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ABSTRACT. In this manuscript, motivated and inspired by results of Best proximity point of generalized
F-proximal non-self contractions, we introduce the concept of generalized 8 — ¢—proximal contraction
and prove new best proximity results for these contractions in the setting of a metric space. Our results
generalize and extend many recent results appearing in the literature. An example is being given to

demonstrate the usefulness of our results.

1. INTRODUCTION

It is well known that the Banach contraction theorem is the first outstanding result in the
field of the fixed point theory that ensure the existence of unique fixed point in complete metric
spaces. Due to its importance, various mathematics steadied many interesting extensions and
generalizations [7,8,12,14]. One of the famous generalizations of the Banach contraction principle [2]
for existence of fixed point for self-mapping on metric space is the theorem by Zheng et al. [14] and
the contraction introduced by Jleli and Samet in [6].

Best proximity point theorem analyses the condition under which the optimisation problem,
namely infyca d(x, Tx), has a solution. The point x is called the best proximity of T : A — B, if
d(x, Tx) = d(A, B), where {d(A, B) =infd(x,y) : x € A,y € B}. Note that the best proximity
point reduces to a fixed point if T is a self-mapping. Various best proximity point results were
established on such spaces [1,9,12].

Sankar Raj [10] and Zhang et al. [13] defined the notion of P—property and weak P—property
respectively. Beg et al. [4] defined the concept of generalized F-proximal non-self contractions and
obtained some best proximity point theorems for self-mappings.

In this paper, inspired by the idea of generalized F-proximal non-self contractions, introduced

by Beg et al. [4] in metric spaces, we prove a new existence of best proximity point for generalized

Received: 21 Jan 2024.

Key words and phrases. P-property, best proximity point, generalized 8 — ¢-proximal contraction.
1


https://adac.ee
https://doi.org/10.28924/ada/ma.4.13
https://orcid.org/0000-0002-5662-6921
https://orcid.org/0000-0003-0088-9404

Eur. J. Math. Anal.

0 — ¢—proximal contraction defined on a closed subset of a complete metric space. Our theorems

extend, generalize and improve many existing results.

2. PRELIMINARIES

Let (A, B) be a pair of non empty subsets of a metric space (X, d). We adopt the following
notations:

d(A B)={infd(a,b):a€ A be B};

Ao = { a € A there exists b € A such that d (a, b) = d (A B)};

Bo = { b € B there exists a € A such that d (a, b) = d (A, B)}.

Definition 2.1. [5] Let T : A — B be a mapping. An element x* is said to be a best proximity
point of T if
d(x*, Tx*)=d(A B).

Definition 2.2. [10] Let (A, B) be a pair of non empty subsets of a metric space (X, d) such that
Ao is non empty. Then the pair (A, B) is to have P-property if and only if
d(x1,y1) = d (A B)
= d(x1, %) = d(y1,¥2)
d(x2,y2) = d (A B)
where x1, X0 € Ap and y1, y» € Bg.
Definition 2.3. [3] A set B is called approximately compact with respect to A if every sequence

{xn} of B with d(y, x,) — d(y, B) for some y € A has a convergent subsequence.

Definition 2.4. [6] Let © be the family of all functions 6 : ]0, +0o[ — |1, +oo] such that
(61) 0 is strictly increasing;

(62) For each sequence x, € ]0, +ocf;
Illnoxn =0, ifandonlyif n||_>m009 (xn) =1;
(63) 6 is continuous.

Definition 2.5. [14] Let ® be the family of all functions ¢: [1, +00[ — [1, +00[, such that

(¢1) ¢ is increasing;
(¢2) Foreach t €1, +o00[, limy-ed”(t) = 1;

(¢3) ¢ is continuous.
Lemma 2.6. [14]If ¢ € ® Then ¢(1)=1, and ¢(t) < t.

Definition 2.7. [14]. Let (X, d) be a metric space and T : X — X be a mapping.
T is said to be a 8 — ¢p—contraction if there exist 8 € © and ¢ € ® such that for any x,y € X,

d(Tx, Ty)>0=06[d(Tx, Ty)] <¢[6(d(x,y))]
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3. MAIN RESULT

In this section, inspired by the notion of F-proximal contraction of the first kind and second kind,

we introduce new generalized 8 — ¢-proximal first kind and second kind on complete metric space.

Definition 3.1. The mapping T : A — B is said to be a generalized 8 — ¢-proximal contraction of

first kind if there exist 8 € ©, ¢ € ® and a, b, c, h > 0 with a4+ b+ +2ch, ¢ # 1 such that
d(Ul, TVl) =d (A, B)
= Q(d(ul, U2))
d(LIQ, TV2) =d (A, B)
< ¢l0[ad (v1, v2) + bd (u1, v1) + cd (u2, va) + h(d (v1, u2) + d (va, t1))]]

for all uy, up, v1, vo € A and uy # vy.

Definition 3.2. The mapping T : A — B is said to be a generalized 8 — ¢-proximal contraction of

second kind if there exist 8 € ©, ¢ € ® and a, b, c, h > 0 with a+ b+ +2ch, ¢ # 1 such that
d(Ul, TVl) =d (A, B)
= 0(d(Tuy, Tw))
d(up, Tvr) =d (A B)
<¢l0lad (Tvi, Two)+ bd(Tuy, Tvi)+cd(Tup, Tva) +h(d(Tve, Tun)+d(Tve, Tur))]]

for all uy, o, vi,vo € Aand Tuy # T vy.
Theorem 3.3. Let (X, d) be a complete metric space and (A, B) be a pair of non-void closed

subsets of (X, d). If B is approximately compact with respect to A and T : A — B satisfy the
following conditions :

() T (Ao) € By and the pair (A, B) satisfies the weak P-property;

(it) T is a generalized 8 — ¢-proximal contraction of first kind.

Then there exists a unique u € A such that d(u, Tu) = d(A, B). In addition, for any fixed element
up € Ao, sequence {un} defined by

d(ups1, Tup) = d(A, B),
converges to the proximity point.

Proof. Choose an element ug € Ag. As, T (Ag) € By, therefore there is an element u; € Ag
satisfying
d(Ul, TUo) = d(A, B)

Since T(Ag) € By, there exists up, € Ag such that
d(U2, Tul) = d(A, B).
Again, since T (Ag) € By, there exists us € Ag such that

C/(ng, TU2) = d(A, B)
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Continuing this process, by induction, we construct a sequence x, € Ag such that
d(upy1, Tup) =d(A B),VneN.
Since (A, B) satisfies the P property, we conclude that
d(up, Up+1) = d(T up, Tupy1), Vn € N. (3.1
If un, = Upy+1 for some ng € N, from (3) one obtains
d (Upy, Tupy) = d (Upy+1, Tup,) = d(A, B) (3.2)

that is, up, € BPP. Thus, we suppose that d(un, X,4+1) > 0 for all n € N.

We shall prove that the sequence u, is a Cauchy sequence. Let us first prove that
nli_}moo d (up, up+1) = 0.
As T is generalized (0, ¢)-proximal contraction of the first kind, we have that
6 (d (Un, Uns1))
< ¢[6[ad (up—1, un) + bd (upn—1, un) + cd (tn, unt1) + h(d (Up—1, Uns1) + d (Un, up))]]
= ¢[0[ad (un-1, up) + bd (Un—1, un) + cd (Up, tnt+1) + h(d (Un-1, Un+1))]]
< ¢[0]ad (up-1, un) + bd (Xn—1, Xn) + cd (Un, Unt1) + h (d (Un—1, Un) + d (Un, Un+1))]]
=¢[0[(a+ b+ h)d(up—1,up) + (c+ h)d (un, tuny1)]]

Since 6 is strictly increasing and by Lemma 2.6, we deduce

d (Xn, Xn+1) < (a +b+ h)d (anly Xn) + (C + h)d (Xnv Xn+1) -

Thus
@ (U 1) < 200 o1, 0)
fb+b+c+2h=1 we have 0 <1 —c— hand so
@ (n, tns1) < T2 o, ) = (o, 00 Y € N
Consequently,

0 (d (un, Uny1)) < @16 (d (tn-1, Un))]

fb+b+c+2h<1 wehave 0<1—c— handso
d (up, Ups+1) < d(Up—1,Un),Vn € N;

Consequently,

0 (d (un, Uny1)) < @160 (d (tn-1. Un))]
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It implies
6 (d (un, unt1)) < @16 (d(xn-1, Un)]
< ¢* 16 (d(un—2, up-1)]
<. < @"[0(d(uo, un)].
Taking the limit as n — oo, we have
1< 0(d (un, upt1)) < lim ¢"[6(d (w0, v1))] = 1.

Since § € ©, we obtain

nIme d(up, Upt1) = 0.

(3.3)

Next, we shall prove that {up},cy is @ Cauchy sequence, i.e, lim,_oo d (Un Um) =0, for all n € N.

Suppose to the contrary that exists € > 0 and sequences n(,) and my) of natural numbers such

that
My > Ny >k, d (xm(k),xn(k)) >¢e, D (Um(k)—l’ un(k)) <eE.
Using the triangular inequality, we find that,
e<d (um(k), un(k)) <d (um(k), Un(k)—l) +d (xn(k)_l,xn(k))
<e+d (U,,(k),l, Un(k)) .

Then, by 3.4 and 3.22, it follows that

kI|_>moo d (um(k), un(k)) =e€.

Using the triangular inequality, we find that,

e<d (Um(k)’ un(k)) <d (Um(k)' U"(k)+1) +d (X"(k)-f—l' U”(k))

and

e<d (Um(k)' un(k)+1) <d (Um(k)’ uﬂ(k)) +d (U”(k)' un(k)+1)

Then, by (3.25) and (3.9), it follows that

kl|_>moo d (um(k), Un(k)+1) =€.

Similarly method, we conclude that

kI|_>mOO d (um(km, un(k)) =E€.

Using again the triangular inequality,

d (Um(k)+1' u”(k)+1) <d (Xm(k)+l’xm(k)) +d (Um(k)' u”(k)) +d (U”(k)’ ””(k)+1) '

(3.4)

(3.5)

(3.6)

(3.7)

(3.9)

(3.10)

(3.11)

(3.12)
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On the other hand, using triangular inequality, we have

d (um(k), u,,(k)) <d (um(k), “m<k)+1) +d (um(k)ﬂ, u”(k)+1) +d (“n(km' un(k)) : (3.13)

Letting kK — oo in inequality (3.12) and (3.13), we obtain

im d (o g ) = € (3.14)

k—o0
Substituting u; = Xmg1r U2 = Xnggprr VI = Umy, and vy = Upg, tn assumption of the theorem, we

get

ad (“mm' “”<k>)

+ bd (um(k)l, un(k))
0 (d (umen s ) ) <0907 L 9)
+ cd (uan, un(k))

L + h(d (Um(k), Un(k)+1) + d (Un(k): Um(k)+1))‘

C J

Letting Letting k — oo in (3.15), and using (01), (63), (¢3) and Lemma (2.6) we obtain
6 (e) < ¢[00 (ae + be + ce + 2he)].
We derive
e<e.

Which is a contradiction. Thus limp m—oeo d (Un, Um) = 0, which shows that {x,} is a Cauchy

sequence. Then there exists z € A such that
nl|_>moo d(up, u)=0.
Also,
d(u,B)<d(u, Tu,)
< d (U, Xp41) + d (Unt1, T up)
=d(u,Upt1) +d (A B)
<d(u,tpt1) +d(u,B).

Therefore, d (u, Tup) — d (u, B) . In spite of the fact that B is approximately compact with respect
to A, the sequence {Tu,} has a subsequence {T up, } converging to some element v € B. So it

turns out that
d(u,v) = nIi_)mOc> d (Un,+1, Tup,) = d(A, B). (3.16)

Thus u must be an element of Ag. Again, since T(Ag) € By, there exists t € Ag such that

d(t, Tu) = d(A B) (3.17)
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for some element t in A. Using the weak p-property and (3.33) we have
d(Uup,+1,t) = d(Pup,, Pu),Vn, € N.

If for some ng, d(t, Uny+1) = O, consequently d(Pup,, Tu) = 0. So Pun, = Tu, hence d(A, B) =
d(u, Tu). Thus the conclusion is immediate. So let for any n > 0, d(t, up+1) > 0. Since T is a

generalized (6, ¢)-proximal contraction of the first kind, it follows from this that
0(d(t, unt1)) < @l0[ad (u, up) + bd (t, u) + cd (up, upy1) + h(d (u, upy1) + d (un, t))]] (3.18)
Since 6 and ¢ are two continuous functions, by letting n — oo in inequality (3.18), we obtain

0(d(t,u)) <@[o[(b+h)(d(u, 1))l
< ¢[0[(d(u, )]l
< 0(d(t, v)).

It is a contradiction. Therefore, u = t, that
d(u, Tu)=d(t, Tu)=d(A B).
Uniqueness: Suppose that there is another best proximity point z of the mapping T such that
d(z, Tz)=d(A B).
Since T is a generalized (6, ¢)-proximal contraction of the first kind, it follows from this that

0(d(z,u)) < ¢l0lad(z,u)+ bd(z,z)+ cd(u,u)+ h(d(z, u)+ d(z, u))]]
=¢[0[(a+2hn)d(z, u)]],

which is a contradiction. Thus, z and u must be identical. Hence, T has a unique best proximity

point. ]

Next, we state and prove the best proximity point theorem for non-self generalized (6, ¢)-proximal

contraction of the second kind.

Theorem 3.4. Let (X, d) be a complete metric space and (A, B) be a pair of non-void closed
subsets of (X, d). If A is approximately compact with respect to B and T : A — B satisfy the
following conditions :

() T (Ao) € Bo and the pair (A, B) satisfies the weak P-property;

(i) T is continuous generalized (0, ¢)-proximal contraction of second kind.
Then there exists a unique u € A such that d(u, Tu) = d(A, B) and u, — u, where ug is any fixed
point in Ag and d(up+1, Tup) = d(A, B) for n > 0. Further, if z is another best proximity point of
T, then Tu=Tz.


https://doi.org/10.28924/ada/ma.4.13

Eur. J. Math. Anal.

Proof. Similar to Theorem 3.3, we can find a sequence {u,} in Ag such that
d(Unt1, Tup) = d(A, B). (3.19)
for all non-negative integral values of n. From the p-property and (3.19) we get
d(up, un+1) = d(Tup—1, Tup),Vn € N.

If for some no, d(Ung,,, Uny.,) = 0, consequently d(T un,, TUng+1) = 0. So Tup, = T Unyt1,
hence d(A, B) = d(Tup,, Thy+1). Thus the conclusion is immediate. So let for any n > 0,
d(Tup, Tupgy1) > 0. We shall prove that the sequence u, is a Cauchy sequence. Let us first

prove that
nlmm d (up, up+1) = 0.
As T is generalized (0, ¢)-proximal contraction of the second kind, we have that
0 (d(Tun, Tupt1))
< ¢l0lad (Tun_1, Tun) + bd (Tup_1, Tup) +cd (Tuy, Tupy1) +h(d(Tup—1, Tups1) + d (T up, Tup))]]
=¢[0[ad (Tup—1, Tup) + bd (Tup—1, Tup) + cd (Tup, Tupyr) + h(d(Tup—1, Ttps1))]]
< ¢[0lad (Tun—1, Tun) + bd (Tup_1, Tup) + cd (Tup, Tups1) + h(d(Tup—1, Tup) +d (Tup, Tupe1))]]
=¢[0[(a+b+h)d(Tup1, Tup)+ (c+h)d(Tun, Tups1)]

Since 6 is strictly increasing and by Lemma 2.6, we deduce
d(Tun, Tupy1) <(a+ b+ h)d(Tun—1, Tun) + (c+ h)d (Tup, Tny1).

Thus
at+b+h
d(Tup, Tupyr) < m(d (Tup—1, Tup)).

fb+b+c+2h=1 we have 0 <1 —c— h and so

at+b+h
d(Tup, Tupy1) < m(d (Tup—1,Tup)) =d(Tup—1,Tup),VneN;

Consequently,

0 (d(Tup, Tupt1)) < @[0(d (Tup—1, Tup))l
fb+b+c+2h<1 wehave 0<1—c— handso
d(Tup, Tupy1) < d(Tup—1,Tup),VneN,;

Consequently,

0(d(Tun, Tuny1)) < @[0(d (Tup-1, Tun))]
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It implies

< @7 [0 (d(T tp—2, Ttip-1)]
S S d)n [Q(d(TUO, Tul)] .
Taking the limit as n — oo, we have
1<0(d(Tup Tups1)) < Ii_}m @"6(d (Tup, Tup))] = 1.
n—oo
Since 6 € ©, we obtain
lim d(Tu,, Tups1) =0. (3.20)
n—o00

Next, we shall prove that {T u,},cy is a Cauchy sequence, e, lim, oo d (T us T um) = 0, for all
n € N. Suppose to the contrary that exists € > 0 and sequences T and T m) of natural

numbers such that
Ty > Ty > K d (Ttmgy, Tung, ) 2 &, d (Ttmg . T ) <e. (321)
Using the triangular inequality, we find that,
£ < d(Ttmyy Tting, ) < 0 (Tthmgy Txoy1) + 0 (Ttingey 1. Tt ) (3.22)
<e+d (Tu,,(k)_l, Tu,,(k)) . (3.23)
Then, by 3.4 and 3.22, it follows that
Jim d (Tumg,, Tun, ) = ¢. (324)
Using the trianqular inequality, we find that,
e<d (Tum(k), Tu,,(k)) <d (Tum(k), Tun(k)+1) +d (Tun(k)H, Tu,,(k)) (3.25)
and
e < d Tty Ttingy,) < d (Ttimy, Tiny) +d Tty Tung, ) (3.26)
Then, by (3.25) and (3.9), it follows that
Jim d (T, Tun,,,) = (327)
Similarly method, we conclude that
Jim d (T, ;. Tun, ) = . (3.28)

Using again the triangular inequality,

d (T”mmﬂ' TU”(k)H) <d (”m(km' T”m(k)) +d (T”m(k)' T“”(k)) +d (T“"(k)' T“”(km) - (3:29)
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On the other hand, using triangular inequality, we have

d(Tumm,TumM)fgd(TumW,Tumm+J—+d(TumMHp7lmm+J—+d(TuWMH,TumM).(33@
Letting kK — oo in inequality (3.29) and (3.30), we obtain
AE;d(TumHH,TMMHJ::e. (3.31)

Substituting u; = TUm(k)+1,U2 = Tun(k)ﬂ, vi = Tum(k) and v; = Tu,,(k) in assumption of the

theorem, we get
[ ad (Tum(k), Tun(k))
+ b (Ttiy1. Tt

0 (d (Tum(k)+1' TU”(k)+1) ) <¢40 o
+ cd (Tun(k)H, Tun(k))

|+ h(d (Tum(k), TUn(k)+1) +d (Tun(k), TUm(k)+]_))‘ )
(3.32)

Letting Letting k — oo in (3.32), and using (01), (63), (¢3) and Lemma (2.6) we obtain
6 (e) < ¢[00 (ae + be + ce + 2he)].
We derive
e <e.

Which is a contradiction. Thus lim, m—eo d (T Up, T Um) = 0, which shows that {T u,} is a Cauchy

sequence. Then there exists v € B such that

lim d(Tupv)=0.

n—oo

Also,

d(v,A) <d(v,Tup)
<d (V, Un+1) +d (Un—i-ly Tun)
= d(V, Un+1) + d(A, B)

< d(V,Upp1) +d (v, A).

Therefore, d (v, Tu,) — d(v,A). Since A is approximately compact with respect to B , the

sequence {u,} has a subsequence {up,} converging to some element u € A. So it turns out that
d(u,v) = nli_)moo d (Un,+1, Tup,) = d(A, B). (3.33)
Because T is a continuous mapping,

d(u, Tu) = Ii_)m d(ups1, Tup) = d(A, B).
n—oo
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Uniqueness: Suppose that there is another best proximity point z of the mapping T such that
d(z, Tz)=d(A B).

Since T is a generalized (0, ¢)-proximal contraction of the first second, it follows from this that

0(d(Tz, Tu)) <¢l0lad(Tz, Tu)+bd(Tz, Tz)+cd(Tu, Tu)+h(d(Tz, Tu)+d(Tz, Tu))]]
=¢[0[(a+2h)d(Tz, Tu)]],

which is a contradiction. Thus, z and v must be identical. Hence, T has a unique best proximity

point. U

Theorem 3.5. Let (X, d) be a complete metric space and (A, B) be a pair of non-void closed
subsets of (X, d). Let T : A — B satisfy the following conditions :

(i) T (Ao) € Bo and the pair (A, B) satisfies the weak P-property;
(i) T is a generalized (6, ¢)-proximal contraction of the first kind as well as a generalized

(6, ¢)-proximal contraction of the second kind.

Then there exists a unique u € A such that d(u, Tu) = d(A, B) and u, — u, where ugp is any fixed
point in Ag and d(up+1, Tup) = d(A, B) for n > 0.

Proof. Similar to Theorem 3.3, we find a sequence {u,} in Ag such that
d(Unt1, Tup) = d(A, B)

for all non-negative integral values of n. Similar to Theorem 3.3, we can show that sequence {u,}
is a Cauchy sequence. Thus converges to some element v in A. As in Theorem 3.4, it can be shown

that the sequence {T u,} is a Cauchy sequence and converges to some element v in B. Therefore,
d(u,v) = nIi_}moo d(ups1, Tup) = d(A, B). (3.34)
Eventually, u becomes an element of Ag. In light of the fact that T(Ap) € By,
d(t, Tu)=d(A B)
for some element t in A. From the p-property framework and (3.34,) we get
d(ups1,t) =d(Tu,, Tu),VYn e N.

If for some ng, d(t, upy+1) = 0, consequently d(T up,, Tu) =0. So Tun, = Tu, hence d(A, B) =
d(u, Tu). Thus the conclusion is immediate. So let for any n > 0, d(t, up+1) > 0. Since T is a

generalized (6, ¢)-proximal contraction of the first kind, it can be seen that

0(d(t, unt1)) < @ [0 (ad(u, un) + bd(t, u) + cd(un, unt1) + hld(u, un+1) + d(un, t))].  (3.39)
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Since 6 and ¢ are two continuous functions, by letting n — oo in inequality (3.35), we obtain,
d(u, Tu) =d(t, Tu) = d(A, B). Also, as in the theorem 3.3, the uniqueness of the best proximity
point of mapping T follows. O

Example 3.6. Let X = {)\, : n € N} with the metric d(x,y) = |x — y| for all x,y € X, where the
sequence G, defined by

A =1
A =1+2
A3=14+2+3

A =14+2+3+...+n

We know, (X, d) is a complete metric space. Let A = Gz, : n € Nand B = G3p—1 : n € N.
It is easy to see that d(A,B) = 3, Ap = A and By = B. Define a mappings T : A — B, by
T(A3pn) = Asp—1 for all n > 1. It is clear that A is approximately compact with respect to B,
(A, B) satisfies the p-property, T is continuous and T (Ag) € Bg . We will show that T is an
(0, ¢)-proximal contraction with 6 € © and ¢ € ® that is 6(t) = e* and ¢(t) = t3. Observe that,
With out of generality, we may assume that n < m, and since

A3p—1=14+24+34+...+3n-1,

A3m_1=14+24+3+...+3m—-1,

Ap=14+24+34+..43n—1+3n,

Am=1424+3+...+3m—1+3m.
It follow that,

d(TX3n), T(A3m)) = [A3n—1 — A3m—1]

=3n+@Bn+1)+...+(3Bm-1),

d(X3n, Xom) = [Aon — Aom|

=3n+Bn+1)+..4+(3m),

and

d(TN2n), T(A3m)) — d(Azn, Azm) = [Azn—1 — Azam—1] — |A3n — A3m|

=3n—-3m.
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So that,
d(T(A3n), T(A3m
ed(T(>\3n)vT(>\3m))7d(>\3nv>\3m)) _ e ( ( 3) ( 3 ))
ed(>\3nv>\3m)
— eSn—Sm)
_ 673(m7n))
1
-3
<e = pei
So that,

ed(TCsn). TOsm)) 1 = 0(d(T(A3n), T(A3m)))

< ed(>\3n:>\3m)i + 1
e3

< ed(>\3nx>\3m) + 2

- 2

¢ [Q(d(kan, >\3m))] :

Consequently, T is an generalized (6, ¢)-proximal contraction of the second kind with a = 1,
b= c = h=0. Thus, all the conditions of Theorem 3.4 are satisfied. Hence, T has a unique best

proximity point and there exist A3 € A such that
d(X3, TA3) = d(A3, X2) =3 =d(A B)
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