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ABSTRACT. A deterministic compartmental model for the transmission dynamics of onchocerciasis with
vigilant compartment in two interacting populations is studied. The model is qualitatively analyzed
to investigate its global asymptotic behavior with respect to disease-free and endemic equilibria. It
is shown, using a linear Lyapunov function, that the disease-free equilibrium is globally asymptoti-
cally stable when the associated basic reproduction number, Rg < 1. When the basic reproduction
number Ro > 1, under some certain conditions on the model parameters, we prove that the endemic

equilibrium is globally asymptotically stable with the aid of a suitable nonlinear Lyapunov function.

1. INTRODUCTION

Onchocerciasis is one of the neglected tropical diseases caused by the parasite Onchocerca
Volvulus, a filarial nematode [3]. The disease is transmitted from one person to another by re-
peated bites of black flies. The disease is endemic in Sub-saharan Africa. Many researchers have
worked on many ways to reduce the spread of the disease. For instance, Remme et al. [14] used
skin snip survey in West Africa to investigate the impact of controlling black flies by larviciding.
Plaisier et al. [13] used micro simulation model to determine the period required for combining
annual ivermectin treatment and vector control in the onchocerciasis Control Programme in West
Africa. Alley et al. [3] used a computer simulation model to study prevention of onchocerciasis by
using macrofilaricide which kills the adult worms. Asha Hassan & Nyimvua Shaban [5] investigated
the effects of four control strategies on the spread of the disease.

In this paper, we consider global stability analysis of onchocerciasis transmission dynamics with
vigilant compartment. The human population is sub-divided into four compartments and the vec-
tor population is sub-divided into three compartments. We show global asymptotic behaviour in
disease-free and endemic equilibria. This is an extension of the work done in [1] where the author

worked on the local stability of the model without the vigilant compartment.
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The case of onchocerciasis model presented in this paper incorporates a new class of human
compartment called vigilant individuals denoted by V}(t, x;). The individuals in the compartment
are assumed to be tired of onchocerciasis and guide against it by strictly adhering to the vector
control measures such as: regular indoor residual spraying (IRS), insecticide-treated bed-nets
(ITNs), clearing of stagnant water bodies and drainages and the use of head-nets in the outdoor.
The rest of the paper is organized as follows: the description of the model and theorems on positivity
of solutions and reproduction number are given in section 2 while section 3, we explored the global
asymptotic stability of the disease-free equilibrium and endemic equilibrium with a concluding

remark.

2. MobDEL DESCRIPTION

Two interacting populations are considered; the humans and the black-flies populations. The
human population is partitioned into four compartments: the susceptible human compartment; Sy,
the exposed compartment; Ej, the infectious human compartment; /5 and the vigilant compartment;
Vj,. The black-fly population is partitioned into three compartments: susceptible vector; S,, the
exposed vector compartment; £, and the infective vector compartment. The total human and vector
populations at any given time, t, are respectively given by; N = Sp(t)+ Ep(t) + In(t) +Vi(t) and
Ve=S5,(t)+E,(t)+/],(t). We assume that the transmission of onchocerciaisis in susceptible hosts
is only through contact with infectious vector. We also assume that susceptible vector becomes
infectious as a result of contact with infectious hosts during blood meal. The population under
study is assumed to be large enough to be modelled deterministically. The following system
of non-linear ordinary differential equations, with non-negative initial conditions, describes the

dynamics of onchocerciaisis epidemics.

dShLS?Xi) — Z/L:O(l _ T)\Uh(X,‘) Aot x) v (t) ,U:h(X,')Sh(t, X,')

Nh(t,X,')
o) = 3o P CIRRCS I — (an(x) + (i) En(t, x)
W =Y o1 = 0)an() En — (v(xi) + n(x)) In(t, x;)
dvhcsgxl)’ = TVR(x)N(t, x;) + 0ap(xi) En(t, xi) +v(xi)In(t, i) — pr(xi)Va(t, xi) ¢ (2.1)
% —v, — 5>\V(X/,)V~:Z£f)zi/)h(frxi) — uySu(t)
G = PO — (o + p)E(D)
% :avEV(t)_ﬂvlv(t) J
subject to the following initial conditions:
Sn(0, %) = Son(xi), En(0, x;) = Eon(xi),
In(0, x;) = lon(xi), V4(0, x;) = Von(x;) (2.2)

SV(O) = SOVv EV(O) = EOV' /V(O) = /OV


https://doi.org/10.28924/ada/ma.4.9

Eur. J. Math. Anal.

Symbols Definitionss
Sn(t, xi) Number of susceptible humans at time t and discrete age x;
En(t, xi) Number of exposed humans at time t and discrete age X;
In(t, %) Number of infectious humans at time t and discrete age x;
Vi(t, ai) Number of vigilant host humans at time t and discrete age x;
Su(t) Number of susceptible black-flies at time t
E,(t) Number of exposed black-flies at time t
I,(t) Number of infectious black-flies at time t
Wi(x) Recruitment term of the susceptible humans at discrete age x;
v, Recruitment term of the susceptible vectors
0 Biting rate of the vector
An(Xi) Probability that a bite by an infectious vector results in transmission

of disease to human
at discrete age x;
Av Probability that a bite results in transmission of parasite

to a susceptible vector

wn(xi) Per capita death rate of humans at discrete age x;
Wy Per capita death rate of vector
Ya(xi) Disease-induced death rate of humans at discrete age x;
Yo Disease-induced death rate of vectors
an(X) Per capita rate of progression of humans from the exposed state to the

infectious state
at discrete age x;
ay Per capita rate of progression of vectors from the exposed state to the

infectious state

Un(xi) Humans disease-inhibiting factor at discrete age x;
vy Vectors disease-inhibiting factor
T(X) Proportion of human population that is born vigilant at discrete age x;
0(x;) Proportion of exposed humans that becomes vigilant at discrete age x;
¥(xi) Per capita recovery rate of infectious humans to the vigilant state at discrete age x;

Model assumptions

The formulation of the compartmental model is based on the following assumptions:

1. That only humans are vigilant.

2. That humans are born either susceptible or vigilant.

3. That exposed humans progress to either become infectious or vigilant. The assumption that
exposed humans can become vigilant is motivated by the possibility of treating Plasmodium
vivax infection which is at the dormant liver stage

4. That all infectious humans become vigilant upon recovery due to treatment

5. That strict adherence to vector control measures by the vigilant humans does not result into

re-infection.
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6. All black-flies are born susceptible.

7. That the susceptible black-flies, when infected, becomes exposed black-flies who are not
yet infectious.

8. That the exposed black-flies progress to become infectious only.

9. That the infectious black-flies remain infectious for life. That is, there is no recovered class
for black-fly population.

10. That a proportion of susceptible humans is infected by infectious mosquitoes and that

susceptible mosquitoes become infected when in contact with a proportion of infectious

humans
To carry out the analysis of the formulated model (2.1), it is convenient to rescale the variables
by dividing the number of the individuals in the subpopulations by their respective total number

of populations Nh(t, x;) and N,(t). This process is achieved by making the following change of

variables:

Sl x) = W’i’% En(t.x) = RAED, Ta(t, %) = 52, Vil x) = i,
Su(txi) = R0 By (t,x) = £0E20 T (¢, ) = 12522

so that

gh(t,x,-) + Eh(t,x,‘) + /_h(t,X,') + \_/h(t,X,') =1 and S,(t,x,-) + Ev(t,x,') + /_v(t,X,') =1

The consequence of this, we have W (x;) = up(x;), V(X)) = uy and o = N’;/(Vg’?f). After dropping

of bars (), model (2.1) gives rise to the following system of equations:
B = (1= )Wh(x) = Lo OMn(xi)on(t, xi)u(£) = n(x)Sh(t, x)
) = 5o SN () Sh(t xi)u(£) = (n(x) + i (x1)) Ent, x)
) = 571 (1 — O)an(xi) En — (Y0x3) + 1n () (. )

N

% = TVp(x) + 0an(x) En(t, x;) +v(xi) In(t, xi) — wn(xi)Va(t, xi) (2.3)
D =Wy, — A, () Sv () In(t, xi) — Sy (t)
dEV =00\, (X/)S (t)/h(t X/) - (av +/J'v)E (t)
dlv =ayk, (t) lev(t) ]
subject to the following initial conditions:
Sp(0,x;) = Son(xi), En(0, xi) = Eon(xi),
/h(O,X,‘) = /oh(X,'), Vh(O,X,') = \/Oh(X,') (24)

S5,(0) = Sov, E,(0) = Eqy, 1,(0) = oy
3. GLOBAL STABILITY ANALYSIS

Here, we explore the global asymptotic stability of the DFE and EE for the special case with no
loss of immunity acquired by the recovered individuals. We use the concept of Lyapunov functions

to analyze the global stability
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3.1. Global Stability of Disease-free Equilibrium. The following result establishes the global
asymptotic behavior of system (2.1) around Eg which is determined by the basic reproduction
number Rg.
Theorem 3:
The disease-free equilibrium (2.12) of model (2.1) is globally asymptotically stable in 2 whenever

Ro <1
Proof:

Consider the linear Lyapunov function of the form

M = diEp(t, x;) + dolp(t, x;) + d3E,(t) + dal,(t) (3.1

where
_ an(x;)(1—6)
— (an(x) + () (v(6) + a(xi))
B 1
— (v06) + wn(x)
1
W
Qay + Uy
oA oy
In what follows, the time derivative of M given by (3.1) along the solutions of the model (2.3)

a1

>

ds

dy =

yields

an(xi)(1 = 0)[oAn(x)on(t, xi) 1, — (an(xi)lv 4+ (X)) En(t, xi)]
(an(xi) + (X)) (v (xi) + wr(xi))

M=
L

+ D (Y() + )L = 0)an () En(t, i) — (7(xi) + wa(xi)) (L, )]
i=0

oy Ey — iy ly]

1 o +
O SuIn(t ) = (o + ) B + S5
v

oA, 0oy
_ i OAn(xi)oan(xi) (L — 6)Sh(t, xi)ly  an(xi)(1 —0)En(t, x;)
B (oen(xi)) (v (Xi) + kn(xi)) Y(xi) + kn(xi)

i=0

L
1—-0)Ex(t, x; /
+§ ( 9) h( ,X/) . /h(tvxi) Jrsv/h(t,X,') B (av‘i‘ﬂ'v),u'v v
i=0

(rY(X/) =+ ,U'h(Xi)) 5>\vav

< i IXp(x)oap(x)(1—6)(1—71)l, (ay + )y !y
0

P (an(xi) + wai)(Y00) + ua()  dhay
_ |5 Mbloan(n)A—B)1=m) (o ],
— (an(xi) + pn(xi) (Y (x1) + (X)) dAvary Y
= (o iy sy,

oA,y
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We have that M < 0 whenever Ro < 1 with M =0 if and only if /, = 0. We also see that
(Sp(t, xi), Ep(t, xi), In(t, xi), Va(t, xi), Sy(t), E,(t)) tends to ((1—7),0,0,0,1,0) as t — oo since
I,(t) = 0 as t — oo. By LaSalle’s principle [7], one concludes that every solution of the model
(2.3) in €2 approaches the disease-free equilibrium, Egp, as t — 0.

We have that M < 0 whenever Ry < 1 with M = 0 if and only if /, = 0. We also see that
(Sp(t, xi)), En(t, xi), In(t, xi), Va(t, x;), Su(t), E,()) Hence Ep is globally asymptotically stable in
QiR <1 O

The global asymptotic stability analysis of the endemic equilibrium is considered next for
the special case with 7 = 6 = 0. The disease-present (endemic) equilibrium of the model
(2.3) is referred to the steady-state solution where at least one of the infected compartments
is nonzero. Let the arbitrary endemic equilibrium of the model (2.1) be represented by E. =
(S (xi), EFF(xi), 155 (i), Vir* (xi), Sy Efr 1) Inorder to do this, nonlinear Lyapunov function is
used of Goh-Volterra type [6, 15].

Theorem 4: The unique endemic equilibrium,E, of the model (2.3) is globally asymptotically
stable if Rg > 1.

Proof: Let Ry > 1 so that there exists a unique endemic equilibrium and consider the nonlinear

Lyapunov function defined by

— ) — S (x: Sh(t Xl) ) — E**(x) — Eh(t X,)
M = (e5) = 537050 = i) L) ) (o) = 5 s) — G 2

L
+ Z Oéh(X,') +.u*h(Xl') [/h(trxi) N /;*(X/) o /;*(XI) In /h*(*t,X,‘):| + (Sv N 5** S**I S )

—  ap(x) Iy (%) Sy
/

E** v /**

With Lyapunov time-derivative given as

L SE(x) En(xi) .

M_Sh(t I)_ h(X/) Sh(t XI)+Eh(t I)_ h(Xj) Eh(t,X,)

L
an(xi) 4 pn(xi) ( /**( i) )
+ In(t, x;) — In(t, X

D T () — ()

=0

- — E,— —*FE, l, — —=1 2
+ SV Sv 5\/ + v Ev + Otm v lv v (3 )
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Using equations of the model (2.3) in (3.3) we obtain

M= (1—-T)Ws(x) — Z OXn(xi)oSa(t, xi)lv — wn(xi)Sa(t, x;)

i=0

Z S (W) = M) Sult )l = walx)S (2. x)

Y MO0 3 + oo+ wlEn(t.x) — > LD )t ) + Lo + it %))

i=0

+ Z ah(xgh?xfllh = X ((1 = 6)an(xi) En(t, xi) — [r(xi) + wa(xi) +¥n(x)])In(t, x)

- Z g (Xlki(((:f’ij()igt:(;;(X/)) X ((1 = 0)an(xi)En(t, xi) — [r(xi) + wn(xi) + ¥ (xi)]) In(t, x;)

i=0

ok
Sy

(33)

+ Wy = A Syln(t, %) — pvSv — 3 (W, — 0N SuIn(t, xi) — wvSy) + 0N Suln(t, xi) + [av + ] Ey
_ EJ (OAn(xi)Sh(t, xi) 1y + [an + ]E)+M o By — [y + 1]/ —z(aE—[ +alh)
Eh(t,X,') M) 20T %) T h T KhlEv a, vy Koy T Yvlv I, vEy My vily

Simplifying M gives
L Si*(x) Sir(x) a
M = th(X[) ( h \Xi ) Z”’h xi)Sh(t, xi) ( 5 h(t )’(_) ) + Zékh(x,-)s;;*(x,')lv
Ny i -0

St xi)

Z E GOt X th(x,) + ua(3)ES (x)

_ Z W(r(&) + k(i) ¥n (X)) In(t, X)

v (@n00) + G ) En(t. %) |y on(0) + palx) | Ny

Z lh(tvxi) +; ah(Xi) (r(Xl)—’—/u’h(Xl)—’—/yh(Xl))lh (X/)

S** S;* sk _ E\t*(S)\vSV/h sk

+ Uy (1 - Sv ) - ,vasv (1 - Sv ) +5>\v5\/ (Xr)lh E. + (av +MV)EV
o (av + ) (py + 7)1y . (v +)IVE, + (av + pv) oy +70) 1y

ay Iy ay

At the endemic equilibrium E,, we get from model (2.4) that

V() = T Lo A00)T5 005 + g () Sh0x)
an(xi) + un(x) =Yg %
n(xi) + () = Yo W
W, =6\, Silf+ Sk
ayE}

By + Y = /;V J

(3-4)

(35)

(3.6)

(37)

(3.8)

(3.9)

(3.10)
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Using (3.6) in (3.5), we have

- Six)  Su(toa)) | &
S — Aot [ o 2n\Xi)  onlt, X NcE U
M= ;uh()ﬁ)ah (2 St %) Si00) ) + ;Mh(x,)ash(x,)lv (3.11)
On(xi)( N CH N L Ej(xi)0Xn(xi)oSh(t, xi)ly N

Z P+ )i, — 3 SIS & o)t

e DTS It X = AR ER(t XD | ¢ sy s
; I5(xi) ; Er(xi)In(t, xi) +;5>\h(xl)05h v+uSy (2 G

*\2 [* *
— Sl - w + NSy Ih — % + NS

SNSIIIE SNILE .
=T A IV

Simplifying further, we have

L * . .
M=Y uy(x)S; (2 - Sf’éx;)_) - SQEEXX)) ) + Zaxh(x,)os**/* (3.12)
i=0 Y !

[4_ SZ(X,) _ E;(X,)O’Sh(t X,)/V B /h(X,')Eh(t,X,') _ /h(t,X,‘)/j]
Sp(t, xi) En(t, x;)o Syl In(t. xi)Ep(xi) — Ir(xi)ly

L

e OADTSECN Wt X e OAn()TSH00) In(t, X)) (I -
+ Zé)xh(x,)aSh/V e + Z HEW OAn(x;))oSHIY
=0 =0
o Sy Sy . Sy EySp(t,x)g(ln)  I'E,  1,g(lf")
VSV (2— SV S**) +6>\ S /h [ Sv - EVS?}*Q(/;*) - /vE\t* - lj*g(/h)
A, S*1,1 A SEL (%) 2
+ 0N SEIE) — d - ) LIS )( h(x) I3l — 6N, Skl

Further simplification yields

. . . L Iy Ia(tx)  In(t x)IE . .
M=-M; _MQ_Z(”‘h(X/)Sh(Xi)I |:1—/*+ /;:(Xj) /;;(Xj)/v :| — Mz — My
=0
. I e W
_Zax Sk /,,[ /** T - /ilh] (3.13)

Where

H(xi)  Sh(t,x)
i S i - )
Z/J'h(x) h(X) (5 (t ) + S;(X,) 2)

L
Mo =3 SXn(x)Sh(xi)ly % [

Sp(xi) | ERCa)Sa(t xi)ly | RO En(t xi) | In(E X))l ]
i—0

Sn(t, xi) En(t, xi)Sp13 In(t, ) Ep(xi) — 1(x6) 1y

Sy Sy
M3=uv5’;(5+5*—2)

St EXS (t.x)g(ly)  IXE, LI
— >\ S* v vV % h o
Ma=20 [5 + E,Sil* YL E T,
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Conclusion: In this article, a onchocerciasis transmission dynamics with vigilant compartment
governed by system of differential equations has been theoretically analyzed. The analysis is
centered on the global asymptotic behavior of solutions of the system (2.3) around the disease-
free and endemic equilibria using Lyapunov functions. The system has a globally asymptotically
stable disease-free equilibrium whenever the basic reproduction Ry < 1. Moreover, the endemic
equilibrium of the system, when it exists, is shown to be globally asymptotically stable whenever

the associated basic reproduction number Ry > 1.
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