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ABSTRACT. In this paper, by combining the isosceles orthogonality and o — 3 orthogonality of Banach
spaces, we first introduce a new geometric constant. We demonstrate some basic properties about
it, such as calculating its value in the common norm spaces. Moreover, the necessary and sufficient
conditions for the new constant to characterize Hilbert spaces are given. Finally, only consider the
points on the unit sphere, we introduce another new geometric constant and some basic properties

are also obtained.

1. INTRODUCTION

Traditional orthogonality plays a key role in the geometry of Banach spaces and is a geometric
feature of Hilbert spaces. We repeat the definitions of the next three orthogonality types. In 1945,

James [8] introduced isosceles orthogonality as follows:
x Lyyifandonly if [[x+y|| =[x — y].
Balestro [4] introduced the orthogonality of Pythagoras as follows:
x Lpy ifand only if x — y[|* = |Ix|* + [ly|*.
Birkhoff defined the following Birkhoff orthogonality [5] in linear metric spaces:
x Lgyifand only if ||x + ay|| > ||x|| for all & € R.

These three orthogonalities have been investigated in several papers (see [2], [9] and so on).
Over the years, many scholars have introduced the concept of extended orthogonality. The family
of orthogonalities introduced by Carlson [6] in 1961, covering isosceles and Pythagorean orthogo-

nalities, is known as Carlson orthogonality:

n
x Lcy if and only if Z ail|bix + ciy||® = 0.
=1
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A further special case of Carlson orthogonality was introduced by Dimitini et al. [7] in 1983 as
follows:

X Lg y ifand only if (14 a?)||x — y||? = ||x — ay|]® + |ly — ax]|?,

where fixed o # 1. Two years later, this orthogonality was generalized by the same author [3] as:
X Lag y if and only if [Ix — y|I* + [lax = By|I* = lIx = By|I* + |y — ax|®.

It is well known that in the general Banach spaces, these orthogonalities are not the same. For
example, isosceles orthogonality has symmetry, but Birkhoff orthogonality does not have symmetry,
which means that x Lg y cannot show that y Lg x. Because of this difference, measuring the
difference between the two types of orthogonality is of great significance. Many scholars have
defined and studied many novel orthogonality geometric constants and given a large number of

results, including well-known constants (see [11], [12]):

BI(X) = sup { HX—I_y”H;H”X —JI X, Y E€Sx, x,y #0,x Lg y}
and
BR(X) = sup { I+ ayl = lx = oyl X,y €Sx,.xLp y} )
a>0 a

For more information, refer to references [1], [13-15]. Throughout the article, we use X to
, the unit ball is denoted as Bx = {x € X : ||x]| < 1}

represent a real Banach space with norm || -
and the unit sphere is denoted as Sx = {x € X : [|x|| = 1}. Let's assume that dim X is greater

than or equal to 2.

2. THE CoNSTANT L4 g(X)

Combining the extended isosceles and Pythagorean orthogonalities, we define a new constant

to describe the difference between these two orthogonalities.

Definition 2.1. Let X be a Banach space, the geometric constant of the isosceles orthogonality
type is defined as

Ix = Byl? + llox — y1?
Ix = y[I> + llax — By I?

Lap(X) = sup{ x Ly, (xy)# (0,0)} , where o, >0, # 1,6 # 1.

In this section, we first give bounds on the constant L, g(X) and its value in some particular
spaces is obtained. We find that X is a Hilbert space if and only if the constant L, g(X) value is
1. Moreover, the relationship between L, g(X) and uniformly non-square is given. Now, we recall

the notion of the uniformly non-square.

Definition 2.2. ([710]) A Banach space X is called uniformly non-square if there exists 6 € (0,1)
such that for any x,y € Sx, then

X+ v Ix =y
2 2

<1-96or <1-4.
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Proposition 2.1. Let X be a Banach space, then

~

ﬁ, 0<B<axl,
2. 0<a<pB<1;

1 S La,ﬁ(x) S J 1—2&-0122
T 1<B<a

2+2
L"erz, l<a<p.

proof. Let xg =0, yp # 0, satisfy xp L, yp, hence

Ixo — Byoll® + llaxo — yoll*
> > =1
X0 — yollI? + [[axo — Byol|

On the other hand, using the triangle inequality, we get:

La,ﬁ(X) >

[x — Byll? + [lax — y||?
Ix =yl + llax — Byl?

2
(28] -+t 552 =) (I et v+ 282 -1
2
a+B
2]~ 1)

If we take the categorical approach, there will be the following four approaches.

Case 1 When 0 < B8 < a < 1, we have

2

<

o x+ vl -

Ix—yl2 + (

Ix = ByIP +llax—y|> _ 2
x = yl? + llax = By[? = 1+ 52
Case 2 When 0 < o <3 < 1, we have

I = ByI> + llox = yIP _ 2

[x = yl? + [lax = By[? = 1+ a2
Case 3 When 1 < 8 < a, we have

I = ByIP + llax = y|? _ o+ 6

Ix = y[I?+[lax =Byl = 1+B82°
Case 4 When 1 < o < 3, we have

Ix —ByIP + lax — y|? _ o?+p?
v+ lax —By[2 = T+a?"

O

Next, we will show that there are points in some particular spaces where the value of the constant

Lo p(X) is an upper bound.
Example 2.1. Let0 <3 < 1, a =3 and X be the space R? with Iy norm defined by
1, x2) |l =[xl =+ [xal,

then Lo p(X) = 155
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Let x = (1,1),y = (1,-1), satisfy x L, y. We get |lax — By|| = 28,

lox — y|l = 2.

Thus, Lo p(X) = tig-

Ix =yl = lix =Byl =

Example 2.2. Let 0 <3< 1, a = and X be the space R? with |, norm defined by

(. x2) [l = max{[xal, [x2[},
then Lo p(X) = 155
Let x = (1,0),y = (0,—1), satisfy x L, y. We get |lax — By| = B,
lax —y| = 1.
Thus, Lo g(X) =

x =yl = lx =Byl =

2
1+B2-
Proposition 2.2. Let X be a Banach space, 0 < 3 < a < 1, then Lo g(X) =1 if and only if X is
a Hilbert space.

proof. Since X is a Hilbert space, combined with reference [3], we have L, g(X) = 1. Conversely,

assuming that L, g(X) = 1 and useing the homogeneity of x L y, we can prove by induction that
Ix = yII? + llee"x = BylI? = llee"x = yII* + [Ix = BylI*.
Since 0 < o < 1, taking the limit n — oo, we get
Ix =yl = (1 =B2) Iy + lIx = Byl>.

If 0 <8 < 1, a second induction shows that ||x — y||? = (1 — 82" [ly[|* + || — By Also taking

the limit n — oo, Therefore, in this case we get ||x — y||* > ||x]|%> + |ly||>. Then, x L, y implies
Ix + yII7 + [Ix — yII* > 2|Ix|I” + 2|y |I?
for all x, y € X, hence we can assert that X is a Hilbert space. O

Among the many properties of Banach spaces, we give below a sufficient condition that X is not

a uniform non-square space. In the process of proving, we apply the lemma given by James.

Lemma 2.1. [8, Lemma 4.1] Let X be a Banach space and x,y € X. If x L, y, then the following
inequality holds.

(i) Ix + kyll < [kllix £ yIl and |Ix £ y|| < |[x + kyll, when [k| = 1.
(i) [|x + kyl < lIx £yl and |kllx £ y|| < |Ix + kyll, when |k| < 1.
Proposition 2.3. Let X be a finite dimensional Banach space, if Lo g(X) = ﬁ for some 0 <

Bo < ap < 1, then X is not uniformly non-square.

proof. Since Ly g(X) = %ﬁp there exist x, € Sx, yn» € Bx that satisfy x, L, y, and

= Bl oo — ol 2
n—o0 HXn*ynHQWL HO‘anﬁynH2 1+52.
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At the same time, a Banach space X is finite dimensional, then there exist xp, yp € Bx that satisfy

X0 _L/ Yo and

Jim{lxa || = lxoll. Jim lyn || = llyoll-

Combine lemma 2.1, we have ||x, — Boynll < ||xn + yall and [[aoxn — yall < 11X + Yall-
Thus,
X + yall® + 10 + vl L2
- = 2
b+ vl + (22| = |22 ]2l + yal2 ~ 2 FF

HXn+)/nH2+ HXn+)/nH2 < 2
(1482 xa+ynl> ~ 1462

We can obtain [[xo — Boyoll = I[xo + yoll and [[aoxo — yoll = Ilxo + yoll. Since |Ixo — Boyoll <
(1 —Bo) lIxll+0B0o X0 + Yoll, then |Ixo + yoll < ||x0l|. Moreover, we can prove that ||xo + yol| < ||yoll,
then

max {|[xo + Yol . [IX0 — yoll} = lIxo + yoll < min{llxol| . [Iyoll} <1 <146
for any 0 € (0, 1), this means that X is not uniformly non-square. O

3. THE CoNsTANT Ly, 5(X)

In this section, if x and y satisfy the isosceles orthogonality condition and restrict x, y € Sx,

then we define the new constant:

Definition 3.1. Let X be a Banach space, another geometric constant of the isosceles orthogonal

type is defined as

[x — Byl|* + [Jax — y]I?
Ix =yl + [lax — Byl

;’B(X):sup{ :x,yeSX,XJ_,y]», where a,8>0,aa # 1,8 # 1.

We give bounds on the constant L’aﬁ(X) and calculate its value in £, —£; normed linear space

whena:ﬁ:%.

Proposition 3.1. Let X be a Banach space, then

- ~

a?+p2 2 :
1+a? 1+B2" 0sf=<oa<l
o452 2 0<a<pB<1;

1452 1+a?
T <l e < e

2 2432 .
T T 1<B<a

2 2 2
1462 oijog l<as<p
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proof. Combined with the idea of Proposition 2.1, we have

Ix = BylI? + llax — y1?
X = yI? + lloax — By |2

2 2
(228 x4 0= [252] =) (125 et ol = 22 -1

2
12|l - 1

>

=yl (|28 ol +

Case 1 When 0 < B < a < 1, we have

Ix = ByIP + llox — y|2 _ o+
=yl ¥ ox—Byl? = T+o2

Case 2 When 0 < a <3 < 1, we have

Ix = ByIP + lox — y|2 _ o+
I~y + lax —By|2 = T+52

Case 3 When 1 < B8 < a, we have

I = ByI? + llox = yIP 2
Ix = yI2+ llox = By[Z = T+ o2

Case 4 When 1 < a < 8, we have

Ix = ByIP + llox —yIP |2
Ix = 2+ lloox —Byl2 = 1+ B

On the other hand, the upper bound on the constant LZX’B(X) is the same as the upper bound on
the constant Lq g(X). O

Example 3.1. Lleta =0 = % and X be the space R? with £, — £1 norm defined by

x| = [x]l1. x1x2 <0,
IIX|loo, X1X2 > 0.

Then

L/

1
5

(X) = 0.91.

NI

proof. It x = (y1,1+y1), ¥ = (y2, 14y2), where =1 <y1 <y <0 x = (y1,y1—-1).y = (y2,)2—1),
where 0 < y; < y» < 1. The two cases above, which are determined by x 1, y, we have
ly1 — yo| = 2, are contradictory. To estimate this constant value, it is only necessary to consider
the following two cases.

Case 1: Assuming that x = (x1, 1),y = (1,¥2), 0 < x3 < y» < 1. Since x L, y, we have

I+ =1—=x1)+ (1 —w),
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hence x; +2y> = 1, y» € [, 3] Then [lax —y| =1,

x =Byl =343y, lax—Byll =1+ 1w
and [[x —y|| =1+ yo.

In fact,

9y2 4 6y> +5

L max — 2
1<y,<1 5y3 +10y2 +5

(X) =

[N
NI

By simple calculation, we find that L’ , (X) = 0.91 is obtained at the point (1, 3).
2'2

Case 2: Assuming that x = (x1,1),y = ()1,1+ y1) satisfy —1 < y; <0 < x3 < 1. Since

x Ly, we have ||(x1 +y1,2 + y1)ll = |(x1 — y1, —y1)|I-
If —x1 < yq, then 24+ y7 = xy — y1 is true, hence x1 — 2y; = 2, y1 € [—%—%] We have

lox —yll =1, [Ix =Byl =2+ 3y1, lax =Byl =1+ 3y1 and |Ix — y|| = 2 + y1.
In the same way,
9y? + 24y + 20

max .
—2<y<-1 5y2 +20y1 + 20

By simple calculation, we find that L, , (X) = 0.91 is obtained at the point (1, —31).
2'2
Similarly, if y1 < —x1, such as Case 2, prove omission.
Combined with all of the above, we get

L' (X)) =0.91.

N
N
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