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ABSTRACT. This study introduces and investigates a new local function called n-local function in ideal
topological space (X, T,[) by using the notion of m-open sets in topological space (X, T). The
operator ()5 : P(X) = P(X) is defined as (-);(A) = Ay = {x € X : ANU ¢ | for every U €
n-O(x)} for each A C X, where n-O(x) is the set of all n-open subset of X containing x. This
study establishes some properties of A; including its relationships to the local function and local
function T* in ideal topological space (X, T, /). This study also introduces a new type of closure
called the n-local closure in ideal topological space (X, T, /) which is denoted by C/;(A) for each

A C X. Furthermore, this study establishes some properties of the n-local closure.

1. INTRODUCTION

The concept of ideal topological spaces was first studied by Kuratowski [4] and Vaidyanathas-
wamy [9]. The notion of topological spaces with ideals were investigated by Jankovic [3]. Thereafter,
the study of ideal topological spaces attracts the attention of many topologists. Recently, Al-
omari [1] have introduced and investigated the notion of local function I* in an ideal topological
space and showed that [* is equivalent to the d-local function due to Hatir et al. [2]. In this paper,
the researcher defined a new type of local function called the m-local function in ideal topological
spaces by using the n-open set of Subbulakshmi [8] and established some of its properties, including
its relationship to the local function and local function ['* in ideal topological spaces. Subsequently,

the n-local closure has been defined, and some of the properties are established.

2. PRELIMINARIES

Throughout this paper (X, 7) and (X, 7, /) denote a topological space and an ideal topological
space, respectively. The members of 7 are called open sets and their complement are called

closed sets. For any subset A of X, the closure and interior of A are denoted by c/(A) and
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int(A), respectively. A subset A of a space (X, T) is said to be n-open (resp. m-closed) [8] if
A Cint(cl(int(A))) U cl(int(A)) (resp. A D cl(int(cl(A))) Nint(cl(A))). The n-closure of A is
defined by the intersection of all n-closed sets containing the set A and it is denoted by n-c/(A) [8].
A subset A of a space (X, T) is said to be semi-open [0] if A C c/(int(A)). A subset A of a space
(X, T) is said to be reqular-open [7] if A= int(c/(A)). The familiy of all n-open (resp. semi-open,
regular open) sets in X is denoted by n-O(X) (resp. SO(X), RO(X)).

An ideal / [5] on a topological spaces (X, T) is a nonempty collection of subsets of X, which
satisfies (i) A€/ and B € | implies AUB € [; and (ii) Ac | and B C A implies B € /. Then the
triplet (X, 7, 1) is called an ideal topological space. If P(X) is the set of all subsets of X, a set
operator (-)* : P(X) — P(X) called a local function [3,9] of A with respect to 7 and / is defined as
follows: for AC X, A*(I,7) ={x e X : UNA¢& I, for everyU € T7(x)} where T1(x) ={U e T:x €
U}. A*(I,T) can simply be written as A*. For every ideal topological space, there exists a topology
T7*(1, T) or briefly 7" [3], finer than T, generated by the B(/,7) = {U\J: U € 7 and J € [},
however, B(/,T) is not a topology in general. Additionally, C/*(A) = AU A* defines a Kuratowski
closure operator [5] for 7*. A subset A of an ideal topological spaces is T*-closed set or *-closed
set [3] if A* C A. Let (X, 7,/) be an ideal topological spaces and A be a subset of X. Then
(A, T)={xe X1 ANnU ¢ I, for every U € RO(X)} where RO(X) = {U € RO(X) : x € U}.
™ (A)(/, T) can simply be denoted as ™*(A) [1].

3. M-LOCAL FUNCTIONS

Definition 1. Let (X, T, /) be an ideal topological space. Then the operator (-);, : P(X) — P(X) is
defined as for A C X, A;‘;(/, n-O(X)) ={xe X: AnU ¢ I, for every U € n-O(x)} where n-O(x) =
{U € n-O(X) : x € U} is called the n-local function of A with respect to | and n-O(X).
A;(/, n-O(X)) can simply be denoted by Ay

Example 1. Let (X, T, 1) be an ideal topological where X = {a, b, c, d}, T = {X, &,{a}, {b} {a, b},
{a,b,c},{a, b, d}}, and | = {@,{c}, {d},{c,d}}. Thenn-O(X) = {2, X, {a}, {b},{a b}, {a c},
{a,d}, {b,c}, {b d},{a, b c} {a c d} {a b d}, {b c,d}}. Now, let A= {a b ,d}. Then by
Definition 1, Ay ={a, b, c,d} = X.

Theorem 1. Let (X, T,1) be an ideal topological space and A, B be subsets of X. Then for any
n-local functions, the following properties hold:

(i) if AC B, then A}, C By,

(i) (AN B); € AL N By, and

(iii) Ay U By C (AU B);;

(iv) if A= @, then A;; = g;

(v) if Ay N B &1, then AL N B # &,

(Vi) (A:I)n g A’t)’
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(vii) if A€ I, then A;; =g,
(iix) if | = {2}, then A} = n-cl(A),

(ix) if | = P(X), then Ay = 9, and

(x) Ay € n-cl(A);

Proof.

(i) Let A,B C X and A C B. Suppose x ¢ By}, then there exist U € n-O(x) such that
BNUe€l Since AC B, AnU C BNU € I, by Definition of ideal, AN U € /. Hence,
X & AL

(ii) Let A, B C X. Since ANB C Aand AN B C B, by Theorem 1 (i), (AN B);*, C A;k, and
(AN B); C By, respectively. Hence, (AN B); C Ay N B,

(iii) Let A,B C X. Since AC AUB and B C AU B, by Theorem 1 (i), A} C (AU B)fl and
By, C (AU B);, respectively. Hence, A7 U B} C (AU B);.

(iv) Let A= . Suppose Ay # &. Then there exists x € A7. It follows that ANU =2 NU =
@ ¢ | for every U € n-O(x). Since | is an ideal, @ € | which is a contradiction.

(v) Let A, N B & |. Suppose A} N B = @. Note that by definition of ideal, @ € / for any
ideal /. Now, since Ay N B =@ and / is an ideal, AyNB =g € [ implies AyNB €/ a
contradiction.

(vi) Let x € (A;;);. Then, for every U € n-O(x), UN A ¢ | and hence, by (ii), UN A} # @.
Now, let y € UN A}, Then, U € n-O(y) and y € A}. Hence, we have UN A ¢ /. Note that
U e n-O(x) and UNA ¢ I. It follows that x € A}, Therefore, (Af,):] C A

(vii) Let A € I. Suppose A} # &. Then there exists an element x € Aj. Then ANU ¢ [ for
every U € n-O(x). Now, Since, ANU C Ae [ and | is an ideal, ANU € | which is a
contradiction.

(iix) Let | = {@}. Suppose that A} # n-cl(A). Let n-c/(A) C Ay, then there exists an element
x € Ay and x ¢ n-cl(A). It follows that for every A C X, since x € A7, ANU ¢ | for every
U € n-O(x). Since | = {@}, AnU # @ for every U € n-O(x). Note that U € n-O(x) means
x € U where U is n-open set. Since, x ¢ n-cl(A), x ¢ ([{K : K is n-closed and A C K}.
It follows that x ¢ K for some 7m-closed set K such that A C K. Hence, x € K< for some
n-open set K¢ such that AN K¢ = @. It implies that there exists an m-open set K¢ where
x € K¢ and AN K¢ = &, a contradiction.

(ix) Let | = P(X). Note that A C X, then A € P(X). Since | = P(X), A € I. Hence, by
Theorem 1 (vii), Ay = &.

(x) Let x ¢ m-cl(A). Then, x ¢ ({K : K is n-closed and A C K}. It follows that x ¢ K for
some 7-closed set K such that A C K. Hence, x € K for some n-open set K¢ such that
AN K¢ = @. It implies that there exists K¢ € n-O(x) such that AN K¢ = @, and by
definition of ideal, @ € [ for any ideal /. Hence, AN K¢ € | for some K¢ € n-O(x). This
shows that x ¢ A7. O
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Remark 1. Let (X, T,1) be an ideal topological space and A be any subset of X. Then for any

n-local functions, the following properties hold:

(1) The reverse inclusion of Theorem 1 (iii) need not be true in general.
(it) Neither A C Ay nor Ay C A in general.
(iii) Ay is an n-closed set iff Ay = n-cl(Ay).

In order to verify Remark 1 (i) and (ii), the following examples are shown.

Example 2.

(i) Consider the ideal topological space (X, T, 1), where X = {a, b, c,d}, T ={X, &, {b}, {c},
{b,c},{a,b,c}}, and | = {@,{a}}. Then the n-open sets are &, X, {b}, {c}, {a, b},
{a,c}, {b,c}, {b,d}, {c,d}, {a, b, c}, {a c,d}, {a b, d}, and {b,c,d}. Now, let A= {b}
and B = {c}, then AU B = {b, c}. Then by applying Definition 1, Ay = {b}, By, = {c},
and (AU B); = X. Observe that (AU B); = X and A} U By = {b, c}. These shows that
(AUB); ¢ AL UB;.

(ii) Consider the ideal topological space (X, T, 1), where X = {a, b, c,d}, T = {X, &, {b}, {c},
{b,c,d}}, and | = {@,{c}}. Then the n-open sets are &, X, {b}, {c}, {a, b}, {b,c},
{b,d}, {a, b,c} {a b, d}, and{b, c,d}. LetA B C X where, A={a, c,d} and B = {a, b}.
Then by Definition 1, Ay = {a, d} and B}, = {a, b, d}. Obeserve that A ¢ A5 and By Z B.

Theorem 2. Let (X, T,1) be an ideal topological space and A, B be subsets of X. Then for any
n-local functions, the following properties hold:
(i) (A\ B)5\ BL C A%\ Bl
(ii) if B € I, then (AU B); = Ay = (A\ B);,
(iii) (A\ B);U(B\ A); C (AUBY);;
(iv) it U C X, then UN(UNA); CUNAL,
(v) if U €1, then (ANU); = 9,
(vi) if A is an m-closed set, then A;k, CA;
(vii) (ANAL), S AL
(iix) if AUB € I, then (AUB); = AL UB, = @.
(ix) Ay =n-cl(A}) € n-cl(A) and A} is an m-closed set; and
(x) if AC A}, then A} = n-cl(A}) = n-cl(A).

Proof.
(i) Let A, B C X. Since A\B C A, by Theorem 1 (i), (A\B);, C A implies that (A\B);\ B, C
AL\ B
(ii) Let B € I. Suppose x € (AU B)y. Then for every U € n-O(x), (AUB)NU ¢ I. Note that
(AnU)U(BNU) = (AUB)NU ¢ | implies that (ANU)U(BNU) ¢ I. 1t shows that ANU ¢ |
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(iii)

(iv)

(v)

(vi)

(vii)

(iix)

(ix)

(x)

or BNU ¢ I, or both, and as a result, x € A’;] or x € B;;, or both. Hence, x € A;UB;’;. Now,
note that B € /, then by Theorem 1 (vii), B;‘, = &. Thus, x € A;U B;k7 = A; Ug = Afl. This
implies that x € A}. Hence, it shows that (AU B); C A7. In contrast, since AC AU B, by
Theorem 1 (i), it implies that A7 C (AU B);. Consequently, as a result, A} = (AU B);,.
Now, suppose that (A\ B); # A;. Let (A\ B); C A;. Then there exists an element x € A}
such that x ¢ (A\ B)y. Note that x € Ay implies that for every A C X, ANU ¢ | for every
U € n-O(x). Now, since x ¢ (A\ B);, there exists U € n-O(x) such that (A\ B)NU € .
Note that (A\ B)NU = (AnU)\(BNU) €l and BNU C B € . Now, since [ is an
ideal, BNU € I and [(ANU)\ (BNU)]U(BNU) € I, respectively. Again, note that
[(ANU)\(BNU)]U(BNU) = (ANU)U(BNU) € I. Since (ANU) C (ANU)U(BNU) € |,
it implies that AN U € . So, there exists U € n-O(x) such that AN U € | which is a
contradiction.

Let A, B C X. Note that A\ B C Aand B\ AC B. Then by Theorem 1 (i), (A\ B); C A}
and (B \ A); C By, and so, (A\ B); U(B\ A); C AL UB;. Now, by Theorem 1 (iii),
A, U By, C (AU B);. Hence, (A\ B); U (B\ A); C (AU B);,.

Let U C X. Since UNA C A, by Theorem 1 (i), (UﬂA);‘, C Ay, and hence, UN (UﬂA)’;7 -
UnA;.

Let U € /. Since ANU C U €/ and | is an ideal, ANU € I. Hence, by Theorem 1 (vii),
(ANU), =2.

Let A be an n-closed set. Then A = n-c/(A). Now, note that by Theorem 1 (x), A} C
n-cl(A). Hence, Ay C A.

Let A C X. Since AN Ay C Ay, by Theorem 1 (i), (AN A7), C (A7),
Theorem 1 (vi), (Ay), C Aj. Therefore, (AN Ay} C A;.

Let AUB € /. Since AUB € / and / is an ideal, A € | and B € [. These imply by Theorem
1 (vii), (AU B); = @, A, = &, and B, = @. Therefore, (AU B); = AL UB; = @.
Suppose that A} # n-cl(A}). Let n-cl(A}) C Ay Then there exists an element x € A}
such that x & n-c/(A;). Note that since x € A7, for every U € n-O(x), ANU ¢ I. Now,
note that x & n-c/(A;). Then x ¢ ({K : K is n-closed and A} C K}. This shows that
x & K for some 7n-closed set K such that A; C K. This implies that x € K¢ for some
n-open set K¢ such that K¢ N A;“7 = . Note that x € K¢ and KN A’; = ¢, then it
follows that x ¢ A%, and so, for some K¢ € n-O(x), AN K¢ € |, which is a contradiction.

Note that by

Consequently, A7 = n-c/(A}), then by Remark 1 (iii), A; is an n-closed set. Now, note
that Ay = n-c/(A}) and by Theorem 1 (x), hence, A} = n-cl(A}) C n-cl(A).

Let A C A}, Suppose that x € n-c/(A). Then x € ({K : K is n-closed and A C K}.
This shows that x € K for every n-closed set K such that A C K. Note that by Theorem

2 (ix), Ay is an m-closed set. Now, note that since A C A7 and A} is an n-closed set,
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Aj € {K: K is n-closed and A C K}. This implies that x € Ay. Hence, n-c/(A) C A7. As
a result, by Theorem 1 (x) and 2 (ix), A} = n-cl(A}) = n-cl(A). O

Theorem 3. Let (X, T,1) be an ideal topological space where n-O(X) is closed under any two

intersections. Then for any A, B subsets of X, the following properties hold:

(i)

(i)
(iii)
Proof.
(i)

(i)

(AUB); = AL UBy,
for U e n-O(x), UNA; =UN(UNA), C(UNA), and
Ay \ By = (A\ By \ By C (A\ B);.

Let n-O(X) be closed under any two intersections. Suppose that x & A} U By, then x ¢ A}
and x ¢ By, implying that there exist U,V € n-O(X) such that AnNU € / and BNV € /.
Note that ANU € [, BNV €/, and [ is an ideal. Then (AN U)U (BNV) € [. Since
unvCcuUandUNnV CV,

(AnV)U(BNV)2[An(UNWV)]u[BN(UNV)]
=(AUuB)N(UNV).

It implies that (AUB)N(UNV) C (ANU)U(BNV) € I. Again, since / is an ideal,
(AUB)N(UNV) € I. Now, note that by assumption, n-O(X) is closed under any two
intersections, and so, there exists U NV € n-O(x) such that (AUB)N(UNV) € /. This
shows that x & (AU B);. Hence, (AU B); C A} U B;. Now, by Theorem 1 (iii), therefore,
(AUB), =A,UB;.
Let n-O(X) be closed under any two intersections. For U € n-O(X), suppose that x €
UNAy. Then x € U and x € A7. To show that x € (UNA)}, let V € n-O(x). Since x € U
and U € n-O(X), we can write it as U € n-O(x). Hence, by assumption, U NV € n-O(x).
Note that since x € A and UNV € n-O(x), then AN(UNV) ¢ [ for every UNV € n-O(x).
Now, by associativity and commutativity,

ANUNV)=(AnU)NnV ¢

=UnNANV &I
This shows that for every V' € n-O(x), (UNA)NV & [. It implies that x € (UNA);. Hence,
UNA; C (UNA);. Now, note that UN A7 C (UNA)p, then UN(UNA7) CUN(UNA).
Since U N (U N A}), by associativity again,
UnUnAy) =UnU)NA,
=UnNA;,.

This implies that U N Ay
Theorem 1 (i), (U N A);

unUun A);‘7 In contrast, note that UN A C A, then by

Ap. Thus, UN (UNA); € UNA;. Consequently, as a

-
< A
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result, UNA; = UnN (UN A);. Note that UN (UN A)y; C (UN A);. This shows that
UNA,=UnUNA), C(UnA);.
(iii) Let A, B C X. Note that A= (A\ B)U (BN A). Thus Ay = [(A\ B)U (BN A)],. Note
that by assumption, n-O(X) is closed under any two intersections, then by Theorem 3 (i),

A = [(A\B)U(BHA)];
= (A\ B); U(BNA);.
So, Ar = (A\ B); U (BN A);. Now, note that A; \ By, = Ar N (B;)°, and since A} =
(A\ B)y U (BN A),
An\ By = Aqn (By)°
=[(A\B);u(BNA;]N(B;)°
=[(A\ BN (B) U (B Ay, N (57)°]
=[(A\B);\ B;]u[(BnA);\ B;].
Hence, A7\ B; = [(A\ B); \ B;]U[(BN A);\ B;]. Note that BN A C B, then by
Theorem 1 (i), (B N A), C Bj implies that (BN A); \ B, = @. Now, since A%\ B} =
[(A\ B); \ Bi]U[(BNA);\ Bi] and (BN A); \ B = @, it follows that
A\ By =[(A\ By \ BrlU[(BN A\ Bl
=[(A\B);\ B;]ug
= (A\B)y\ By
C (A\ By

As a result, it shows that A7\ By = (A\ B); \ By C (A\ B);. O

Theorem 4. Let (X, T, 1) be an ideal topological space and A C X. Then for any n-local function,
the following properties hold:
(i) Ay C A%
(ii) Ay, CT*(A); and
(iii) A* CT*(A).
Proof.
(i) Let x € A} and U € T(x). Since every open set is n-open set, U € n-O(x). Also, since
x € Ay and U € n-O(x), ANU ¢ I. Note that ANU ¢ / and U € 7(x). Hence, ANU ¢ /
for every U € 7(x), and so, x € A*. Therefore, A}, C A*.
(ii) Let x € A} and U € RO(x). Since every reqular-open set is n-open set, U € n-O(x). Also,
since x € A} and U € n-O(x), ANU ¢ I. Hence, ANU ¢ | for every U € RO(x), and so,
x € [*(A). Therefore, Ay CT*(A).
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(iii) Let x € A* and U € RO(x). Since every regular-open set is open set, U € T. Also, since
xeA andUeT, ANU ¢ . Hence, ANU ¢ | for every U € RO(x), and so, x € [*(A).
Therefore, A* C *(A). O

Remark 2. Let (X, T, 1) be an ideal topological space and A C X. Then for any n-local functions,
the following properties hold:

(i) Ay CA*CT*(A)

(i) if n-O(X) =T, then A}, = A*; and

(i) if n-O(X) = RO(X), then A} =T*(A)

Theorem 5. Let (X, T) be a topological space with ideals |1 and I, on X and A C X. Then, for

any m-local functions, the following properties hold:

(i) if Iy C o, then A% (12, 1-O(X)) C A%(1,n-O(X)); and
(ii) AL (11 N 1), n-O(X)) = A% (1, 1-0(X)) U A% (12, n-O(X)).

Proof.

(i) Let I; C lp and x € A;(lg, n-O(X)). Then for every U € n-O(x), ANU ¢ I». Since Iy C I,
ANU ¢ Iy for every U € n-O(x). Hence, A% (/2,n-O(X)) C As (/1. n-O(X)).
(ii) Let /1 and /> be ideals on X. Note that /1 N/, C /1 and /1 N /o C [,. Then by Theorem 5

(i),

A (11, m-O(X)) C Ar((1L N 12), n-O(X))
and

Ax (12, 1-0(X)) C As((11 N l), 1-O(X)),
and hence,

Ay (11, 1-O(X)) U Ar (12, n-O(X)) C A ((11 N 12), n-O(X)).

Next, let x € Aj,((llﬁlz), n-O(X)), then for every U € n-O(x), ANU ¢ I1Nl5. This implies
that ANU ¢ I1 or ANU ¢ . This shows that x € A% (11, n-O(X)) or x € A% (2, n-O(X)).
Hence, x € A:)(ll, n—O(X)) U A;;(lg, n—O(X)), and so,

A;((/l Nla), n—O(X)) - A;‘I(ll, n—O(X)) U Af,(/z, n—O(X)).
As a result, thus,

AL (1 N 1), 1-O(X)) = A% (1, 1-0(X)) U A% (12, n-O(X)). O
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4. m-LocAL CLOSURE

Definition 2. Let (X, T,/) be an ideal topological space. The m-local closure of A denoted by
Clp(A) is defined by the union of A and the m-local function of A, i.e, Cly(A) = AU A} for any
ACX.

Example 3. Let (X, T,1) be an ideal topological space where X ={a, b,c}, T = {9, X,{a}, {b},
{a,b}}, and | = {&,{b}}. Then the n-open sets of X are @, X, {a}, {b}, {a, b}, {a,c}, and
{b, c}. Let A= {a, b}, Then by Definition 1 and 2, A} = {a} and Cl;(A) = {a, b} U{a} = {a, b},
respectively.

Theorem 6. Let (X, T, 1) be an ideal topological space and A, B C X. Then the following properties
hold:

(i) if AC B, then Cly(A) C Cln(B);
(iiy Cly(ANB) C Clp(A) N Cly(B);
(iii) if A is an n-closed set, then Cly(A) = n-cl(A),
(iv) it A€ I, then Clp(A) = A;
(v) Clp (A7) = Ay,
(vi) Clp(A) = n-cl(A); and
(vii) (Clx(A)), = A

Proof

(i) Let A,B C X and A C B. By Definition 2, Clp(A) = AU A} and Clp(B) = BU B;,.
Since A C B, by Theorem 1 (i), A;‘I - B;;. This shows that AU A;; CcC BU B;k,, and hence,
Clp(A) € Clp(B).

(ii) Let A,B C X. Since ANB C Aand AN B C B, by Theorem 6 (i), CI;(AN B) C Clp(A)
and CIr(ANB) C Cly(B). Hence, it implies CI5 (AN B) C CIx(A) N CIx(B).

(iii) Let A be an n-closed set, then A = m-c/(A). Now, suppose that x ¢ A. It implies that
x & m-cl(A), then x ¢ (J{K : K is n-closed and A C K}. It follows that x ¢ K for some
n-closed set K such that A C K. Hence, x € K¢ for some m-open set K¢ such that
AN KS = @. It implies that there exists K¢ € n-O(x) such that AN K¢ = &, and by
Definition of ideal, @ € / for any ideal /. Hence, AN K¢ € | for some K¢ € n-O(x). This
shows that x ¢ A}, and hence, A}, C A. It follows that C/;(A) = AU A} = A. Note that
A =n-cl(A). Therefore, CI;(A) = n-cl(A).

(iv) Let A € I. Then by Definition 2 and Theorem 1 (vii), Cl;(A) = AUA, = AUZ = A
Consequently, CI5(A) = A.

(v) Let A C X. Then by Definition 2 and Theorem 1 (vi), CI5 (A7) = Ap U (A;):} = Ap It
follows that, CIZ (A7) = Aj.
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(vi) Let A C X. Suppose that CIz(A) # n-cl(A). Let n-cl/(A) C Cl;(A). Then there exists

(vii)

an element x € Cly(A) such that x ¢ n-c/(A). Note that since x € Cl;(A), by Definition
2, x € AU Ay implies that x € A or x € A}, or both. Suppose x € A;. Then for every
Uen-0O(x), AnU ¢ I. Now, Since x ¢ n-cl(A), x ¢ ([{K : K is n-closed and A C K}.
It follows that x ¢ K for some m-closed set K such that A C K. Hence, x € K€ for some
n-open set K¢ such that AN K = &, and by Definition of an ideal, @ € / for any ideal /.
It implies that there exists K< € n-O(x) such that AN K¢ € /, and hence, x ¢ A}. Also,
note that since x € K and AN K = @, x ¢ A. This shows that x ¢ A and x ¢ A}, a
contradiction.

Let A C X. Then by Definition 2 and Theorem 1 (iii), (Cly(A)), = (AUA;), 2 AqU(Ar),.
Note that by Theorem 1 (vi), (A;), C A, then Ay U (A7), = A;. It implies that Ay C
(Ch(A)),. Now, let x € (Clr(A)),. Then for every U € n-O(x), Cly(A) N U & I. Now, by
Definition 2, CIp(A)NU = (AUAY)NU ¢ | = (ANU)U(AZNU) ¢ I Itimplies that ANU & |

or A;ﬁU ¢ [, or both, and so, x € A;"7 orx € (A;';):; or both. It follows that x € A;’;U (A;';)j]
Note that A7 U (Af]); = A}, and so, x € A}, Consequently, (C/;';(A))j7 C Ay Thus,
(C/;,"(A))n:A;';. O

Theorem 7. Let (X, T, 1) be an ideal topological space and A, B C X. Then the following properties

hold:

(i) AC CI(A) and A% C CE(A);

(ii)
(iii)
(iv)

Proof

CI(2) = @ and CI5(X) = X;
CI(A)UCIE(B) C CIE(AUB); and
(CE(A)); C Chi(A) = Cli (Chi(A)).

(i) Let A C X. Note that A C AU Ap. Then by Definition 2, A C Cl;(A). Next, note that
A € AU A7, by Definition 2 again, it implies that A7 C CI5(A).

(ii) By Definition 2 and Theorem 1 (iv), Clp(9) = @ U (9);, = @ U = @. Next, note that X is a
universal set, then (X); C X. Hence, by Definition 2, C/5(X) = X U (X); = X.

(iii) Let A, B C X. By Definition 2 and Thoerem 1 (iii),

Clho(AUB) =(AUB)U(AUB),
2 (AUB)U(ALUB,)
= (AUAL)U(BUBY)
= CII(A)UCE(B).

This shows that CI5(A) U Clp(B) € Clp(AU B).


https://doi.org/10.28924/ada/ma.5.2

Eur. J. Math. Anal.

(iv) Let A C X. Note that by Theorem 6 (vii), (C/;';(A)); = A}, and by Theorem 7 (i), A} C Clp(A).
Hence, it shows that (C/,*,(A)); C CIp(A). Next, by Definition 2, C/,*,(C/,*,(A)) = Clp(A) U
(Ch(A)),- Note that since (Ci(A)), S Chi(A),
CIR(CR(A)) =CI(A) U (C/;;(A))f7
= Cly(A).

It follows that, CI(A) = CI:(CLE(A)). O

Remark 3. The reverse inclusion of Theorem 7 (iii) need not be true in general as shown from the

following example.

Example 4. Let (X, T, 1) be an ideal topological space where X = {a, b, ¢, d}, T = {@, X, {c}, {d},
{c.d}}, and | = {@,{a},{b}.{a,b}}. Then the n-open sets of X are @, X, {c}, {d}, {a, c},
{a,d}, {b,c}, {b,d}, {c,d}, {a b . c} {a c,d}, {a b, d}, and{b,c,d}. Let A={c} and B = {d}
such that AUB = {c, d}, Then by Definition 1, A} = {c}, B} = {d}, and (AU B); = X. Now, By
Definition 2, CIy(A) = {c}, Clz(B) = {d}, and Cl;(AU B) = X. Observe that CI;(AUB) = X
and Cly(A) U Cly(B) = {c,d}. These shows that Cly(AUB) & CIi(A)U Cly(B). Hence, the

above assertion has been verified.
Theorem 8. Let (X, 7,/) be an ideal topological space and A C X. Then CI;(A) C CI*(A).

Proof. Let A C X. By Definition 2 and Kuratowski closure operator, C/;(A) = AU A} and
CI*(A) = AU A", respectively. Since by Theorem 4 (i), Ay C A*, AUA, C AU A*. Hence,
Clp(A) C CI*(A). O

Theorem 9. Let (X, T, 1) be an ideal topological space and A be any subset of X. Then A is an
n-closed set iff A= CI(A).

Proof. Let A be an n-closed set. Then A = n-c/(A) and by Theroem 6 (vi), CI5(A) = n-cl(A),
respectively. Note that A =n-c/(A) and n-c/(A) = Cl;(A), then by transitive property, it implies
that A = CI5(A). Now, on the other hand, let A = Cl;(A). Note that by Theorem 6 (vi),
Clp(A) = m-cl(A). Now that A = CIr(A) and Cly(A) = n-cl(A), by transitive property again,
A = n-cl(A). Therefore, A is an n-closed set. O

Note that Theorem 7 (i), (ii), and (iv) satisfy three of the Kuratowski closure axioms. However,
Theorem 7 (iii) did not satisfy one of the Kuratowski closure axioms because it is an inclusion

property. As a result, the following remark is obtained.

Remark 4. The n-local closure, i.e, Cly, need not be a Kuratowski closure operator with respect

to m in general.
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Theorem 10. Let (X, 7, 1) be an ideal topological space where n-O(X) is closed under any two
intersections and A, B C X. Then Cl;(AU B) = Clp(A) U Clp(B).

Proof. Let n-O(X) be closed under any two intersections. Then by Definition 2 and Theorem 3 (i),
it follows that

Clh(AUB) =(AUB)U(AUB),
=(AUB)U (A UBy)
=(AUA)) U(BUBy)
= CI(A)UCEK(B).
Hence, CIX(AU B) = CI;(A) U CE(B). O

Note that Theorem 7 (i), (ii), (iv) and Theorem 10 using the condition, for any ideal topological
spaces (X, T, I) where n-O(X) is closed under any two intersections, satisfy the Kuratowski closure

axioms. As a result, the following remark is obtained

Remark 5. Let (X, T,1) be an ideal topological space where n-O(X) is closed under any two
intersections, the m-local closure, i.e, CI}, is a Kuratowski closure operator (or Almocera closure

operator) with respect to m.

Note that by Remark 5, C/7 is a Kuratowski closure operator (or Almocera closure operator)
with respect to m for any ideal topological space (X, T, /) where n-O(X) is closed under any two
intersections. Now, let A be a 7,-closed set iff A7 C A in any ideal topological space (X, T,/)

where n-O(X) is closed under any two intersections. Then the following lemma is obtained.

Lemma 1. Let A be a T;-closed set iff A} C A in any ideal topological space (X, T,1) where

n-O(X) is closed under any two intersections. Then A is Tp-closed set iff Cly(A) = A.

Proof. Let A be a T;-closed in (X, 7, /) where n-O(X) is closed under any two intersections. Now,
since A is a T;,“—closed, by assumption, A;“7 C A. It follows that AU Af, = A. Now, by Definiton
2, Clp(A) = AU A} = A. Therefore, Cl; = A. On the other hand, let C/;(A) = A. Now, by
Definiton 2, CI;(A) = AU A, = A So, AU A} = A implies A7 C A, and so, by assumption, A is

T;—closed. O

Theorem 11. Let (X, 7,1) be an ideal topological space where n-O(X) is closed under any two
intersections. Let T, = {J CX:Clp(J) = JC}. Then Ty is a topology for X such that 7* C 17
and n-O(X) C 7.

Proof. Let n-O(X) be closed under any two intersections. Note that by Remark 5, C/} is a

Kuratowski closure operator with respect to 7. Therefore, 7 is a topology generated by C/;. Now,

to show that 7* C 'r;;, let Abe a 7*-open. Then A€ is a 7*-closed. Then by Definition of 7*-closed,
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(A€)* C A°. Hence, CI*(AS) = AU (A)" = AC implies that C/*(A) = A°. Then by Theorem
8, Clp(A°) C A Now, since CIz(A°) C A, by Theorem 7 (i), Clp(A°) = A°. Hence, by Lemma

1, A€ is a 'r;;—closed, and so, A is a 'r;';—open. As a result, thus, 7 C 'r;;. Next, to show that

n-O(X) C 7, let A be an m-open. Then A is an n-closed and by Theorem 9, A° = CI;(A°). It
follows that by Lemma 1, A is a 7;-closed implies that A is a 7,-open. Hence, n-O(X) C 7. 0O

5. CoNCLUSION

The concept of the n-local function and the closure Cly has been introduced and demonstrated
through illustrative examples. Additionally, certain properties have been studied and explored. It
can be concluded that the closure C/;; can only be a Kuratowski closure operator (Almocera closure

operator) if n-O(X) is closed under two intersections. Under this condition, 7,7 can form a topology,

making 7, a more generalized version of 7 and n-O(X).
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