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ABSTRACT. The concept of frame is an exciting, dynamic, and fast-paced subject with applications in
numerous fields of mathematics and engineering. The purpose of this paper is to introduce equiv-
alent x-continuous frames and to present ordinary duals of constructed *-continuous frames by an

adjointable and invertible operator. Also, we establish some properties.

1. INTRODUCTION

Frames in Hilbert spaces have been introduced by Duffin and Schaeffer [3] in 1952 to study
some deep problems in nonharmonic Fourier series. After the fundamental paper, by Daubechies,
Grossman and Meyer [2], frame theory began to be widely used, particularly in the more specialized
context of wavelet frame and Gabor frame [4]. Frames have been used in signal processing, image
processing, data compression and sampling theory. For more about frames, see [5,7-11].

In this paper, we introduce the notions of continuous frame on a Hilbert C*-module over a
unital C*-algebra which is a generalization of discrete frame, the *-continuous frame, which are a
generalization of *-frame in Hilbert C*-modules and we establish some new results.

The paper is organized as follows. We continue this introductory section and briefly recall the
definitions and basic properties of Hilbert C*-modules. In Section 2, the generalized duals for
a given x-continuous frame will be considered. Also, we study their properties and characterize
all operator dual *-continuous frames associated with the given *-continuous frame in Hilbert
C*-modules. In Section 3, we extend this notion for sequences (continuous frames) in Hilbert
C*-modules. Also, some properties of them will be studied. In Section 4, a *-continuous frame is

constructed by an orthogonal projection.
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Definition 1.1. [6] Suppose that A is a C*-algebra. A linear space H which is also an algebraic
left A-module together with an A-inner product (-,-) : H x H — A and possesses the following

properties is called a pre-Hilbert C*-module:

(1) (f,f) >0, forany f € H;
(2) (f,f)=01ifand only if f =0;
(3) (f,g) =(g,f)* forany f,g € H;
(4) (Af, h)y =X(f, h), forany x € C and f, h € H,;
(5) (af + bg, hy = a(f, h) + b(g, h), for any a,b € A and f, g, h € H.
For x € H, we define [|x|| = ||<XX>||% If H is complete with [|.||, it is called a Hilbert A-

module or a Hilbert C*-module over A. For every a in C*-algebra A, we have |a| = (a*a)% and
the A-valued norm on H is defined by |x| = <X,X>% for x € H. Let H and K be two Hilbert
A-modules. A map T : H — K is said to be adjointable if there exists a map 7* : K — H such
that (Tx,y)4 = (x, T*y)4 forall x e H and y € K.

Lemma 1.2. [712] Let (2, ) be a measure space, X andY be two Banach spaces, X\ : X — Y be

a bounded linear operator and f : 2 — Y be a measurable function. Then

A(/ Fdp) = / (AF)dp.
Q Q
Lemma 1.3. [7] Let H and K be two Hilbert A-modules and T € End*(H, K).

(1) IfT is injective and T has a closed range, then the adjointable map T*T is invertible and
(T )7 < T T < |IT)%
(il) If T is surjective, then the adjointable map TT* is invertible and
ITTHHT < TT < |ITJ%
The following definition was introduced in [11].

Definition 1.4. Let H be a Hilbert .A-module and (€2, &) be a measure space. Amap F: Q — H

is called a *-continuous frame with respect to (2, ) if

1. for all f € H,w — (f, F,) is a measurable function on €,
2. there exist two strictly nonzero elements A, B > 0 in A such that

A(f, FYA" < / (f, Fw)(Fw, fYydu(w) < B(f, f)B* ,Vf € H. (1.1)
Q

The elements A and B are called *-continuous frame bounds. If A = B, we call this *-continuous
frame a tight *-continuous frame, and if A = B =1, it is called a Parseval *-continuous frame. If
only the right-hand inequality of (1.1) is satisfied, we call F : €2 — H a *-continuous Bessel map
with Bessel bound B.
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Let X be a Banach space, (2, u) be a measure space and f : Q — X be a measurable function.
Integral of the Banach-valued function f has been defined by Bochner and others. Most properties
of this integral are similar to those of the integral of real-valued functions. Since every C*-algebra
and Hilbert C*-module is a Banach space, we can use this integral and its properties.

Let (€2, ) be a measure space. We define
L2(Q,A) = {(p Q= A: H Lw(w)w(w)*du(w)” < oo}.
For any ¢, ¥ € L2(, A), if the A-valued inner product is defined by
0.9 = [ o)) dutw)

the norm is defined by ||| = [|{¢, ¥)| 3, then L2(Q, A) is a Hilbert C*-module.
The frame transform or pre-frame operator T : H — L2(, A) is defined by T(f) = {(f, Fw)}veq

and it is an injective and closed range adjointable .A-module map and ||T|| < ||B||. The adjoint

operator T* is surjective and it is given by T*(e,) = Fy for w € Q, where {e,},cq is the
standard basis for L2(Q, A).

Definition 1.5. Let F be a continuous frame for H with respect to (2, u). We define the frame
operator S : H — H by Sx = TfTrx = [o(x, Fuw)Fuwdu(w),Vx € H, that is positive, invertible

and adjointable and the inequality
|A= <1sh < 18IP
holds, and the reconstruction formula f = fQ <f, S‘lFW> Fwdu(w) holds for all f € H.
2. x-CONTINUOUS OPERATOR DUALS

Definition 2.1. Let {F,},cq and {gw},cq be two x-continuous frames for H. If there exists an

invertible adjointable A-module map on H such that
X=/ (Mx, gw) Fwdp(w), Vx €M, (2.1)
Q
then {gw },cq is called a *-continuous operator dual of {F,},cq-

Remark 2.2. Every *-continuous frame {F, },cq with continuous frame operator S is a *-continuous

operator dual for itself. To see this, set [ := S~! and the reconstruction formula concludes it.

Remark 2.3. Every dual *-continuous frame {gu},cq of *-continuous frame {F,} cq is a *-

continuous operator dual when I' =/, / is the identity operator on H.

Remark 2.4. Let G = {9}, cq be an operator dual of a *-continuous frame F = {Fy,} ,cq in H.

Then for some invertible adjointable map ™ € B.(H)

x:/(rx,gw> Fudu(w), Vx e H.
Q
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The equality shows that | = (T]*_—Tg) [, where [/ is the identity map on H, and T and Tg are

pre-frame operators of F and G, respectively. Therefore, the operator I is unique and 1= TrTg.

By Remark 2.4, we say that {gw },cq is an operator dual for {F,},cq with the corresponding
operator [. Moreover, we mention that the operator duality relation of x-frames is symmetric. It is

considered in the next remark.

Remark 2.5. If G = {gw},cq is an operator dual of a given *-continuous frame F = {Fu},cq
with the corresponding operator I, then {F, },cq is an operator dual for {gu },cq with the cor-
responding operator [*. In order to see this, assume that T and Tg are pre-frame operators of F

and G, respectively. By the definition of operator duals, we have
| = /Q (Ix, gw) Fwdu(w) = (TxTg)T.
Since T is invertible, ™1 = TxTg and

| =T (T3Tg) = (T4T#) I = /Q (F*F Fu) Gwdin(w).

The following lemma is obtained by using the last remark and some properties of pre-frame

operators.

Lemma 2.6. Let F = {Fy},cq and G = {gw},cq be x-Bessel sequences for H with the pre-frame
operators Tx and Tg, respectively. Assume that I is an invertible and adjointable A-module map
on H. Then for x € H, the following statements are equivalent:

(i) x = [o (Tx, gw) Fwdu(w).

(i) x = [o (X, Fi) gwdu(w).

In case that one of the above equalities is satisfied, {Fy},,cq and {gw},cq are operator dual
x-frames. Moreover, if B is an upper bound for {Fy},cq and S is frame operator of {Fy},cq,

1
then B HS*1H_2 ITEI"HIT~Y is a lower bound for {9w}wea-

Proof. The equivalency of the two conditions is given from Remark 2.5.
Now, let B be a *-Bessel bound for {F,},cq and (i) holds. By the definition of *-Bessel

sequence {Fw}, cq and TZTgl = idy, we can write, for x € H,

(Tex, Tex) < B(x,x)B* (2.2)
= B(TETgMx, TETglx) B* < B||T|> (Tl x, TgMx) B*.

Using Lemma 1.3, we have

H(T}Tf)*lu_l (x,x) <(Tex, Tex), VfeEH. (2.3)
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It follows from Lemma 1.3, (2.2), and (2.3) that for x € H,
11 i — EERTES Ry _ N
[STHH T () < |STHT(TTMA TN < BIITHIP (Tof Tgf) B

B Y| E TRl |r||—1) (. f) (B—l 1S~ 17

< (Tgf, Tgf).

Therefore, B HSflm_é ICI~2 | T#] "t is a lower *-frame bound for {gf}jeJ and {gf}jeJ is a *-
frame.

Similarly, {ﬁ}jeJ is also a x-frame. O

Proposition 2.7. Let ({gw},cq. ) be an operator dual of a x-continuous frame {Fy},,cq.

1. For a strictly nonzero element o in the center of A, the pair ({agw},cq.a'T) is an
operator dual for {Fy},,cq-

2. If T is an invertible and adjointable operator on H, then ({Tgw}ycq.(T)7IT) is an
operator dual for {Fy}, cq-

3. The sequence {gw},cq is a dual of {T*Fy}, cq-

4. Assume that ({hw},cq.N) is another operator dual of {Fw},,cq, . Then
({gw + hwtwes (T + /\*1)_1) is an operator dual for {F,},cqo-

Proposition 2.8. Let ({gw},cq.l) be an operator dual of {Fy},cq for H. If f is an element of
H such that (x, x) is a strictly nonzero element in the center of A, then {{gw, ((x,x))"*'x)}
is a dual of {{Fw,x)},cq-

we

Proof. Suppose that a € A. Then

Q Q
= a7 ([ (06,000 Fudutw). %)

=a(x, x)"Hx,x) = a.
This completes the proof. O

Proposition 2.9. Let {F,},cq be a x-continuous frame for H with frame operator S. If 8 is an

adjointable and invertible operator on H, then ({QFW}WEQ : (9_1)* 5_1) is an operator dual for
{FW}WGQ’

Proof. Let x € H. Then
/((5—19—1)x, Fu)OFydu(w) = 0(/((5‘19_1)xdu(w),FW>FW
Q Q
= 0 (971x) = X.

This completes the proof. O
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Proposition 2.10. Let {Fw},cq be a x-continuous frame and 0 be an adjointable and invertible
operator on H. Then the sets of operator duals of {F,},cq and {6Fy},cq are in one to one

correspondence.

Proof. First, suppose that ({gw},cq.l) is an operator dual for {F},,cq. For x € H, we obtain

X = /Q (Tx, Fo) gwdu(w) = /Q <9* (671)" *x, FW> Iwdu(w)
- / <(9_1)* r*x, QFW> gwdu(w).
Q

So ({9w}weq . T071) is an operator dual for {6Fy},,cq-
Now, if ({gw}weq.l) is an operator dual of {68F,},cq, then ({gw},cq . [*6) is an operator

dual of {Fy},cq, since

X = / (Mx,0Fy) gwdu(w) = / (0T, Fu) gwdp(w), Vx € H.
Q Q
This completes the proof. ]

Proposition 2.11. Let F = {F,},cq be a x-continuous frame for H with pre-frame operator Tr

and frame operator S. Then the set of all the operator duals of {F,,},cq is precisely the following
(Gubuca = {TRu +oeu — [ (57Fu R oesdutw) |
Q we

where {ew},cq is the standard orthonormal basis for L%(Q,A), p € B, (7—[ LQ(Q,A)), and I is

an invertible adjointable operator on H.

Proof. Assume that {gw },cq is a sequence as above. Then its pre-frame operator is Tg = TxI +
©— TgrSflT}w and so
(SO Y (T5Tg) = (SO Y (TATET + Tro — TET£S 1 Tiep)
= (ST N TFT#STIST + Tro — TFT£S ' Txo)
= (Sn)~H(sr) = 1.

By a similar relation with the given equality in Remark 2.5, we can conclude that {gy },cq is

an operator dual for {F,,},cq with the corresponding operator (SI")~L. O

Theorem 2.12. Let ({gw}yeq . [') be an operator dual of x-continuous frame {Fy},,cq for H. Then
there exist a Hilbert A-module IC O H and a Riesz basis {uy},cq of IC which has a unique dual
{vw}weq and satisfies (Pu)u,, = Fw and (Pvo)vy = gw for all w € Q, where P is the projection
from IC onto H.
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Proof. Assume that Tz, Tg and Sz, Sg are pre-frame operators and frame operators of {Fy},cq
and {gw},,cq. respectively. Also, the orthogonal projections onto the range of T, R (T#), and the
range of Tg, R(Tg), are Pr and Pg, respectively. Now, for x € H,

(Tgx, TgSg gw) = (T&Tgx. S5 gw) = (S5 Sgx. gw)
= <X, 9w) = <TQX’ eW> = <Tng ’Dgew>/

and so

Psew =TS gw, Yw € Q, (2.4)

where {ew},cq is the standard orthonormal basis of L2(2,.A). By (2.4), for x € H, we give
PgT]: (r*X) = Pg (/ (r*X, FW> ew)
Q
—/ (Mx, Fw) Pgew
Q
- [Q (T*F Fu) TgSg 9w

= Tgsg_l (/ <r*X, FW> gW) = Tgsg—lx
Q
Set
K=H®Pih(A), uy=Fuy®Pses, YweQ.

If Ty is a pre-frame operator of the sequence {uy}, cq, then Ty(x ® v) = Trx + v and
ITu(x @ V)|l = Trf + wll < B(Ix[| + [[vl) = Bllx@ v], Vx@®&vek

for some B > 0 and so {uw},cq is a Bessel sequence. We show that Ty has a closed range.
Suppose {Nn} ey € R (Ty) such that n, 2% 1. Since I is invertible and adjointable, there exists
MFh@vaeHD PQ%(L2(Q, A); Ty (T F, @ vy) = np. On the other hand,

n—oo

TU(r*Fn@Vn):T]-"(I_*FH)“‘Vn:nn — 7N
and Remark 2.4 gives
n—oo

Fo=TETET Fo = T4 (TET iy + vi) =5 T,

R (Ty) is closed, since R (Tr) is closed. Also, T}, has a closed range. This step will obtain the
injectivity of 7. If T} ([ awew) = 0, then

0:/aW(FW@PgeW):/aWFW@Pg(/ awew).
Q Q Q

It concludes that (i) o awFw =0 and (if) PZ (o awew) = 0. From (ii), we have

/ awew € R(Tg) = Ih e H;Tgh= / awew
Q Q
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and on the other hand,

Tgh—/(h,gw)ewﬁaw—(h,gm, Yw € Q.
Q

From (i), we have

0:/aWFW:/ <h,gW>FW=/(rr—lh,gW>FW:r—1h.
Q Q Q

Since [ is injective, h = 0 and a, = 0 for w € Q. So fQ awew = 0, and T is injective. The
operator T;Ty is an invertible selfadjoint operator such that it has an upper bound and a lower
bound by Lemma 1.3, and also {uy},cq is a frame for K with frame operator Sy = T;Ty. O

3. EQUIVALENT *-CONTINUOUS FRAMES

Definition 3.1. Two sequences {Fy},cq and {gw},cq in H are said to be equivalent sequences

if there exists an adjointable and invertible operator A on H such that AF, = gy, for w € Q.

Theorem 3.2. Let {Fy},cq be a x-continuous frame for H and £ be an adjointable and invertible
operator on H. Then every dual of the x-continuous frame {£F,,},cq is equivalent to a dual of

{Fw}weq, and the converse of the relation is valid.

Proof. First, suppose that {gu },cq is a dual of {F,,},cq. Then for x € H, we obtain

x:i(i_l)x
=¢ (/Q<$1X:9W> Fwd,U'(UJ))
:/ <X, (5_1)*gW>EFWdu(w).
Q

So {(¢7Y)" gw} is a dual for {€F},cq. and it is also equivalent to {gw},cq-
Now, suppose that {hy},cq is a dual frame for {£F,}, cq- Set guw = £ hy, for w € 2. Then

for x € H,
[ 6 0) Fudistw) = [ 06" ) € 6P du)
Q Q
=¢t f, hw) EFwd
¢ ( JRGAREZ®
= £
= X.
Thus {gw}eq is a dual for {Fu}ecq and hy = (£71)" gu. O

Theorem 3.3. If{F,},cq and {gw},cq are x-continuous frames with the continuous frame opera-
tors S and Sg, respectively, then there exists a x-continuous frame that is equivalent to {gw },cq

and its frame operator is Sr.
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Proof. For the adjointable and invertible operator
11
g = Sjrsg 2,
the sequence {£9w},cq is a *-continuous frame with the frame operator S¢ = £Sg€*. So
Se = £56¢"
11 11
[ss)s s

= Sy

*

This completes the proof. O

Theorem 3.4. Let {Fu},ecq and {guw},cq be *-continuous frames for H. Then the following

statements are valid.

(1) {9w}eq is equivalent to a dual frame of {F,, },cq if and only if there exists an adjointable

and invertible operator £ on ‘H such that

SfX—/Q<f, Fw) gwdu(w), Vx € H.

(2) {9w}weq is equivalent to a dual frame of {F\, },,cq if and only if there exists an adjointable

and invertible operator I such that ({gw},cq.[) is an operator dual for {Fy},,cq.

Proof. First, assume that {gw },cq is equivalent to a dual frame of {F,},cq. Then there exists
an adjointable and invertible operator I on H such that {'gy },cq is a dual for {F,},cq. Now,
for x € H,

= /Q (x, Fw) Tgwdu(w).
Set € =L Then it concludes
Ex =T"1x

—r-t (/Q<x, Fu) T gwdu(w)
_ [Q (X, Fu) G ()

In the second step, the adjointable and invertible operator £ on H satisfies the following property

Ex = /Q (x, Fw) gwdu(w), Vx € H.

Since £ is invertible,
X = / (x, Fy) € rgndu(w), Yx € H.
Q

It shows that {f‘lgw}wEQ is a dual for {Fy},cq, and is equivalent to {gw},,cq-
For the proof of “if' part, assume that there exists a dual frame {h,},cq for {Fu},cq such

that {hw},,eq and {gw},cq are equivalent. Then there is an adjointable and invertible operator
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N @ H — H such that Ag, = hy, for all w € Q. By Theorem 3.2, the sequence {gu},cq is a
x-continuous frame.

On the other hand, for x € H,

X = / (x, hy) Fpdu(w)
Q
= / (x,\gw) Frdu(w)
Q
= [ <A*ngw> Fwd/J'(w)
Q

and so
X = /Q (N, gw) Fuwdu(w).
This shows that {(gw,A*)} is an operator dual for {F,},cq. The converse part is clear by the

last equalities. ]

Theorem 3.5. Let {Fy},cq and {9w},cq be x-frames for H. Then {gw },cq is equivalent to an
operator dual frame of {Fy},cq if and only if there exists an adjointable and invertible operator
& on H such that

Ex = /Q (X, gw) Fwdu(w), Vx e H.

Proof. Suppose that {gw},,cq is equivalent to {hy},cq, where ({hw},cq.T) is an operator dual
for {Fu},cq- Then there exists an adjointable and invertible operator 6 on H such that 6g,, = hy,

for all w € 2 and for x € H,

X = /Q (Fx, hy) Fy
= / ('x,0gw) Fwdu(w)
Q

:/ 0°Tx, gw) Fndu(w).
Q
Set £ = (6*T) 1. Then the result is obtained.
For the converse, let £ be an adjointable and invertible operator on # that
ex = [ (x.90) Fudu(w)
Then
X = / (67X, gw) Fudu(w), VxeH
Q
and ({gw},ecq.€71) is an operator dual of {Fy},cq and {guw},cq is equivalent to itself. O
Moreover, some equivalence frames have the same Grammian matrices. These frames are intro-

duced in the following proposition.

Proposition 3.6. Let {Fy},cq and {gw},cq be equivalent Parseval frames for H and let Gr and

Gg be Grammian matrices of {F,},cq and {gw},cq, respectively. Then Gr = Gg.
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Proof. Since two frames {Fy},cq and {gw},cq are equivalent, there exists an adjointable and
invertible operator £ : ' H — H by £&Fy, = gw for w € Q. Since their frame operators are the

identity operator on H, by Theorem 3.2,
g8 =¢id¢ =id.
So £ is a unitary operator and then for /, w € €2,
(91, 9w) = (€Fi. §Fw) = (Fi, Fw) .,

which shows that G = [(Fi, Fu)]eq = (91 9w)lwea = G- O

4. CONSTRUCTED *-CONTINUOUS FRAMES AND SOME PROPERTIES

Theorem 4.1. Let {Fy},cq be a x-continuous frame for H and £ be an adjointable and invertible
operator on H. Then the set ({gw}weq.T€7") is all of operator duals of {Fy},cq, where
({9w}wea ) is an operator dual for {Fy,},cq.

Proof. Let ({gw},ecq . ) be an operator dual of {Fy},cq. Then for x € H,

/(Fﬁ‘IX.gWwadu(w) =¢ (/ (TEYF, gw) Fuwdu(w)
Q Q
=£(¢7Y)x

X.

This shows that ({gf}jej , rg—l) is an operator dual of {£f;}
Now, if ({gf}jeJ , I_) is an operator dual for {Eﬂ}j

Jjes
cJ then it is enough to set I := ¢ in the

last equalities which follows that ({gf}jeJ , I_) is an operator dual for {ﬂ}jeJ' O

An orthogonal projection will obtain a *-frame, and relation will also be given for this projection.
To see this, we must show that the inverse of the frame operator is unique in the reconstruction

formula. So, firstly this fact will be considered.

Theorem 4.2. If {Fy},cq is a x-continuous frame for H, then there exists a unique adjointable

operator \ on H such that
X = / (x,NFy) Fpdu(w), Vx e H.
Q

Proof. By the reconstruction formula, there exists A = S~1. For the uniqueness of S~! with this

property, we know that {S_%FW} o is a continuous Parseval frame for H. Set g, = S_%FW.

we

Then F, = Ségw. Now, suppose that A is an adjointable operator such that

X = / (x,\Fy) Fpdu(w), VxeH.
Q
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Then we have
X = / <Xv/\FW> Fwd/J'(w)
Q

I
5

<x,/\5%gw> Ségwdﬂ«(w)
(/Q<x,/\sigw>gwdu(w))
[renel

— 53 (S%A*x)

SIS

S

N|—=

S

= SA*x, VYxeH.
This concludes that SA* = id and then A* = S~1. More precisely, A is self-adjoint, positive and
invertible. O

Now, a *-continuous frame is constructed by an orthogonal projection.

Proposition 4.3. Let {F,},cq be a x-continuous frame for H with the frame operator S and *-
continuous frame bounds A and B. Also, suppose that P is an orthogonal projection on H. Then
{PFw}weq is a x-continuous frame for Rp with x-continuous frame bounds A and B. Moreover,
if ({9w}yeq . T) is an operator dual of {Fy},,cq, then {PT*gy},cq is a dual x-continuous frame
for {Pfu}yeca-

Proof For x € Rp,

/ (x, PFy) (PFy, x) du(w) = / (Px, Fy) (Fyw, Px) du(w)
Q Q

= [t b (Fu ) dute)
and by the definition of *-continuous frame {F,},cq. we have

Alx, x)A* < / (x, PFy) (PFy, x) du(w) < B{x, x)B*.
Q

Now, if ({gw}weq.T) is an operator dual of {F},,cq. then for x € Rp,

x = Px

—p (/Q (TPx, gw) Fwdu(w)

- [ (%, PT*gu) PFydis(w).
Q

If {gw}neq is also a dual of {F,},cq, then {Pgu},cq is a dual of {PF,},cq. So the result is
clear by I' = idy. O

By the last theorem, a necessary and sufficient condition is found for commutating a projection

with the inverse of the frame operator of a given *-frame.
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Theorem 4.4. Let {F,},cq be a x-continuous frame for H with the frame operator S. Suppose
that P is an orthogonal projection on H. Then PS™'F, = 5;1PFW, for all w € 2 if and only if

PS~1 = S™1P, where Sp is the continuous frame operator of the x-continuous frame {PFy}, cq-

Proof. First, assume that PS™LF,, = S;lPFW, for all w € Q2. Now, let x € H. Then we have
SplPx =S;tP (/Q<x, STFW) Fwdu(w))
:/Q(x, ST Fw) SpPFudu(w)
= /Q (x,S7'Fu) PST Fydu(w)

=ps! (/ (x, SlFW)Fde,(w))
Q
= PS~ix.
Therefore, PS~1x = S Px, for all x € H, and so
Sp!P=PST'P=pPSTlP=pPsL
Thus
PS7iP=(PST'P)" = (PS7!) =S"IP
For the proof of converse, suppose that PS™t = S~1P. Let x € Rp. Then we have
x = Px
=P (/ (x, ST'Fw) Fudu(w)
Q
= / (x,S7'Fy) PRy du(w)
Q

= [ (Px,ST'Fy) PFydu(w)
Q

= / (x, PST'F,) PF,du(w)
Q

— / (x,ST'PFy,) PFudu(w).
Q
By Theorem 4.2 and the assumption, for w € Q,
S™'PFy = Sp'Fy = SpPF, = PST'F,

and the proof is complete. O

Theorem 4.5. Let {Fy},cq be a continuous Parseval frame of H with pre-frame operator 6 and
let {gw},cq be a x-continuous frame with the pre-frame operator 6g. Then ({gw},cq.[) is an
operator dual for {Fy},cq if and only if Py,.05T = 6, where Py, is the orthogonal projection on

the range of Or.
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Proof. Suppose that ({gw},cq. ) is an operator dual for {Fy,},cq. Since {Fu},cq is a contin-

uous Parseval frame, the pre-frame operator 8 is an isometry

(OFx, 0Fx) = /Q (x, F) (Fw,x) du(w) = (x,x), Vx € H.

Then for x € H,
<P9f9g|_x, 9]:X> = <9g|_X, ngQ]:X>

= <9grf, 9_7:X>

= <[Q<|_ngw> Fwdu(w),X>

= (x, x)
= <9]:X, 9]:X> .
Thus ngegr = 9]:.
Conversely, since 8r is an isometry, by a similar method, we have
(x,9) = (0rx,059)

= <Pg}.9grx, 9_7:g>

</Q (x, gw) Fwdu(w), g> . Vx eH,

and so
X = / (x, gw) Fwdu(w), Vx e H.
Q

Thus ({gw}weq.T) is a dual for {Fu}, cq- =

Corollary 4.6. Let {Fu},cq and {gw},cq be two x-continuous frames for H with pre-frame
operators 0 and 6g, respectively. Then ({gw}ycq.T) is an operator dual for {F,},,cq if and
only if 0%-Py, 65 = id.
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