direct sum of a neutral subspace K°, a positive definite subspace Kt and a negative definite

subspace K~:
K = K°[HIKH K. (3)

Then (3) is known as a fundamental decomposition of K.

An indefinite inner product space (K, [., .]) is a Krein space if it can be written as an orthogonal
direct sum of a positive definite subspace Kt and a negative definite subspace K~ such that
(K*,[...]) and (K, —[.,.]) are Hilbert spaces. Let a fundamental decomposition of a Krein space

K be given by

K=K +HK (4)
and P be the orthogonal projections onto K*. The linear map

J=P" - P~
is called the fundamental symmetry corresponding to (4). Then

(f.9)s=[Jf. 4]

is a positive definite inner product on K, called J-inner product corresponding to the fundamental

decomposition (4). We can write
(f, )y =[Jf, f] =[(2PT — I)f, f] = 2[P*f, P*f] - [f, f]. (5)
The corresponding norm (called J-norm) is denoted by

1
IFlly = (f, F)3 = [JF, ]2

Example 2.1. Consider K = £5(N), the linear space of square-summable sequences, with

oo

[f.g) =) (—=1)"gn for = ()1 9=(gn)is €K.

n=1
Let KT = {(fy)52, : fo = 0 if nis odd} and K~ = {(f,)32, : f = 0 if nis even}. Then K =
Kt[+]K~, where Kt and K~ are complete with respect to the induced norm and hence K is a

Krein space.

Theorem 2.1. [2] Let K be a Krein space. Then the following are equivalent:

1
2
3
4) There exists a mapping J in K such that J = J* = J71.

There exists a fundamental decomposition of K.
There exists a maximal uniformly positive ortho-complemented subspace.

(1)
(2)
(3) There exists a maximal uniformly negative ortho-complemented subspace.
4)
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Different fundamental decompositions induce different J-norms. Hence various norms can be

defined on a Krein space by choosing different underlying fundamental decompositions.

Example 2.2. Let K be a two-dimensional vector space with basis {e1, e2} and an indefinite inner
product defined by [e1, e1] = 1, [ex, &2] = —1 and [e1, e2] = 0. If we take Y = span{e1 }, then it is a
maximal uniformly positive definite subspace and hence there exists a fundamental decomposition of
K with Kt =Y and K~ = span{ex}. Choosing K} = span{(n, 1)} and K,; = span{(1, n)} where

n> 1, we get several fundamental decompositions. The corresponding fundamental symmetries J,

n+1 —2n

Jo= n2—1 n2—1
n 2n —(nP+1) | -

n2—1 n2—1

are given by

Here we can see that the fundamental symmetries J, satisfy J2 = I,, [Jnf,g] = [f, Jng] and
[Jnf, dng] = [f. g] for all f, g € K.

3. FRAME OPERATOR FOR FRAMES IN KREIN SPACES

Let K be a Krein space and let {f,},c, be a sequence in K. In relation to the sequence {f;}e,
the index set / is decomposed as I+ ={ne [ :[f,,f] >0} and I_ ={nel:[fy, ) <O} ltis
easy to observe that £>(/) is the orthogonal direct sum of £>(/+) and £>(/-).

Definition 3.1. A sequence {f,}nes in a Krein space K is called a Bessel sequence if there exists
a constant B > 0 such that
S \lfo, F1I? < BIIFI, for all f € K. (6)
nel

The constant B in the inequality (6) is called a Bessel bound for {f,}ne;.

Theorem 3.1. Let {f,}ne; be a sequence in a Krein space K. Then {f,}nes is a Bessel sequence
with a Bessel bound B if and only if the operators T+ : 4>(l+) — KT defined by Tt{cn}ne, =
2 nel, Cnfn and T 2 £o(1-) —> K7 defined by T~ {cntpei. = }_,ci Cnfn are well defined
bounded operators and | T|| < /B, where T =T+ +T~.

Proof. Suppose first that {f,} ¢/ is a Bessel sequence with a Bessel bound B. Let {cy}pes, € £2(/4)
and {chtne. € €2(1-). Let £, m € I_ such that £ > m. Then

y/ m
) cnfa=)_cafy
n=1 n=1

14

> cafa

n=m+1

Z
= swp [ Y cfa 9]l

llgll=1 n=m+1
£

< swp Y et gl

lgll=1 pSa
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IN

¢ 3 ¢ 3
( > |Cn2) sup ( > I[fn,g]lz)

n=m+1 ||gH:1 n=m+1

¢ 2
< VE( > |c,,|2) .

n=m+1

Since {cntner € £a2(12), {Zﬁzl |ca?} is a Cauchy sequence in C. The above calculation shows
that {Zf;zl cnfnteer_ is a Cauchy sequence in K~ and so it is convergent. Hence T~ is well
defined. With similar arguments and by considering £, m € /4 with £ > m one may prove that
{Zﬁzl Cnfateer, is a Cauchy sequence in K and so it is convergent. Thus T~ and T are
well defined and boundedness follows from the above calculation. Clearly T~ and T are linear.
Conversely, suppose that T~ and T are well defined bounded linear operators with their adjoints
T=*: K~ — £(l-) and TT* : KT — £r(/1) defined by T=*f = {—[f, fy]}ne,. and TH*F =
{If. fal}nes, respectively. Since the adjoint of a bounded operator is bounded, || T~*|| = ||7 | and
IT™*| = |IT*|. Also we have

T2 < ITT)2IF)1%, for all f € KT
and
IT=*FI12 < IT 11| )1, forall f € K.
So |T*F||2 < ||IT|I?|If||? for all f € K. Hence {f,} e/ is a Bessel sequence. O

Corollary 3.2. Let {fy}ne; be a sequence in a Krein space K such that both Zneu cnfn and
> _nel_ Cnfn are convergent for all {cp}tne;. € £2(1-) and {cp}ner, € £2(14). Then {fy}nes is a

Bessel sequence.
The condition (6) remains unchanged regardless how the elements of {f,},c; are numbered.

Corollary 3.3. Let {fy}ne/ be a Bessel sequence in a Krein space K. Then }_ .., cnfy and

>_nel_ Cnfn converge unconditionally for all {cy}nei, € £2(/4) and {cp}tnei € €2(1-) respectively.

The following example illustrates that how the norm of a single element actually depends upon
the choice of fundamental decomposition. If a frame is defined relative to fundamental decom-
position, then frame bounds will vary arbitrarily when difference fundamental decompositions are

considered.

Example 3.2. Consider the two dimensional Minkowski space K = R? with the inner product
[f.g] = figi—fogo where f = (1, f2), g = (91, 92) € R?. Consider the fundamental decompositions
. 1 n-1 - —1 n+l
with Kf = span{("tL, =1)} and K, = span{(™*, "t1)} where n > 1. Then we get
1
1113, = Zl@n+ 2/m(ff + ) + 4hh(1/n — n)],

Let f =(1,1) and g = (1,0). Then Hf||3n =2 and ||g||3n = %(n+ %)

n
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Let {f,}nes be a Bessel sequence in K. Then both {fy}ne;, € KT and {fr}pe;. C K~ are
Bessel sequences. Define T : £5(/1) — Kt and T~ : 4x(/-) — K~ by
THe} =) cfy
nel4

and

T {c} = Z Cnfn

nel_
respectively. Then T+ and T~ are both bounded linear operators and are called synthesis opera-
tors. Define TH* : Kt — £r(/y) and T—* : K~ — £»(/-) by

T f = {[f. falbnet,

and
T =AIf falkner
are called analysis operators. Thus ST = TTT+* . KT — KT given by STf = THTTH*f =
2 e f folfpand ST = T-T7* : K= — K~ given by SF = T-T7*f =} ., [f. fulfa.
Therefore the frame operator S = ST + S~ : K — K is defined by
SEF=(ST+S)f =) [fhlfat+ D _[f falfa.
nely nel_

Esmeral et al. [5] have given a defintion of frame which involves fundamental symmetry of the
Krein space K. As shown in the Example 3.2, for sufficiently large values on n, J-norms of elements
of K can be too small or too large. Thus we propose the following definition for frame in Krein

spaces.

Definition 3.3. Let {f,},c; be a Bessel sequence in K. The sequence {fy}ne} is said to be a
frame if the frame operator S = ST+ S~ : K — K defined by

SF=(ST+S)f=) [f.hlfat > _[f flfy
nely nel_

is a bounded positive invertible operator.

The following is the frame decomposition theorem for the Krein space K, which states that if
{fa}tner is a frame for a Krein space K, then every element can be written as a linear combination

of frame elements.

Theorem 3.4. Let {f,},c; be a frame for a Krein space K with the frame operator S. Then

F=Y [FStT i+ Y [F.S  'flf forall f e K, 7)

nely nel_

and both the series converges unconditionally for all f € K.
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Proof. Since the operator S is self adjoint and invertible, we have

f = SST'f
= Y [ST R
nel
= Y ST+ Y _[STF IR
n6/+ nel_
= S ILS TR+ Y RS R
n6/+ nel_

Since {fr}ne/ is a frame with [f, S+_1fn] € 4(/4+) and [f, S__lf,,]f,, € £>(/-), the unconditional

convergence follows from Corollary 3.3. O

4. FRAME SEQUENCES IN KREIN SPACES

We begin this section with the following definitions for frame sequence

Definition 4.1. Let K be a Krein space. A sequence {fy}ne; € K is called a
(a) frame sequence if it is a frame for [f,] = span{f, :nel}.
(b) exact if removal of an arbitrary f, render the collection {f,} no longer a frame for the Krein
space K.

(c) near exact if it can be made exact by removing finitely many elements from it.

Example 4.2. Let {f,},c; be a sequence of unit orthonormal vectors in Krein space K and {ny}

be any infinite increasing subset of I. Then {f,, } is a frame sequence.

Let {f,}nes be a frame for a Krein space K and {ng} be any infinite increasing sequence in /.

Then {f,,} need not be a frame sequence.

Example 4.3. Let {f,}nc; be a sequence of unit orthonormal vectors in a Krein space K. Define
a sequence {hp}ne; € K by h, = %fn,n €l Lletng =ng1+(k—1),k €l and ng = +1.
Then {nx} is an infinite increasing sequence in |. Define another sequence {gn}nc; € K by
91 =11, 90, = 9n+1 = Ine42 =+ = Gn+1 — 1 = hy, k > 2. Then {gn}ne is a tight frame for K.

But note that {gp,} = {h«} is not a frame sequence.

The following theorem gives a necessary and sufficient condition for a existence of a subsequence

to be a frame for a Krein space K.

Theorem 4.1. Let {f,},c; be a frame for a Krein space K and let {m} and {ny} be two infinite in-
creasing sequences in | with {m}}u{n'} = I+ and {m_Yu{n_} = I_. If {fy, } m.e! is a frame, then
{fni tneel is a frame if and only if there exists a bounded linear operator T : £>(1) — £>(/) such
that T = TH+T~, where Tt : &o(1) — £2(1y) defined by T{[fr, 1} = {[f}  FT]} fFHe KT
and T~ : £a(I-) — £2(I-) is defined by T—{[f, . f~1} ={[fn, . f1}.f~ € K".
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Proof. Suppose that {fy, }m.c/ is a frame with lower frame bounds A and A. Then

D e F17 = 3 MTHIGL A

Mk El+ ng€ly
< T Y I, £
nk€l+
So, we have
Z |[f f+]|2 > kael+|[fmk,f+]|2
- ]
neEly
A
> IR,
17l

Similarly, we have

!’

A
o F112 > = £ [
Hence {f,, }n, e/ is a frame for the Krein space K.

Conversely, suppose that {f, },, ¢/ is a frame for the Krein space K. Then there exist operators
it 1 o(l1) — K1 given by Ty H{[fF, FH]} — £ and T3 1 Ky — £2(/4) given by Ty =
{[f,5, £*1} and similarly there exist operators T1~ : £o(/-) — Ko given by Ty~ {[f,, . f 7]} = f~
and ;" : Ko — £2(I-) given by T; ' f~ = {[fs. 71} Also, since {fy, }me/ is a frame for
the Krein space KC, there exist operators T, : £(/) — Ky given by To™{[f;} . f*]} = fT and
T* K1 — £2(14) given by T *F = {[f} ]}

Similarly, there exist operators To™ : £a(/-) — K2 given by To ™ {[f,, . f7]} = f~ and T, " :
Ko — €&(1-) given by Ty *f~ = {[f, . F71}. Then T+ = T Tt &o(1y) — £o(l4) is a
bounded linear operator such that TH{[f,f, f*]} = {[f} f*]},fT € KT and T~ = T, T
£(1-) — £2(/-) is a bounded linear operator such that T—{[f 7]} = {[f, . f71}.f~ €
K. O

Next, we give a sufficient condition for two subsequences of a frame for K to be a frame sequence.

Theorem 4.2. Let {f,}ne; be a frame for a Krein space K. Let {my} and {nx} be two infinite
increasing sequences in | with {m;{} U{n;} = Iy and {myU{n } = I_. Let K1 = [f} 1N [f].
If K1 is a finite dimensional space, then {f.} } and {f.\'} are frame sequences for K. Further, if

Ko = [T, 10 [f,] is finite dimensional, then {f., } and {f, } are frame sequences for K~ .

Proof. Let {£}} be a finite subsequence of {n/} such that K1 = [f,]g.e/,. Since K7 is finite
dimensional, {f[k“} is a frame for K1. Let A" and B’ be the frame bounds for {f;k'} Consider
{fo tneer,. let FT e {fy }n.er, be any element. Now, if FT[L]K4, then

Z [f+, fn]2 = Z [f+, fnk]z

I76/+ nk€/+

Al

Vv
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Also, if ™ € K1, then

A= W (AN

nKEly LrElt

AlFH2.

v

Otherwise, we have

fr = Zakfnk
= Y aifa+y oy, i€ {mI\{l}JE &)
= (F1) + (F1)", where (Ft)[L]K: and (F7)" € K1.
Thus

D U AP = Y IR Y IFN AP e {nd ) € {8

nKEly
= D () + (D B+ Y1) +(F) £
= DI AP+ () )
> AIEH 1P+ AN
A A
> ; s 4112
> min{5. 5 HiFrIR
Hence {f, }n.cl, is a frame sequence for KT. Similarly we can show that {fy,, }m.e/, is a frame

sequence for K*. Also, in a similar way, one can prove that {fy, }n,e/ and {fm, }m.c/_ are frame

sequences for ™. O

Corollary 4.3. Let {f,}nes be a frame for a Krein space K. Let {my} and {nx} be two infinite
increasing sequences in | with {m } U {n} = I and {m, } U{n } = I_. Let {fm, }m,c;+ and
{fo}n.er+ be frames for [fm, ] m, i+ and [fy ], e+ respectively and let {fm, }m, e/~ and {fy, }n,ei-
be frames for [fm, | m,c/- and [fo]n.c/- respectively. If {g:"} = {fm, }m.ci+ U{fn tn.cr+ and {g; } =
{fne Y meer- U{fa neer-. then {g*} and {g;"} are frame sequences.

Proof. The proof of the corollary follows from the Theorem 4.2 and the fact that {f;, }, /+ and

{foc}neer+ are frames for the [fy,, ], e+ and [fy, ] e/ respectively. O

Finally, we give a sufficient condition for the exactness of frames in a Krein space K.

Theorem 4.4. Let {f,}nc; be a frame for a Krein space (K, [.,.]) with bounds A, A" and B, B
such that f, # 0, for all n € |. If for every infinite increasing sequence {ny} € I+ and {my} € I_,
{fotneer, and {fin }m.ci are frame sequences with bounds A, B and A, B' respectively, then

{fa}nes is an exact frame.
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Proof. Suppose on the contrary that {f,},c, is not an exact frame. Then, there exists m € / such that
fm € [fa), 1 # m. Let {nk} be an increasing sequence in /, given by ny = k, k=1,2,3,... , m—1
and np=k+1L.,k=mm+1,.... Since {f, }n.cr. is a frame for KT and {fy, }p,e/ is a frame

for K~ with bounds A, B and A", B' respectively, we have

Allf? < Z[f, .12 < B||f||?, for all f e K* (8)
ol
and
ANFIZ <) If RIP < BfI? forall f e K (9)
ntm

nel_

Since {f,}ne/ is a frame for the Krein space (K, [., .]), by (8), we have [f, f;,] = 0forall f € KT. In
particular, [y, fn] = 0. This gives f,, = 0. Also, by (8), |[f~, fm]| =0, for all f € £~ In particular

|[fm, fm]| = O. This implies that f,, = 0 which is a contradiction. Hence {f;, },.c/ is an exact

frame. O
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