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ABSTRACT. The present article contributes to the solution of equations which carry the symmetry
property of the problem or not. Iterative methods with in- verses generate sequences converging
faster to a solution of an equation than methods without inverses. However, the implementation
of these methods has drawbacks, since the analytical form of these inverse may be unavailable or
computationally very expensive. This problem is addressed in this paper by replacing the inverse
with a finite sum of linear opera- tors. A convergence analysis is developed for the hybrid methods.
The numerical examples demonstrate that the number of iterates is essentially the same between the

hybrid and the original method. This technique is also extended to solve generalized equations.

1. INTRODUCTION

The letters X, Y denote Banach spaces; 2 C X is a convex and open subset of X, and F1 : Q —
Y stands for a continuous operator. Numerous applications from diverse areas of computational
science and Engineering can be converted by using mathematical modelling [3,8,14,17,19-21, 23,

26,28,33,35] to finding a solution s* € Q of the nonlinear in the general equation
Fi(x) = 0. (1.1)

The closed form of the solution s* is attainable only in special cases. This forces researchers and

practitioners to solve the equation (1.1) iteratively. Single-step methods of high convergence order
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look like the Newton-type defined for each n=0,1,2,... by
X0 €82, Xpy1=Xp— LglFl(Xn): (1.2)

where L, € L(X,Y) which is the space of continuous operators mapping X into Y, and L, ! €
L(Y,X) foreach n=0,1,2,.... By L,, we denote L(x,). Some choices for the operator L, can be

L, = F{(x,) (Newton's method),
Ln = [x0— F1(xn), xn + F1(xp); F] (Steffensen’s method),

L, = I (The Picard method), the identity operator.

Here F{, [.,.; F1] denote Fréchet-derivative and divided differences of order one for the operator
F1, respectively [22,25].

Many other choices are possible. It turns out that the inverse of the operator L, is costly or
impossible to find in general. This concern with the implementation of these methods constitutes
the motivation for this paper. Our idea is to replace the inverse with a finite sum of linear operators
converging to it. The reasoning is explained as follows. Let p € N be fixed.

Suppose there exists ' € £L(X,Y) such that 1 € £(Y, X) and for A= A(x) =} — L(x))
the operator / — A(x) is also invertible, i.e. (/ —A(x))™! € L(Y, X). In this case, the Newton-type

method can read as
X0 €D, Xoy1 =Xp— (I = AT (X)), (1.3)
Note that we have
(I=Art=[ru-AI"t=L" (1.4)

However, even if the linear operator ! is known it is still required to find the inverse of (/ — A),
which is not a fixed operator (in general). But what if we replace this operator with M = M,(x) =
I+ A+ ...+ AP. Then, method (1.3) can be written as

X0 € Q, Xnp1 = Xp — MITEFL(xp). (1.5)

It is clear that (1.5) is a useful alternative for (1.3) because of (1.4). By letting p — 400, we
get limps 400 M, = L1 if the limit exists. The condition ||A|| < 1 for each x € Q assures the
existence of such a limit. If the linear operator M is invertible and the sequence {x,} given by

(1.5) converges to some s*, then by (1.5) we get
leading to

0= lim M Y(xy—xpr1) = lim T71F(xp),
n—-+o00 n [e’e]
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ie. Fi(s*) = 0. Thus, the point s* solves the equation (1.1). The same reasoning leads for
A= (T = L(x)rtand My =1+ Ay + ... + A to the method

X0 €Q L Xnp1 = Xp — MiT L F(xn). (1.6)

It is clear that the study of the convergence of the method (1.6) is analogous to (1.5). That is why
we study only method (1.5) in Section 2. We deal with two kinds of convergence: the semi-local
and the local. The first utilizes knowledge in a neighborhood of xp and develops estimates related
to || Xp+1 — Xnl| @nd ||s* — x,||, and the convergence conditions assure that lim,— o X, = s*. In the
second kind, knowledge about a neighborhood of s* is used to provide the same estimates as in
the semi-local kind and again lim,— 4 X, = s*. It is worth noting that the iterates generated by
(1.3),(1.5) and (1.6) are not the same in general. But we use the same notation for simplicity. The
convergence for both kinds relies on generalized continuity conditions controlling the operators
involved [5,6,9,18]. In particular, our semi-local convergence analysis depends on the usage of
majorizing sequences [29, 30, 34]. Notice that the method (1.5) can also be written for D, = TM~!

as

In section 3 we also use the developed methodology for solving nonlinear equations to solve

generalized equations. That is find x € X such that
Fi(x) + F2(x) 2 0. (1.8)

Here Fo : X =2 Y is a set-valued operator mapping X into Y with closed graph [1-4,13, 17—
19,21-23,26,28,32,35] and operator F is as previously defined. A plethora of applications from
mathematical programming, variational inequalities, optimal control, or constrained systems are
written in the form (1.8). There is extensive literature on iterative methods solving the generalized
equation (1.8) [1-4,13,17-19,21-23,26,28,32,35]. Notice that the method used in the literature to
solve (1.8) is defined by

F1(xn) + Dp(Xnt1 — Xn) + Fa(xpe1) 2 0, (1.9)

where D, is a linear operator. It can be chosen as D, = L, D, = F{(xn) or D, € 0F1(x,) or other
choices [9,11,23,24]. These methods have the same problems as the ones for solving nonlinear

equations. That is why it is justified to consider the analog of (1.7) defined by

The semi-local and local convergence of the method (1.10) is developed in section 3 in an analogous
way to section 2 for the method (1.5) or (1.7). In numerical section 4, the examples demonstrate

that the number of iterations of the hybrid methods to arrive at a predetermined error tolerance
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is essentially the same as with the original methods. Moreover, the convergence order is also the
same.

In order to achieve all this we redevelop some standard terminology to make the paper as self-
contained as possible. More details can be found in [8,11,19]. Let S(z, p) and its closure S[z, p]
denote open and closed balls, respectively of center z € X and radius p > 0. Let C be a set in X.
Define the distance for x € X to C by dist(x, C) = infyec ||[x — y|. The generalized set-valued
operator G relates with its graph given by gph(G) = {(x,y) € X x Y,y € F»(x)}, and its domain
dom(G) = {x € X|Fa(x) # 0}. The inverse of G is given as G™1(y) = {x € X,y € F2(x)}. Note
that a set-valued operator H : X =2 Y is said to be metrically reqular at xg for yp if yo € H(xp)
and there exists neighbourhoods V; of xp and V4 of yp and B > 0 such that gph(H N (V4 x V%)) is
closed and for each (x,y) € Vi x \,

dist(x, H *(y)) < Bdist(y, H(x)). (1.11)

The reqularity modulus of H at xg for yp is the infimum over all B > 0 and is denoted by
reg(H; xo/yo). Additionally if the operator A : Vb — y — H71(y) N V4 is not multivalued on
V5, then we say that H is strongly metrically reqular. In this case, A is Lipchitz continuous on V5.

Finally, Section 5 contains concluding remarks and directions for research.

2. CONVERGENCE FOR THE METHOD (1.5)

We start with the study of the semi-local analysis in this section. Some auxiliary results and

definitions are useful.

Lemma 2.1. (Banach Lemma on Invertible Operators)( [14, 22, 30, 34]) If P is a bounded linear
operator in X, P~ exists if and only if there is a bounded linear operator Py in X such that Pfl

exists and

Il —PLP|| < 1.
If P~1 exists, then
P=% (I-PP)"Py
n=0
and
_ 1P|
P <t
L . T

Further, we use majorizing sequences to prove the semi-local convergence. Recall the definition

of majorizing sequence.
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Definition 2.1. ([14,22,30,34)) Let {x,} be a sequence in a normed space X. Then a nonnegative

scalar sequence {up} for which
IXn+1 — Xnll < Upy1 —up ¥n >0 (2.1)

holds, is a majorizing sequence for {x,}. Note that any majorizing sequence is necessarily
nondecreasing. Moreover, if the sequence {u,} converges, then {x,} converges too, and for
U =limp_e0 Un

Is* = x|l < u* — up.
Hence, the study of the convergence of the sequence {x,} reduces to that of {u,}.

The analysis requires some conditions. Let £ = [0, +00).

Suppose

(H1) There exists a function ¢ : E x E x E — [0, +00) continuous as well nondecreasing in all
three variables and invertible operators M(.) and I" such that for some xp € Q, and each

x,y € €2 the following Mysovskii-like condition holds
IMCOTH(Fuly) = Fa(x) = TM™H ()|
< ollx = xoll. lly = xoll. lly = xIDlly — xII

Define the real real sequence {a,} for ag = 0,1 > 1 := ||M(x0)l "*F1(xo)|| and each
n=0,1,2,... by
Ont1 = op+Plap—1,an 0n—ap_1)(otn—ap-1), n=1,2, ..
(2.2)
Notice that the constant 7 is well defined since the operator I is invertible. Moreover, the
sequence {a,} defined by the formula (2.2) is proven to be majorizing for the method (1.5)

in Theorem 2.3. But let us present convergence conditions for it.

(H2) There exists a parameter p > 7 such that for each n=10,1,2, ...
¢(ap-1,an 0p — 1) <1land a, < p.
It follows by the condition (H>) and the formula (2.2) that
O<ap-1<ap,<p

and there exists a* € [n, p] such that lim,— 0 &y = a*. H is well known that this limit is
the unique least upper bound of the sequence {a,} and
(H3) S[xo,o*] C Q.
The conditions (H1)-(H3) combined with the terminology are utilized for the convergence of the
method (1.5).
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Theorem 2.1. Suppose that the conditions (H1)-(Hs) hold. Then, the sequence {x,} generated by
the method (1.5) exists in the ball S(xo, @) remains in the same ball for each n =10,1,2, ... and

is convergent to a unique solution s* € S[xg, &*| of the equation F1(x) = 0 such that
|s* = xpll <a*—a,, n=0,1,2.... (2.3)
Proof. The process of induction is employed to show the assertion

IXm+1 — Xmll < amy1 —amfor m=0,1,2,....

The choice of 7, (2.2) and the method (1.5) give that
Ix1 = xoll = [M(xo)T " Fi(x0)l| <1 =1 — a0 < &,

so the assertion (2.4) holds if m = 0, and the iterate x; € S(xp, ™). Suppose iterates xg, X1, ..., Xm
exist and (2.4) holds for all integers smaller or equal to m — 1. Notice that the iterate x;,11 exists
by the method (1.5) and the invertability of the operators M(x;,) and . Then, we can write by the
method (1.5) the Ostrowski-type representation for Fi(xy,) as

Fi(xm) = Fi(xm)— F1(xm_1) = TM ™ (X — Xm—1). (2.5)

Using the condition (H1), method (1.5), (2.2) and the induction hypothesis on (2.5) we obtain in

turn that
IXim+1 = Xmll = IME™H(F1 (xon))
= [IMTH(FL(xm) = Fi(xm-1) = TM ™} (X = xm—1)) |
< PUxm-1 = X0l lIxm = Xoll. Ixm = Xm—1)lIxm = Xm—1]l
< ¢lam—1,am, otm — om-1)(Qm — m-1)
= Omt1— Am, (2.6)
and

[Xm41 = Xoll < [IXmt1 = Xmll + [Ixm — Xm—1]l + - 4 [IX1 = xo|
< Omtp1 —Om+om —om_1+ ...+ 01 — Qg

= Oom+1 < o,

which complete the induction for the assertion (2.4) and show that all iterates {xm+1} C S(x0, &®).
But the sequence {an,} is complete by the condition (H2) as convergent. It follows by the estimate

(2.4) that {x} is also complete. But the space X is Banach, so there exists s* € S[xg, @*] such that
y
oo

Xm = s*. Next, by letting m — 400 in (2.6), the invertibility of the operators M(.),I" and


https://doi.org/10.28924/ada/ma.5.5

Eur. J. Math. Anal.

the continuity of the operator F, we deduce that limy,_ o MI~1F(s*) = 0. By the invertibility
of M

0 = MY0)=M1( lim MIYA(m) = lim MM IR (x,)

m—+o00 m——+o00
= lim T R (xm) =1 lim Fy () = F1FA(s%).
So, F1(s*) =0, since [(0) = 0. Let i =0, 1,2, .... Then, the triangle inequality and (2.4) give
[Xm+i = Xmll < Qmyi — am. (2.7)
Hence, by letting i — +o00 in (2.7) we prove (2.3). Finally, to show the uniqueness part, let
w € S[xp, o] with F1(w) = 0 and w # s*. By using the conditions (H1), (H2) we can write in
turn that

lw=s*l = [(MT=H)(TM™H)(w = s7)]
= [MIH(Fu(w) = Fu(s™) = TM ™ (w — s7))|

IN

o(lls™ = xoll. [lw = xoll. [lw — s*[DlIw — s™]|
< @lat o w = sT)lw = sT| < flw = s7,

which gives a contradiction. Therefore, we conclude that w = s*. O

Remark 2.1. The condition Mysoskii-type [22] condition in (H1) can be replaced as follows:

(H1)" With operator [ as in condition (H1), suppose that there exists a € (0, %) such that ||A|| < a
and for each x,y € Q

IFH(F(y) = A() = TM ™y = X))

< llix = xoll ly = xoll. lly = xIDIly = xII,

/

where the function ¢y is as the function ¢. Then, the condition (Hy)' implies (Hy) if we

take ¢ = agp1, where ag = 1%3

This is the case, since by the definition of the operator M, we have the estimate

M| = [[I+A+..+ A
< l4a+..+2a
1 — gPt1
= ——=a < : 2.8
1-a 0 1-a (28)
In this case the invertibility of the operator M is implied by the Banach Lemma 2.1, since
1—aP a
=M <A+ ..+ AP <a+..+a°=a < <1

1-a 1-a

So, M is invertible and
1—a
1-2a

M~ < b=
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Next, we develop the local convergence. The role of the initial point xy is exchanged by s* and
the function ¢ by .
Suppose:
(H4) There exists a function ¢ : E — [0, +00) continuous and nondecreasing such that the
equation Y(t) — 1 = 0 has a smallest positive solution denoted by r.
(Hs) There exists a solution s* € Q, and invertible linear operators M, " such that for each x € Q
IMTH(Fi(x) = Fi(s™) = TM™H(x = s%))|
< wllx=sllx - "
and
(He) S[s*,r] C Q.

Next, the constant r is shown to be a radius of convergence for the method (1.5).

Theorem 2.2. Suppose that the conditions (Ha) — (He) hold. Then, the sequence {x,} for xo €
S(s*,r) — {s*} exists in S(s*,r), stays in S(s*, r) and converges to s* so that

[Xn41 = ™I < Y(lxn = " IDlIxa = s¥I < [xa = s™[| <. (2.9)
Moreover, x* is the only solution of the equation F(x) =0 in the ball U(s*, r).
Proof. The iterates x1, X2, ..., Xm+1 are well defined by the method (1.5), and we can write in turn
that

Xme1—S* = Xm—5" — MR (xm)

= M YFi(xm) — Fi(s*) = TM ™ (xm — 5%)). (2.10)

It follows by the conditions (Ha), (Hs) and (2.10) that

[Xm+1 = s7I1 < P(lxm = s [DIIxm — sl
< Elxm — T < €M Ixo = ST < (2.11)

where & = Y(||xo — s*||) € [0,1) showing the assertion (2.9) for each m = 1,2, ..., since xp €
S(s*,r) —{s*}. By letting m — +oo in (2.11), we deduce that mj:iooxm. In order to show the
uniqueness part, suppose there exists a solution wy € S(s*, r) such that wy # s*. Then, as in the

semi-local case, we can write in turn
Iwy —s*[| = [[((MC™H)(TM ™ (wy — %))
= IMIH(F(wy) — Fi(s*) = TM ™ H(wy — s))]]
< P(llwr = s*DIwr — s < [Jwy — 57| (2.12)

*

by the choice of r. Hence, we conclude that wy = s*,
wy # s*. [l

since (2.12) contradicts the hypothesis
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Remark 2.2. Comments similar to the ones in Remark 2.4 can be made provided that xg, Y are

exchanged by s*, 1, respectively. It is also worth noting that the condition (Hs) does not neces-

sarily imply the usual condition in local convergence studies that the operator F{(s*) is invertible,

i.e. that s* is a simple solution of the equation F1(x) = 0. Consequently the method (1.5) can be

applied to find solutions of multiplicity greater than one.

3. CONVERGENCE FOR THE METHOD (1.10)

Let A> 0,4 > 0,0 >0 and B > 0 be given parameters.

Suppose:

(C1)

(C3)

(Ca)

There exists a function
w1 :[0,A] x [0, A\] X [0,\] — [0, ¢]

which is continuous and nondecreasing. Define the scalar sequence {h,} for hg = 0, some
h1 > 0,81 >0Band each n=1,2,... by

hn+1 = hn +ﬁl‘pl(hn—l: hnv hn - hn—l)(hn - hn—l)- (31)

The scalar sequence {h,} is shown to be majorizing for {x,} is generated by the formula
in the Theorem 3.2. However, let us present a convergence criterion for it.

There exists \g € [0, /] such that for each n=10,1,2,... h, < Xo.

It follows by this condition and (3.1) that 0 < h,—1 < h, < X\g and there exists h* € [0, A\g]
such that [im,_oc = h*.

The limit point h* is the unique least upper bound of the sequence {h,}.

There exists xp € X and yp € F1(x0) + F2(x0) such that

B5 < 1 and |lyoll < (1~ 68) min{3, .

Choose h1 < B1llyoll.

The operator
x — Qp,(x) := F1(x0) + Dn(x — x0) + F2(x) (3.2)

is metrically regular at xg for yo with constant B and neighborhoods S(xp, A) and S(yo, 1),
respectively.

The mapping ¢; relates to the operators on the method (1.10).

1F1(x) = F1(xa) = Dn(x = xa)ll < @1(lIx = X0ll. lIxa = xoll, [Ix = xalDlIx = Xall.

for each x € S(xp, M\).

Next, the semi-local analysis of convergence is developed using the conditions (C1) — (Cs).
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Theorem 3.1. Suppose that the conditions (C1)—(Cs) hold. Then, for eachy € (89, 1) there
exists a sequence {x,} generated by the method (1.10) which is well defined in S(xp, \),
remains in S(xg, \) for each n =0,1,2, ... and convergence to a solution s* € S[xg, \] of

the generated equation (1.8). Moreover, the following assertion hold
[s* = xall < "X (3.3)

and

dist(0, F1(xn) + F2(xn)) <"yl (34)
for eachn=20,1,2, ...

Thus, the convergence rate is R-linear. Furthermore, If the operator Qp, is strongly
metrically reqular with constant 3 and neighbourhoods S(xp, A\) and S(yo, ), respectively,
then the sequence {x,} is the only one satisfying (1.10), and staying in S(xg, \).

Remark 3.1. The proof is similar to the one in [11, Theorem 2.2]. But it uses (1.10), (Ca)
and (Cs), instead of stronger (1.9),

(Ca) x — Qa,(x) == F1(x0) + An(x — x0) + F2(x),

(Cs)" [I1F1(x) = F1(xn) = La(x = xp) |l < w(l[x = xal[)lIx — Xnll
for each x € S(xo, \), where w : [0.A] — [0, 8] satisfies "™ w(t) =0

n—-o00

Proof. Pick v € (86, 1) and B1 so that 8 < 81 < ¥ and

ol < (1 —w)mm{gl,u}. 35)

The choice of B; is certainly possible since there are infinitely many numbers between 3
and 7. We shall show the existence of the sequence {x,} using mathematical induction for
n=1,2,... satisfying
(1) l1x0 = xoll < S5 Ballyoll < (L —4"MA <X,
(I1n) 1Ix0 = Xn=1ll < hy — hp—1.
(I115) 0 € F1(xp—1) + Dp—1(Xp — Xn—1) + Fa(xn),

where D1 = Dp—1(Xg, ..., Xn—1)-

By hypothesis 0 € S(yo, 1) and yo € Qp,(Xo). Using the condition (C4) for Qp, we get
dist(xo, Qpy(0)) < B dist(0, Qp,(x0)) < Byl
If yo =0, pick x; = xg. Otherwise, It follows that

dist(xo, Qpe(0)) < Ballyoll-

Thus, there exists x; € QB;(O) satisfying

lIx1 — xoll < Billyoll < (1 =)
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So, (I1), (I11) and (/1/1) hold.

Suppose that for some natural number m the element x,, is defined so that the induction
hypothesis (/mm), (/1m) and (/11,) hold. We shall show that the iterate x;+1 is defined andd
the assertions (/m+1), (I!m+1) and (/11pm41) hold. It follows by (/) that x, € S(xo, A).
Set ey = F1(x0) — F1(Xm) — Dm(xo0 — Xm).

By (Cs) for x = xg, (Im), (/1) and the properties of the function ¢ we can write

llem =yl < Ivoll + [F1(x0) = F1(xm) — Dm(xo — xm)||
< yoll + @1(llx0 = xoll. [IXm = xoll, [|Xm — ol |IXo — Xm||
< yvoll + ©1(0, hm, hm) X0 — Xml|
1—~m
< ol +8lxo = xmll < llyoll + =5 — ~ Blliyoll
< 1 = < .
< (1+ T Nllyoll T lvoll < m

If em € Qp,,(Xm), set Xm+1 = Xm. Otherwise by the condition (C4) we have
dist(xm, Qpl(em)) < B dist(em, Qp,,(xn))

Next, there exists an element x,,11 € QB,ln(em) satisfying

[Xm+1 — Xml| < B1 dist(em, Qp,,(Xm))-
By (/11,,) it follows
Qp,(xm) = F1(x0) + Dm(xm — x0) + Fa(xm)
3 Fi(x0) + Dim(xm — X0) — F1(Xm—1 — Dm—1(Xm — Xm—1).

In view of the condition (C4) with x = xp,, (3.5) and (//5,), we obtain in turn that

IXme1 — Xmll < Billem — [F1(x0) — F1(xm—1) + Dm(xm — Xo)
_Dm—l(Xm _Xm—l)]H
BillF1(xm) — F1(Xm-1) = Dm—1(Xm — Xm—1) ||

Bro1(Ixm—1 — xoll., IXm — Xxoll, [1Xm — Xm—1l

B1e1(hm-1, hm, hm — hm—1) = hmi1 — hm, (3.6)

IN

IN

and

IXmt1 — Xmll < Bidllxm — Xm—1ll = V[Xm — Xm—1ll <" l|x1 — ol

AN

< Y"Billyoll-
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Thus, the condition (///;,) holds if m + 1 replaces m. Moreover, by the selection of Xp1,

we get
em € Qp,,(Xm+1) = F1(x0) + Dm(Xm+1— — x0) + Fo(Xm+1)-

So, the assertion (//1,) holds if m+ 1 replaces m. Moreover, by (/,) we get in turn that

IXm+1 = xoll < lxmt1 = Xmll + lIxm = xol]

m 1—~"
< "Billyoll + Tl
-
17,Ym+1
ﬁﬁlHYOH,

which terminates the induction for (/;,). Then, by (C») the sequence is complete as con-
vergent. It follows by (//,,) that the sequence {xp} is also complete in a Banach space X
and as such it converges to some s*. By (/,) we have s* € S(xp, ). We must show that
the limit point s* solves (1.8).

Set ym = Fi(xm) — F1i(Xm=1) — Dm—1(Xm — Xm-1). It follows by (/1) that y, €
F1(Xm) + F2(xm). By using (//) and the condition (C4) for x = x,,, we get in turn
that

||Ym|| = ”Fl(Xm) - Fl(Xm—l) - Dm—l(Xm - Xm—l)”
< Yr([Ixm—1 — xoll, [[xm — xoll. IXm — Xm—1I)l[Xm — Xm—1]|

S 'l//l(hm—lu hmy hm - hm—l)(am - am—l) =0m+1 — Om — 0

as m — +oo.

Consequently, we deduce that (xm, ym) — (s*,0) as m — +oc.

But F is continuous whereas G has a closed graph. Thus, we conclude 0 € F1(s*) 4+ Fp(s*).
Finally, If Qp,, is a strongly metrically reqular operator. It follows that the iterate x11 is

unique and is obtained from X,. O

Next, we develop the local convergence analysis of the method (1.10).
Suppose :

(Ce) There exists a parameter 8 > 1 and a function > : Ry — Ry which is continuous and
nondecreasing such that the equation B1p2(t) — 1 = 0 has a smallest positive solution.
Denote such a solution by rp.

(C7) There exists a solution s* € X of the generalized equation (1.8) and parameters 3 > 0 and
d > 0 such that 86 < 1.

(Cg) The operator x — Tp,(x) = F1(5*) + Dn(x — s*) + F2(x) is a metrically regular at s*
for 0 with constant 8 and neighbourhoods S(s*, A) and (0, i) for some . > 0, respectively.

The function @5 relates to the operators on the method (1.10).
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(Co)

[1F1(s™) = F1(xn) = Dn(s™ = xa) |l < @2(lls™ = xal)lIs" — Xl (3-7)

for xo € S(s*, \). Next, the local convergence analysis of the method (1.10) is presented

using the conditions (Cg) — (Ca).

Theorem 3.2. Suppose that the conditions (Cs) —(Co) hold. Then, for eachy € (86, 1) the
re exists a sequence {x,} generated by the method (1.10) which is well defined in S(s*, \),

remains in S(s*, \) for each n =0, 1,2, .. and converges to s* so that
[5* = xnll < d[Is" = xp—1l| < d"[|s" — xoll < A,

where d = B1p2(]|s* —xo)|| € [0, 1). Additionally, If the operator Tp, is strongly metrically
reqular with constant B and neighbourhoods S(s*, \) and S(0, ), respectively, then the
sequence {x,} is the only one satisfying (1.8), and satisfying in (s*, \).

Proof. Simply follow the proof of Theorem 3.1 for vy € (86, 1)xg = s* and B < 31 < % to
obtain as in (3.6) but using (Cg) and (3.7) instead of (C4) and (3.6), respectively to obtain

1" = xmll < Brpa(lls™ = xm-1l)lIS™ = Xm-1l

< dIs" = xmo1| <. < dTIST = xoll < A

lim
m——+00

Finally, if the operator Tp,, is strongly metrically reqular, it follows that the iterate x,,

Therefore, we conclude that Xm = s* and the iterate x,, € S(s*, \).

is unique in S(s*, \) by the way the iterate x,, is derived from Xxp_1. O

4. NUMERICAL EXAMPLES

The examples use L, = F{(x,), I = | which is independent of xp and s*.

Example 4.1. The solution sought for the nonlinear system

Let 1

Then

i = x—0.1sinx—03cosy+0.4

fr = y—02cosx+0.1siny+0.3

= (f1, f2). Then, the system becomes

Fi(s)=0 for s= (x,y)T.

1—-0.1cos(x)  0.3sin(y)

Flley)) = 0.2sin(x)  0.lcos(y)+1 |

Method (1.2)

Xp+1 = Xp — F{(Xp)ilFl(Xp)-
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Method (1.5), p=1, I =/,
Mi(x) =1+ (I = F(x)),
Qu(x) =x = (I + (I = F(x)))F1(x), (4.1)
Xn+1 = Q1(Xn).-
Method (1.5), p=2, I =1,
Ma(x) = I + (I = F1(x)) + (I = F{(x))?,
Q2(x) = x — Ma(x)F1(x), (4.2)
Xn+1 = Q2(Xn).-
Method (1.5), p=3, T =/,
Ms(x) = I + (I = FL(x)) + (I = F{(x))? + (| = F{(x))°,
Q3(x) = x — M3(x)F1(x), (4.3)
Xn+1 = Q3(Xn).-
Method (1.5), p=4, T =1,
Ma(x) = 1+ (I = F{(x)) + (I = F{(x))? + (1 = F1(x))* + (1 = F{(x))*,
Qa(x) = x — Ma(x)F1(x), (4.4)
X1 = Qa(Xn).
Method (1.5), p=5, I =1,
Ms(x) = 1+ (I = F{(x)) + (I = F{(x))? + (1 = F'(x))° + (1 = F{GO)* + (1 = F(X))°,
Qs(x) = x — Ms(x)F1(x), (4.5)
Xn+1 = Qs(Xn).-
Method (1.5), p=1,5, I = F/(xo).

Xpt1 = Xp — I\/lrfll-_l(xn),

A= B"YB - F|/(x)), (4.6)
p
M=1+) A
=1

Thus, the comparison shows that the behavior of the method (1.5) is essentially the same as
Newton’s method (1.2). However, the iterates of the method (1.5) are cheaper to obtain than
Newton’s. As observed in Table 1 - Table 4, the number of iterations required for the proposed

methods with k ranging from 3 to 5 closely aligns with those of Newton’s method.
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Method Iterations Method Iterations
(1.2) Newton 4 (1.2) Newton 4
(41),p=1 6 (4.6),p=1 8
(4.2),p =2 5 (4.6),p =2 6
(43),p=3 4 (4.6),p =3 5
(44),p =4 4 (4.6),p =4 5
(4.5),p =5 4 (4.6),p =5 4
TaBLE 1. The number of iterations to reach error tolerance € = 10~° with initial

guess xp = (1,1) and ||/ — F{(x0)|| = 0.3129 < 1.

Method Iterations Method Iterations
(1.2) Newton 3 (1.2) Newton 3
(4.1),p=1 5 (4.6),p=1 3
(4.2),p =2 4 (4.6),p =2 3
(43),p=3 3 (4.6),p=3 3
(44),p =4 3 (4.6),p =4 3
(45),p =5 3 (4.6),p =5 3
TaBLE 2. The number of iterations to reach error tolerance € = 1072 with initial

guess xp = (0,0) and ||/ — F{(x0)|| = 0.1414 < 1.

Method Iterations Method Iterations
(1.2) Newton 5 (1.2) Newton 5
(4.1),p=1 (4.6),p=1 9
(4.2),p =2 5 (4.6),p =2 7
(43),p=3 5 (4.6),p =3 6
(4.4),p =4 5 (4.6),p =4 6
(45),p =5 5 (4.6),p =5 5

TaBLE 3. The number of iterations to reach error tolerance € = 1072, where xy =
(=15, —15) and ||/ — F{(xo)|| = 0.257 < 1.

Table 5 shows the results of calculations to determine the Computational Order of Convergence
(COC) and the Approximated Computational Order of Convergence (ACOC) aiming to compare the

convergence order of method (1.5) with the convergence order of Newton’s method (1.2).

Definition 4.1. Computational order of convergence of a sequence {x;};>o is defined by
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Method Iterations Method Iterations
(1.2) Newton 7 (1.2) Newton 7
(41),p=1 (4.6),p=1 12
(4.2),p =2 7 (4.6),p =2 8
(43),p=3 7 (4.6),p =3 8
(4.4),p =4 7 (4.6),p =4 7
(45),p =5 7 (4.6),p =5 7

TABLE 4. The number of iterations to reach error tolerance € = 10712, where xg =
(—15,-15) and ||/ — F{(x0)|| = 0.257 < 1.

= _ Infejr1/¢)]
T Inle/eal’

where x;_1, X;, Xj+1 are three consecutive iterations near the root a and ¢; = x; — [6].

Definition 4.2. The approximated computational order of convergence of a sequence {x;j};>q is
defined by
g - &+1/8]

Inlej/e—1]

where € = Xj — Xj_1. Xj, Xj_1, Xj—2 are three consecutive iterates [0]

Method coOC ACOC
(1.2) Newton | 1.8624 1.9697
(41), p=1 | 0863 1

(42), p=2 | 02695 1.0438
(43), p=3 | 19714 23569
(44), p=4 | 18354 1.9453
(45), p=5 | 1.8642 1.9661
(46), p=1 | 09065 1.0118
(4.6), p=2 | 05912 0.999
(4.6), p=3 | 07321 0.9926
(46), p=4 | 1.933 20151
(46), p=5 | 18679 1.9578

TABLE 5. The computational Order of Convergence and the Approximated Compu-

tational Order of Convergence, where xg = (—15, —15), ¢ = 10712,
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Table 5 shows that the convergence of the proposed methods closely corresponds with the con-
vergence of Newton’s method, particularly for values of k ranging from 4 to 5 with the convergence

order closely approximating 2.

Example 4.2. Let X = Y = R3 and Q = S[s*, 1]. The mapping F is defined on Q for a =

(al, ao, ag)” € R3 as

-1
Fi(a) = (a2 -1, —a+a)"".

Then, the definition of the derivative according to Fréchet [22,25] is given for the mapping Fy

1 0 0
Fi(a)=1] 0 e® 0
0 0 (e—1)as+1
The point s* = (0,0,0)* solves the equation Fi(a) = 0. Moreover, F{(s*) = |. The conditions of
the Theorem 2.2 hold forp = 1, if(t) = a(t) = (e—1)t. Then, we can have r € (0,0.2909883534).

Example 4.3. Let H[O, 1] stand for the space of continuous functions mapping the interval [0, 1]
into the real numbers. Let X =Y = HI[0, 1] and Q2 = S[s*, 1] with s*(v) = 0. The operator F; is
defined on H|0, 1] as

1
F(2)(v) = 2(v) — 4 /O vz(r)dr

Then, of the derivative according to Fréchet [1,10,15,22,30] is given below for the operator Fy

Fi(z(w))(v) = w(v) — 12 /1 vrz(T)?w(T)dT
0

for each w € HI[0, 1]. Therefore, the conditions of the Theorem 2.2 hold if, since for s* = 0,
F{(x*(v)) = I hold for that p =1, if p(t) = a(t) = 6t. Then, again by the definition of r, we can
choose r € (0,0.83).

5. CoNcLUDING REMARKS

The paper addresses the issue with the inverses appearing in the study of the convergence
of simple-step iterative methods. It is shown that the inverse can be replaced by a finite sum
of linear operators related to the operator involved. The resulting hybrid methods demonstrate
the effectiveness of these methods since the number of iterations is essentially the same as well
as the convergence order of the methods. However, the hybrid method is cheaper to implement.
This idea can be used for multiple steps and multiple point methods with the same advantages
[3,5-7,9,14,23,24,31]. This is the direction of future research.
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