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ABsTRACT. We identify the predual of the nonreflexive Bergman space of the upper half plane with
the little Bloch space of the upper half plane consisting of those functions vanishing at point /. Using
the duality pairing as well as the composition groups on the nonreflexive Bergman space, we obtain
the groups of composition operators defined on the identified predual. We identify the infinitesimal
generator of each group and prove the strong continuity property. We then obtain the spectra of the
generator [, determine the resolvents and further obtain the spectra and the norms of the resulting

resolvents.

1. INTRODUCTION

Let C be the complex plane. The set D := {z € C: |z| < 1} is called the open unit disc. Let
dA denote the area measure on D, normalized so that the area of D is 1. In terms of rectangular
and polar coordinates, we have: dA(z) = %dxdy = ~drdf, where z = x + iy = re’ € D. For
a € R, a > —1, we define a positive Borel measure dm,, on D by dmy(z) = (1—1|z|?)*dA(z), and
thus dmy is a probability measure. Moreover, if @ = 0, then dm, = dA. We consider dmy, as a
weighted measure and a generalization of dA. On the other hand, the set U := {w € C : ¥(w) > 0}
denotes the upper half of the complex plane C, with (w) being the imaginary part of w € C. For
a > —1, we define a weighted measure on U by duq(w) = (S(w))*dA(w), where w € U. Again it

can easily be seen that a = 0 coincides with the unweighted measure. The function ¥(z) = j(lljzz)

is referred to as the Cayley transform and maps the unit disc D conformally onto the upper half-

plane U with the inverse 9~ 1(w) = “=.

For an open subset Q of C, let H(Q2) denote the space of analytic functions on Q. For 1 < p < oo,
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o > —1, the weighted Bergman space of the upper half-plane U is defined by

L2(U, par) == {f € H(U) - Il opa) = (/Ulf(Z)l”dua(Z))p < OO} :

In particular, L5(U, pa) = LP(U, ue) N H(U), where LP(U, pug) or simply LP(uq) denotes the
classical Lebesque spaces with respect to the weighted measure dug. It is important to note that
the case o = 0 yields the unweighted Bergman space. L5(U, uy) is a Banach space with respect

to the norm

1oy = (Ajmwwwmﬂwﬁ;_

For p = 2, L2(U, ug) is a Hilbert space. The growth condition for the weighted Bergman space

functions on U is given by: For every f € Lg([U, La) ¥ = 2t2 and w € U, there exists a constant

P
K such that,

Kl
[f(w)| < W

For a detailed account of the theory of Bergman spaces, we refer to [7,11,13].
On the other hand, the Bloch space of the unit disk, denoted by B (D), is defined by

Bo(D) = {f € H(D) : Il () = igﬂg(l —2)If'(2)] < oo},

with the norm on B (D) given by ||f{/g_(»y := [f(0)| +/fllz. ,m), while |||z ,(») is @ seminorm.
The Bloch space of the upper half plane denoted by B (U) is defined by

Boo(U) :={f e H(U) : Ifllgcr(u) = Sléupj%(W)lf’(w)l < oo},

with the norm given by ||f[lg )y = |f(/)| + flls. . v). The little Bloch space of the unit disk
denoted by By (D) is defined as

Boo(D) = {F € H(D) : Im (1~ |2)|F(2)] = 0}

but with the same norm as B, (D), while for the upper half-plane, the little Bloch space is denoted
by Buwo.o(U) and is defined by

Bu,o(U) :={f € H(U) : s(lﬂ)lo S(w)|f'(w)| = 0}

with the same norm as B (U). For a comprehensive theory of Bloch spaces, see [13,14].

The duality properties of Bergman spaces are well known in literature. For instance in[13, Theorem
4.2.9], it is proved that for 1 < p < oo, %+ % =1 and a > —1, the dual of the Bergman space
L5(D, my) is given by (LA(D, my))* ~ L3(D, my) under the duality pairing,

(9. ) :_/m@ﬂamw (g € LB(D, ma), f € LD, my)).
D
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For the non-reflexive Bergman space on the unit disk, Lé(]D), Mq), it is shown in [13, Theorems 5.1.4
and 5.2.8] that the dual and predual spaces of L1(ID, my) are the Bloch space and the little Bloch
space respectively. In particular, (L1(D, my))* & Boo(D) and (Boo,o(D))* =~ L1(D, my) under the

duality pairings given by respectively,

(9. F) = [D 9(2)F@)dma(z) (g€ LD, ma). f € Bou(D)),

and

(g.f) = /D W)@ dma(z) (F € LY(D, Ma). g € Booo(D)).

For the corresponding spaces of the upper half plane, it has been proved and noted that the
dual space of the reflexive Bergman space of the upper half plane L5(U, uy) is L3(U, o) for
1 < p, g < oo with %—I—% = 1 under a similar pairing as above. See for instance, [2-4] or [11]
for details. When p = 1, the space L;(U, Lq) is non-reflexive, and it's recently that the dual was
determined by Kang [8] as we give in Theorem 2.1 stated in the next section. Apparently, the
predual of L1(U, ug) is not explicitly clear from the literature. Generally, there’s no unified and
comprehensive exposition of properties of the analytic spaces of upper half plane U as there are for
the corresponding spaces on the unit disk D. Therefore, the main focus of this paper is to determine
the predual of L1(U, uy), that is, identifying the space whose dual is L1(U, uq).

Let Aut(U) denotes the collection of all automorphisms of U. For ¢; € Aut(U), t > 0, we define a
composition operator on H(U) by Cy, f := fog;. The corresponding group of weighted composition
operator on H(U) is therefore given by T:f := Sy, f = (¢})Yf o ¢; for some appropriate weight
v. Motivated by the work of Arvanitidis and Siskakis in [1], the current second author and three
others in [3] classified all the self - analytic maps of the upper half plane into three distinct groups,
namely: the scaling, the translation and the rotation groups. They then studied both the semigroup
and spectral properties of the corresponding groups of weighted composition operators. As for the
properties of the adjoint groups on the reflexive weighted Bergman spaces L5(U, g ), 1 < p < 00,
only the scaling group was considered in [3] and later completed for the other two groups by the
second author in [4]. In this paper, we therefore determine the groups of composition operators on
the predual of non-reflexive Bergman space of the upper half-plane, L1(U, uq) and investigate the

adjoint properties of the groups of weighted composition operators on nonreflexive Bergman space

Lé(U, bar)-
Let X and Y be Banach spaces over C. The space L(X,Y) ={T : X — Y such that T is linear
and continuous}, endowed with the operator norm ||| = supj, <1 [[Tx]|, is a Banach space [5].

We write £(X, X) = L(X). T is said to be a closed operator if its graph {(x, Tx) | x € D(T)}
in X X Y is closed. Let T be a closed operator on X. The resolvent set of T, p(T) is given by
o(T) ={A e C: X —T is invertible or bijective} and its spectrum o(T) = C \ p(T). Therefore
o(T)Up(T) = C. The spectral radius of T is defined by r(T) = sup{|\| : A € o(T)} with the
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relation r(7) < ||T||. The point spectrum o,(T) = {X € C: Tx = Xx for some 0 # x € dom(T)}.
For X\ € p(T), the operator R(A\, T) := (A — T)~! is, by the closed graph theorem a bounded
operator on X and is called the resolvent of T at the point A or simply the resolvent operator.
In fact, p(T) is an open subset of C and R(A, T) : p(T) — L(X) is an analytic function. For a
detailed theory on spectra, we refer to [5,6,9,12].

2. PREDUAL OF NON-REFLEXIVE BERGMAN SPACE OF THE UPPER HALF-PLANE L1(U, ug)

Let Boo(U, i) denote the subspace of the Bloch space B, (U) consisting of functions vanishing
at point /. Therefore B (U, /) is defined as

Bo(U,i) = {feBux(U):f(i)=0}.

Then B (U, /) is a closed subspace of B, (U) and therefore is a Banach space with respect to the
norm [|flg.; = Ifllzow) = Ifllz. . () see [8] Similarly, let By o(U, /) denotes the subspace of

Boo.o(U) consisting of functions vanishing at i. Therefore
Beo.o(U, 1) = {f € Booo(U): f(i) =0},

with the norm || f{|g_, .= [Ifllg. vy = [Ifllz..,(v)- Again, B o(U, /) is a Banach space with respect
to the norm given above.

The following result due to Kang [8] gives the dual of L1(U, ug);

Theorem 2.1. For any o € R, o > —1, we have
(LY(U, pa))* = Bo(U,i),

under the integral pairing
0.6) = | 6)T@)duatw) (9€ LAV, o). f € Bua(U.0))

With the help of Theorem 2.1 above, we determine the predual space of L1(U, uy), that is, a set
whose dual is L1(U, ug), but first we state some results.
Let C(U) be the algebra of complex valued continuous functions on U = U JAU, and C,(U) be
the subalgebra of C(U) consisting of functions f such that f(w) — 0 as 3(w) — 0.

Proposition 2.2. Let C,(U) be the subalgebra of C(U) consisting of functions f such that f(w) —
0 as Im(w) — 0 and Co(D) be the subalgebra of C(D) consisting of functions f with f(z) — 0
as |z] = 17. Then Co(U) = {god~!: ge Co(D)}.

Proof. Let K C U be compact. Since Cayley transform ¢ : D — U is a continuous bijection, it
follows that K C U is compact if and only if % ~!(K) is compact in D. If f € Co(U) and € > 0,
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then there exists K compact in U such that sup,,cp\x |F(w)] < e

Now, g = f o9 is continuous on D with f = go 41, and
sup  |g(2)] = sup [F(w)| <e
zeD\y~1(K) welU\K

Proposition 2.3. Let Cy, be the composition by 1) operator. Then

(1) f € Boo(U) if and only if Cyf € B
(2) f € Boo,o(U) if and only if Cyf € By o(D).
(3) f € LNU, pa) i
(4) f e LU, pa) if and only if Cyf € L=(D, mq).

() = 31Cyflla )

= 52 1Syl L1 (w.my)-

Proof. For (1), if f € Bs(U), then by definition,

1l ) = 52%(%(w))|f’(w)l = sup }f’ (2))]

= 2 sup(1 — [P ()| (2] = 5 sup(1 — [22)|(F o 9 (2)
zeD zeD

1
= §||f oY, . (m)-

For (2), we have f € By, 0(U) is equivalent to

o2
LD ) = & s (1 12 o wy ()] =

I|m S(w))| =
( (WHIF ()l = “(w( M0 1= 22 2751

which in turn is equivalent to f o ¢ € By, o(ID), as desired. For f € L1(U, ug), we have

1l = / ()] dita(w)

[ I (w 1 dA(w)

2\
—/If(w(z))l (|1 _’jig) 1Y/ (2)]2 dA(2)

] @)W (2% (1~ |2P) dA(2)
" / (W (@) (F 0 )(2)| dma(2)

D
= 52 1Sy fll1(D,me).

which proves (3). Now, f € L*®°(U, uy) means that f is essentially bounded which implies that
f o1 is essentially bounded as well. Since ¥ is an invertible mapping from D onto U, it follows

that f o9 € L>°(D, my). The converse follows similarly. This completes the proof. u
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Remark 1. It is easy to verify that Cyy-1 = C,;l. Proposition 2.3 above therefore implies that Cy,
is an is an isometry up to a constant and at the same time invertible on the respective spaces with
the inverse also acting on the appropriate spaces.

More generally, let {V1,\b} = {D, U}, and let LF(V;,V}) denote the collection of conformal map-
pings from V; onto V;. Then LF(V;,V;) = Aut(V;), and if h € LF(V;,V}), then g € Aut(V)) —
h=togoh e Aut(V,) is an isomorphism from Aut(V;) onto Aut(V}). For each g € LF(V;,V;), we
define a weighted composition operator Sg . H(V;) — H(V)), by

Sgf(z) = (d'(2))"f(9(2)), forall z € V. (2.1)

We note that if g € LF(V;,V;) and h € LF(V;,V;), then it is clear by chain rule that Sp0Sg = Sgop

and Sg_l = Sg—l.

Now, using Propositions 2.2 and 2.3 above, we obtain the following result which is the upper

half-plane analogue of [13, Lemma 5.14].

Proposition 2.4. For t > 0, o > —1, let the integral operator T on H(D) be defined by

Tf(z) = — |z )t[(l f(‘/;g+t+adma(w)-

Let S be the corresponding integral operator on H(U) defined by
S = Cy-1TCy. Then the following properties hold:

(@) S=(a+t+1)S?
(b) S is a bounded embedding of B, (U) into L>°(U) and
(c) S is an embedding of By, o(U) into C,(U).

Proof. From [13, Lemma 5.14], we have,
S = CyaTCy=Cya(a+t+1)T?Cy
= (a+t+1)Cy1T?Cy
= (a+t+1)S?%

which proves (a).

For (b), we have
Cy T Cy-1
Boo(U) — Bo(D) — L>®(D) —— L*>(U).

Now, Cy is an isometry of Bo(U) onto Boo(ID) up to constant, T is a bounded embedding of
Boo(D) into L>°(DD) [13, Lemma 5.14], Cy-1 is also an isometry of L°°(ID) onto L*°(U), it therefore
follows that S = C,,-1 T Cy is a bounded embedding of B (U) into L>°(U).

For (c), we have

B o(U) <5 Bo o(D) > Co(D) =2 € (V).
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Cy is a bijection of B o(U) into By o(DD), T is an embedding of B o(ID) into Co(D) [13, Lemma
5.14], while on the other hand, Cy-1 is also a bijection of Co(D) into Co(U). Therefore S =
Cy-1TCy is an embedding of By o(U) into Co(U), which completes the proof. O

We now establish the predual space of L1(U, us) as we give in the following theorem:

Theorem 2.5. For any o« > —1, we have;
(Booo(U. 1)) = L3(U ka),

under the pairing
0.0) = | o))dua(w)

where g € Booo(U, 1) and f € LY(U, uy). Here, Booo(U, i) is equipped with the same norm as
Boo(U, i).

Proof. If f € LL(U, pq), then by Theorem 2.1 above, g — [ 9(w)f(w)due(w) defines a bounded
linear functional on By o(U, /). Conversely, if F is a bounded linear functional on Boo o(U, 1), we
want to show that there exists a function f € L1(U, pa) such that F(g) = f; 9( f(w)dug(w) for
g in a dense set of By o(U, /).

Now we fix any positive parameter t and consider the embedding S of By o(U, /) into C,(U)
as given by Proposition 2.4. The space X = S(Bx,(U, 1)) is a closed subspace of C,(U) and
FoS™1: X — Cis a bounded linear functional on X since F and S™! are both bounded. By
the Hahn-Banach extension theorem, F o S™! extends to a bounded linear functional on C,(U).
By the Riesz representation theorem, there exists a finite weighted measure py on U such that
lpall = ||FoS™t| and FoS~Y(h) = Ju h(2)dpa(z), h € Co(U). In particular, if g is a polynomial
(polynomials are dense in Bog o(U, 1)), then F(g) = FoS105(g) = [; S9(2)dua(z). By Fubini's
theorem, we have F(g) = [; 9(w)f(w)dpe(w), where f = Cy-1TCy which is bounded since T is
bounded. O

3. GROUPS OF WEIGHTED COMPOSITION OPERATORS ON PREDUAL OF L1(U, ug)

As remarked in the section 1, the automorphisms of the upper half plane U were identified and
classified into three distinct groups according to the location of their fixed points in [3], namely:
the scaling, the translation and the rotation groups. Since the corresponding groups of composition
operators for the rotation group are defined on the analytic spaces of the unit disk, we shall only
consider groups of composition operators associated with the scaling and the translation groups in

this paper.


https://doi.org/10.28924/ada/ma.4.14

Eur. J. Math. Anal.

3.1. Scaling group. The automorphisms of this group are of the form @;(z) = k'z, where z € U
and k,t € R with k # 0. As noted in [3] and without loss of generality, we consider the analytic
self maps ¢; : U — U of the form ©;(z) = e~z for z € U. The corresponding group of weighted
composition operators on L5(U, uy) is given by T:f(z) = e t'f(etz), for all f € L5(U, ua),
where fy:"%’2 and 1 < p < oco. For p=1, (Tt)e>0 is defined on L1(U, ug) with vy = a + 2.
Following Theorem 2.5, the predual of L1(U, uy) is given by the duality relation

(Boo,o(U, 1))~ L3(U, o) (3.1)

under the integral pairing
(0.F) = [ owiTw)dua(w) 52)

where g € By o(U, i) and f € LL(U, pq).

Using the duality pairing above, we obtain the corresponding group of weighted composition op-
erators on By, o(U, /) as below:

Let g € Booo(U, i) and f € LL(U, ug), then,

(g.Tef) = /U 9(2) (e 2) dpta2)
- /U 9(2)e~TF(e T2)(3(2))dA(2).

By change of variables, let w = e~!z, then z = efw, dA(w) = e 2?'dA(z) and I(z) = el/m(w).
Then,

(0. Tef) = ]U g(etw)e (@)t (S(w))*e? dA(w)
- / g(e'w)e e @) dpia(w)
U
_ /U 9(etw)F(@)dpa(w) = (T{g, F). (33)

where T} g(w) = g(etw).

Now, S; := T} is defined on Buo (U, /). But we see that S;g(i) = g(e'/) # 0 and therefore S;g
does not vanish at i. This means that S; does not map Bw o(U, i) onto itself, and there (St)¢>0 is
not a good semigroup. We therefore propose two remedies to correct the defect. The first one is to
apply a correction factor by writing S;g(w) = g(etw) — g(eti) for all g € Buo,o(U, /). This means
that Stg(/) = 0 and therefore S¢ maps B o(U, /) onto itself, as desired.

The second remedy is to redefined S; to act on By, o(U) instead of By o(U, 7). This simply means
that the domain of S; has been enlarged and therefore S; is well defined on By o(U, /).

We shall now carry out a complete study of both the semigroup and spectral properties of this

group on By o(U).
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3.1.1. Semigroup properties. In this section, we investigate the semigroup properties and determine
the infinitesimal generator T of (S¢)¢>0 on Booo(U) where, Syg(w) := g(e'w). We begin by

proving the strong continuity property.

Theorem 3.1. Let S:g(w) := g(etw) be a semigroup of composition operators defined on By, o(U).

Then, (S¢)ter is a strongly continuous group of isometries on By o(U).

Proof. 1t is clear from the definition that (S¢)ter is a group. To prove that (S¢)ser is an isometry

on By o(U), we have;

1St9llg.c.uy = sup S(w)|Stg'(w)]
wel
= sup S(w)e'lg'(efw)].
wel

Now by change of variables, let z = efw then w = e~ fz, and S(w) = e t3(2). Therefore,
1S¢dllB..uy = supe 'S(z)e’|d'(2)]
zelU
= sup3(2)|9'(2)]
zelU
= |l9llg..(u). as desired.

For strongly continuity, we first take note that S; = C,_, since Sig(w) = g(@¢(w)). Then
by Proposition 2.3, it is easy to see that Cy_, is strongly continuous on By o(U) if and only if
(Cy-1op_,op)ter is strongly continuous on By o (D). Now by simple computation of ¢~ Log_to9)(2),

we obtain;

1—et

Z _— =

1 _ 1+4et

,d} O(p_tO’lp(Z) - 1 1—et
T 1ret?

Z — at
1— étZY

where a; = };—Zi As t — 0, ar — 0. Let hy(2) = 12:53:2 =Y t o _;o(z), then for strong

continuity, it therefore suffices to show that ||C,f — fllg_ m) — 0as a— 0 (a: — 0). Using the
density of polynomials in By o(D), let f(z) = z". Then Cp,z" — z" = (ha(2))" — z",n > 1, and

(Ch,f =) (2) = nl(ha(2))" " Hy(2z) — 2",

But ha(z) = Z=2, and hence h,(z) = ~A=23; Therefore,

1-atz’ (1—a:z)?"
/ _ _(ha(z))nil(l — arar) N
(Chf—F)(2) = n _ T _, 1]
_ [Eora-aa _z~—1]
| (1 —étZ)z
 [(z—a)" Y1 - aga) — 2" (1 —Fz)"h)
- a2 ] |
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Now,
lim [|Cp,f = flis = lim {sup(1 — |z)|(Cp,f = 1)'|(2)
a—0 a c0.o(D) a—0 \ zeD 2
_ Ly | [ETHA) -2 )
- iy (s o[
= lim (sup(l — 1z |n[z”_1 - z”_1]|)
t—0 zeD
= 0.
Hence, (St)¢er is strongly continuous on By o(U), as claimed. 0

Theorem 3.2. The infinitesimal generator T of (St)t>0 on Beo,o(U) is given by I'g(w)=wg'(w)
with the domain D(I') = {g € Bso,o(U) : wg'(w) € Bso,o(U)}.

Proof. By definition, the infinitesimal generator denoted by I of (S¢)¢>0 is given by;

= wd (w).

It therefore follows that D(I') C {g € Bw.o(U) : wg(w) € Buwo(U)}. To prove the reverse
inclusion, we let g € By, o(U) be such that wg'(w) € Boo.o(U). Then for w € U, we have;

Seow) — o) = [ goteu)ds

t
= / ewg'(e°w) ds
0
t
_ / S.G(w)ds where G(w) = wg(w).
0
Thus, .
S.q—
im 299 _ jim }/ 5:G(w) ds
t—0+ t t—07t 0
and strong continuity of (Ss)s>0 implies that %[Ot |SsG — Gllds — 0 as t — 0*. Hence D(I") 2
{9 € Booo(U) : wg'(w) € Boo,o(U)}, which completes the proof. O

3.1.2. Spectral properties. Now for the spectral properties, we obtain the spectra of the generator

[, determine the resolvents and further obtain the spectra and the norms of the resulting resolvents.

Theorem 3.3. Let [ be the infinitesimal generator of (St)ter on Boo o(U). Then op(I") = 0 and

o(l) =iR. In particular, T is an unbounded operator on By, o(U).
Before we prove this theorem, we first give the following Lemma:

Lemma 3.4. Ifv € C and c € R, we have
(1) 9(w) = cw” ¢ Boo,o(U) for any c
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(2) f(w) = (w—1)” € Buoo(U) if and only if R(v) < 0.
In particular, g(w) ¢ Boo.o(U) for any ¢ and f(w) € Bs,0(U) if and only if R(v) < 0.

Proof. From Proposition 2.3, we know that g € By, o(U) if and only if go ¢ € B o(D). Then for
zeD,

(14 z)
11—z

(go¥)(2) = 9(¥(2)) = c(¥(2))” = <( )

=ci(l+2)"(1-2)".

Now go ¢ € H(D) if and only if R(v) > 0 and R(—v) > 0 which is not possible, and therefore
go ¢ H(D). Hence g ¢ B, 0(U). This proves (1).

For (2), following [3, Lemma 3.2}, for any v € C, (w — /)¥ € H(U) if and only if R(v) < 0 since
v = 0 in this case.
The particular cases follow immediately since By o(U, 1) € Booo(U) and g(i) # 0 for (1), while
f(i) = 0 for (2). O

Proof of Theorem 3.3. To obtain the point spectrum of ', let X be an eigenvalue of " and g be the
corresponding eigenvector. Then Mg(w) = Ag(w) is equivalent to wg'(w) = Ag(w) which yields
% = AQT(‘”) by dividing both sides by w. By integrating both sides, we obtain g(w) = cw?,
which is not in B o(U) for any c. Therefore o,(") = 0.
Since each S; is an invertible isometry, its spectrum satisfies o(S¢) C OD. Therefore the spectral
mapping theorem for strongly continuous groups [10, Theorem 2.3] implies that e??(") C ¢(S;) C
oD. Now let A € o(IN), then |ef*| = 1 which further implies that R(\) = 0. Thus X € /R and
therefore o(I") C /R.
We now need to show the reverse inclusion, that is, IR C o(I"). Fix A € /R and assume X ¢ o(I")
which implies that the resolvent operator R(A, ) | Booo(U) — Bso(U) is bounded. Consider
the function h(w) = (w — )~ A*tD. Then R(—(XA + 1)) = —1 < 0 and following Lemma 3.4, it
is immediate that h € B o(U). The image function f = R(\,")h is equivalent to (A —T)f = h
which yields a differential equation
A h(w

f(w) — af(w) = _(w)'
whose general solution is

flw) = (w—i)"+ cw
which does not belong to By o(U) for any ¢, by Lemma 3.4. Thus h ¢ R(A —T) and so o(I') =
IR. U

Theorem 3.5. Let [ be the infinitesimal generator of (S¢)tcr. Then the following hold;
(1) For A € p(I"), and h € By o(U) then,
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() RO\ h(w) = w [2° S h(2) dz, if R(X) > 0.
(i) RO\ Mh(w) = —w [ Zxh(z) dz, if R(X) < 0.
(2) o(ROD) = {0 | — 25551 = 237}

(3) r(RAT)) = [IRIN T = m(lx)r

Proof. To prove (1), we take note the resolvent set is given as p(I') = {\ € C : R(X\) # 0}. We
therefore consider the following cases:
Case 1: If R(\) > 0O, then the resolvent operator is given by the Laplace transform: For every

h € Bu,o(U), we have R(\, T h = [° e~ S.hdt with convergence in norm. Therefore, R(\, M) h =

[ e Mh(e'w)dt. By change of variables, let z = e'w, thenw = e~ 'z, 9z — et then dt = 2% =

%. Therefore when t =0= z=w and t = 00 = z = 00, and so;

—Xt az _ Z 1
[w e h(z)Z /w (w) Zh(z)dz
o0 1
_ A
= w/w Z>\+1h(z)dz.

Case 2: If R(X) < 0, then R(A\,MNh = —R(=X,—T)h = — [ eMh(e"tw)dt. Then again by

change of variables, let z = e fw, then ef = ¥, % = —we tand dt = (;edj = —%. Therefore

R\ T)h(w)

t=0=z=wandt=0c0=z=0 and so;

ROLD)A(wW) = —/Oe“h(z>.—“:—/“(“)Ah(z)_dz
w 0

z z z

w A
= —w*/ (1) .lh(z)dz
0 V4 zZ
A “ 1

To prove (2), we use the spectral mapping theorem for the resolvents which asserts that c(R(X\, ")) =
{ﬁ TS a(r)} \ {0} for X € p(I"). Therefore,

ir’

1
- {%(A) iUmy—n "€ R} \ {0}.

Rationalizing the denominator and simplifying we get
— | R)-iBN)-n)) .
o(R(\T)) = {(%(A))Qi(g(x)_rry re R} .

Now by letting w = &%ﬁ;ﬁg&jﬁb subtracting ﬁ(%) and finding the magnitude of both sides

S(ROVT)) = {A_l e R} \ {0}

we get,

S 1

1
'W - 2R(O))?"

2RV
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and so
1

‘ 2%1@)‘ T 2RO

Therefore, c(R(X, 1)) = {W Clw — 2%1(>\)| = mlm} . For part (3), the spectral radius r(R(X, "))
is given by;
r(RAT)) = sup{|lw|:wea(R(N\T))}

= s {w: 'W_ 0|~ R0 | = T

, we use the Hille Yosida theorem as well as the fact that the spectral

Finally to determine [|R(X, )

radius is always bounded by the norm.

Therefore,

1 1
m:f(ﬁ’(%r)) < IIR(XF)IISW.

Thus, r(R(OAT)) = [|[RONT)| = m(lw as desired. O

3.2. Translation Group. In this group the automorphisms are of the form ¢+(z) = z + kt, where
z €U and k,t € R with kK # 0. As noted earlier in subsection 3.1, without loss of generality we
let kK = 1 and consider the self analytic maps ¢ : U — U given by ¢:(z) = z+t for z € U.
Then the corresponding group of composition operators defined on L1(U, uy) is therefore given by
Tif(z) = f(z+t), forall f € L5(U, uq).

Now using the duality relation given by equation (3.1) and its sesquilinear pairing given by equation
(3.2), we have:

Let g € Booo(U, i) and f € L1(U, ug), then

(9. Tof) = /U 9(2)F(z T D) dual2)

- /U 9(2)T(z + D)(3(2))*dA(2).

Now by a change of variables, let w = z+ t, then z = w — t and dA(w) = dA(z). Therefore,
@7 = [ ow- OFWISW)*dAW)
U

= [ 9t - T @dua(w)

= (T{g.f). (3.4)
Now, we define Sy := T} on By o(U, i). But again we see that just as in the case of the scaling
group, Stg(i) = g(i — t) and therefore S;g(i) does not vanish at point /. This means that S; does

not map B (U, i) onto itself. We can therefore apply similar remedies proposed in subsection

3.1 above. In the next sections, we study the semigroup properties of (S¢)¢>0 on Boo o(U).
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3.2.1. Semigroup properties. In this section, we begin by proving the strong continuity property.

Theorem 3.6. Let S;g(w) := g(w—t) be a semigroup of composition operators defined on By, o(U).

Then, (S¢)ter is a strongly continuous group of isometries on By o(U).

Proof. It is clear from the definition that (S¢)¢er is a group. To prove that (S¢)tcr is an isometry,

then by the definition of isometry, we have;
1S¢9llBaowy = sup S(w)[(Stg)(w)]
wel
= sup J(w)lg'(w - 1)I.
wel
By change of variables, let z = w — t then w = z+ t and S(w) = $(z2). Hence,
1Sedll..qy = supS(2)lg'(2)]
zeU
= |l9llg..(vy. as desired.

For strongly continuity property, we argue as we did in the previous section. We note that 5; =
Cy_, which is strongly continuous on By o(U) if and only if (Cy-16, oy )ter is strongly continuous

on By o(D), which consists of functions vanishing at point 0.

We compute 9L op_; o(z). Let ar = ﬁ and by = g:—;g then a straight forward calculation
yields
-1 o Z — dt
’l»[} o(p*toll/}(z) - bt+atZ
== ha(Z),
where we have let h,(z) = ;725 Clearly, t — O as a; — 0 and by — 1. It therefore suffices to

show that ||Cp,f —fllg, ) — 0 as t — 0. Using density of polynomials in By o(D), we let f(z) =
z". Then Cp,z"— 2" = (ha(2))"—2z", n > 1. Therefore (Cy,f — )/ (z) = n[(ha(2))" "1, (z) —z2"71].

But ha(2) = 725 = hiy(2) = (bt“fz()b(tll;(zz);at)(at). Therefore by substituting,

(Ch,f = 1)(2) = nl(ha(2))" " hy(2) — 2"

B z—ar \" N (be+az) — (z—a)(ar) -
B n[(bt+at2) (bt+atz)2 e 1]

" [(Z —ad)" (bt + arz) — (z — ar)(ar) _ an] _

(bt + arz)t1

Now,

i _ — i _ 2 o\
Jim 1, f = Fllg = lim (525(1 2)I(Ch, f>|(z))

- g (e
(z—ar)" Y(be + arz) — (z — a¢)(ar) n—
”[ (be + acz)" 1 —e 1]

|
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n[z"t —0—z"1]

|

Hence (S¢)er is strongly continuous, as claimed. O

= |im
t—0t zeD

= 0.

Theorem 3.7. The infinitesimal generator I of (St)t>0 0n Bsoo(U) is given by Ig(w) = —g'(w)
with the domain D(I') = {g € B o(U) : ¢’ € Booo(U)}.

Proof. By definition, the infinitesimal generator I on By, o(U) is given by;

= —g(w).

Therefore D(I') C {g € Boo,o(U) : —g' € Bs.o(U)}. Conversely, let g € By, o(U) be such that
—g" € Byo.o(U). Thus we have;

S
tgg_%/ S.gds

and for every w € U, %Sgg(w) —3J'(w—5) = Ssg'(w). Thus,

Ssg_gif/

t
t <%/O||T5f’f'||d5HOast%O

by strong continuity, and therefore D(I") D {g € B, o(U) : —=¢' € B,o(U)}, which completes the
proof. O
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