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ABsTRACT. Optimization problems play a crucial role in various fields such as economics, engineering,
and computer science. They involve finding the best value (maximum or minimum) of an objective
function. In unconstrained optimization problems, the goal is to find a point where the function'’s
value reaches a maximum or minimum without being restricted by any conditions. Currently, there
are many different methods to solve unconstrained optimization problems, one of which is the Newton
method. This method is based on using a second-order Taylor series expansion to approximate the
objective function. By calculating the first derivative (gradient) and second derivative (Hessian matrix)
of the function, the Newton method determines the direction and step size to find the extrema. This
method has a very fast convergence rate when near the solution and is particularly effective for
problems with complex mathematical structures. In this paper, we introduce a Gauss-Seidel-type
algorithm implemented for the Newton and Quasi-Newton methods, which is an efficient approach
for finding solutions to optimization problems when the objective function is a convex functional. We

also present some computational results for the algorithm to illustrate the convergence of the method.

1. INTRODUCTION
In this paper, we focus on solving the unconstrained nonlinear optimization problem

min £(x) (1)
where f(x) is a convex functional with second derivative on R". Optimization problem (1) is also
a problem derived from many problems in different fields in economics and engineering. Solving
problem (1) can lead to solving a system of nonlinear equations and has many different appli-
cations, for example in solving the £1-norm problem arising from compressing sensing [1]- [4], in
variational inequalities problems [5]- [6], and optimal power flow equations [/] among others. In
a broader sense, optimization should be understood as the activities aimed at obtaining the best
result under certain conditions (maximizing profit, minimizing costs). The theory of optimization

methods is not new, there are a huge number of optimization methods: methods based on the use
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of Lagrange multipliers, methods of dynamic programming, and methods of the calculus of vari-
ations, linear and nonlinear programming methods, there are currently many different solutions
depending on the objective function. One of the simplest methods is the steepest descent method
or also known as the Gradient descent method [2], [8], this method is simple and applicable to a
fairly wide class of objective functions, the content of the method is to give a sequence of iter-
ations x(kt1) = x(K) — o, VFf(x4), ax > 0, where ay is the step length determined by Armijo’s
rule after the exact or inexact line search, this method has the disadvantage of linear convergence
rate. We want to improve the efficiency of the algorithm’s convergence, the Newton method is a
good choice [9]- [12], Newton's method was first proposed by Isaac Newton in 1964 when finding
solutions to nonlinear equations. To date, Newton's methods have widely been used for solving
the unconstrained nonlinear optimization problem. As a result, studies of Newton's method form
an extremely active area of research, with new variants being constantly developed and tested.
Basic results on Newton’s method and comprehensive lists of references can be found, e.g., in the
books by Dennis and Schnabel [13], Ostrowski [14], Ortega and Rheinboldt [15], Deuflhard [16] and
Corless and Fillion [17], survey of Newton's method in [18]. The general iterative rule for solving (1)

starts from an initial approximation and generates a sequence using the general iterative scheme
xFFD = x() 1 o dy. (2)

Where d is an appropriate search direction. General class of algorithms of the form (2) is known
as the line search algorithms. The method has a local quadratic convergence, thus converging
extremely fast in a neighbourhood of the solution [19]. Nowadays, this method is extended to
find optimal solutions for multivariable functions based on Taylor expansion, the solution of the
optimization problem is performed in an iterative sequence x(k*1) = x(k) — [sz(x(k))]_1 V(x(k),
if the objective function is not quadratic, the above iteration sequence may diverge or converge to a
local minimum or converge to a saddle point. A variant of Newton’s method introduced in [20] is the
generalized Newton's method, in which the solution to the optimization problem is computed by the
iteration sequence x(KT1) = x(K) — o [VQf(x(k))]f1 VF(xK)), where ay is called the step length
and is determined by one-dimensional search methods in the direction — [V2f(x(k))]71 VF(xK))
. However, in some practical problems when leading to optimization problems where the objective
function does not have a second derivative, applying Newton's method is not feasible. To overcome
this limitation, recently some results in [21] and [22] have proposed a quasi Newton algorithm for
finding solutions to nonlinear optimization problems, showing the effectiveness of the method.
The numerical results in the papers all use Jacobi iteration, so we hope to improve the conver-
gence of the algorithm by applying the idea of Gauss-Seidel iteration to the implementation of
Newton and quansi-Newton methods. So, in this paper, we propose Gauss — Seidel algorithms
implemented for the Newton and quasi-Newton method for finding solutions at each iteration

step, in which we inherit the information of the component solutions calculated in the current
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iteration instead of using the solutions calculated in the previous iteration. The computational
results illustrating the algorithm are given to confirm the convergence of the algorithm. The
paper is organized as follows. Section 2 presents the Newton's method and implementation of
the Gauss-Seidel iterative algorithm based on Newton and Quasi-Newton methods. Experimental
results illustrating the convergence are presented in Section 3. Finally, there are conclusions and

references.

2. PROPOSED METHOD

2.1. Newton's method.
Let x* is the minimum point of the functional, then the necessary condition is g—)';(x*) =0. in

order to determine the iterative sequence, we use the Taylor expansion for f(x), we have

1
f(x) = F(x) + Vi (x —x®) + Sx— X2y, (3)
where V£(x) = (g—)fl, aa—)fz, aa—)fn), Jx is the Hessen matrix and is defined as
&2f °f o*f
ox? Ox10xp Ox10xn
82%f  8%f 2
V2 f(X) _ Ox00x1 8x22 0x00xn
°f °f o°f
0x,0x1  O0xp0xo Ox3
Since 2, we have
Vi =V + (x — xK) . (4)
So, we have the iterative process.
XD = %) — ()" IVh, k=1,2,3,...,n. (5)

Formula (4) is called Newton'’s iteration formula with second-order convergence rate. The algo-
rithm is implemented as follows:
Algorithm 1:
function x=newton(x(1),£);
k=1;
while(||V 1|l > €)
d% = —() Vi
x(k+1) = x(K) 4 (k).
k=k+1;
end;

x = x(K;
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According to this algorithm, at the step k: d = —(J) "IV, xtkHD) = x() 1 (k) we implement

component inheritance x( 1 calculated to calculate X( 1) ,J=1+1,..n So (5) is replaced by

B A (6)

where
n

d) = =5 [V

j=1
i—1 n
d == _[G0TVFT) = 3 (U0 VA i =20
j=1 J=i+1

So, Newton's algorithm is updated as follows:
Algorithm 2:
function x:newton(x(l),e);
k=1;
n:length(x(o));
while(||V k| > €)
dk) — 0;
for j=1:n
df = i) [0V
end;
XD (0 o
for i=2:n
for j=1:i-1
di(k) (k) — [0~ ]vf(xj(k—i-l))
end;
for j=i:n
d® = d® — [0 V()
end;

(k+1) (k) (k)

. =X +d;
end;
k=k+1;
end;
x = x(k+1)
In case the objective function is not second-order differentiable, then instead of using Newton'’s

method, we will use the quasi-Newtonian method.

2.2. Quasi-Newton method.

The idea of the quasi-Newton method [22] is derived from formula (5), we approximate the Hessen
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matrix Jx by matrix Bx So, since (3), we have the following iteration process:
XD = x(K) — o [Be] E VFi, k=1..n, (7)

where, ay is the step length determined in the direction S = — [Bk]_l Vf, it can change at each

iteration and satisfy the Wolfe condition [22].

F(xXR) + ay Si) < F(x) + cra, STV F(x(H))
—SIVF(x5) + aySy) < —cS] VF(x(R) (8)
O<ag<oxl

ay is determined by algorithm 3

Algorithm 3:

function ak:LlneSearch(f,Xk, Sk);

Initialize constants c1, ¢, Bsatisfy0 < <o <1l;0<B <1

o=

while(f(x(9) + aSk) > f(x9)) + c1aS] VF(xK)) or =S V(x5 + aSy) > —cS] VF(x(K))

a = LBa;

end;

o =0
In case the objective function is a convex function, the obtained optimal point is the global optimal
solution of problem (1). It is easy to see in [13], if Bx = [ then the iterative formula (7) is the
steepest descent method published in [23]. By is an approximation matrix for the Hessen matrix

and satisfies the condition

V(xR) = VFxx*D) - By (xK) — x(k=1)y, (9)
At x(k+1) we have
VxEDY = VF(xF)) — Bjepq (xEFD — x(K) (10)
Or can write
Brt1dk = gy, (11)

where,

die = x5 —x(O) g = Vf i, — Vh
Formula (11) can be rewritten as follows:
dx = Bir1] gy, (12)
where, Biy1 is a positive definite symmetric matrix and is updated according to the formula

Byx1 =Bk +Cz2Z". (13)
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Since (11), we have (Bx +CZZ")dy = g,. So, CZ = %=Bd% |6t 7 — g, — [B4]dy, then

Z7dy
_ 1
C_ZTdk and

(9x — Bxds) (g5 — Bid)”
(9 —Bid) d
We can also use the following calculation: Byxi1 = By + C12121T + C22222T, dyx = Bkg, +
C1Z1(Z] g,) + CoZo(Z3 g,). Let Z; = di and Zo = Byg,, similar to formula (15), we have
9,97 (Bidi) (Bdy)”
g/ di d/ Bdy
Thus, the algorithm to find the solution of problem (1) is implemented as follows:
Algorithm 4:
function x=QNewt0n(x(1), £);
k=1
B, =1;
while(|| V|| > €)
Sk=—[Bu ' Vi
ai= LineSearch(f, x(K), S);
x(KHD) = x(K) 4 o) S
d, = x(k+1) — x(k).
gk = Vikp1 — Vi
Update By41 according to (14) or (15);
k=k+1;
end;
x = x(k+1)

Bri1 =Bk + (14)

Bit1 =Bk +

(15)

According to this algorithm, starting from point x(1), The iteration sequence (15) converges to the

local optimum x* and satisfied.
FxXD) > > xRy > > F(xY)

In case the objective function is a convex function, the obtained optimal point is the global optimal
solution of problem (1). To illustrate the theoretical results, here are some experimental calculation

results of the algorithm.

3. EXPERIMENTAL RESULTS AND DISCUSSIONS

In this section, we perform experimental calculations to illustrate the convergence of the algorithm
introduced in the paper. The data is given:

Objective function

- 10 »
fFx)=) (x—1) (16)
i=1


https://doi.org/10.28924/ada/ma.5.9

Eur. J. Math. Anal. 10.28924/ada/ma.5.9

Initial approximation: x() = (0, 0, ..., 0). It is easy to see that the exact solution of problem (1)

is x* = (1, 2, ..., 10), f(x*) = 0. The objective function (16) is differentiable at all levels, so the

Hessen matrix exists, so we can completely apply Newton’s algorithm to solve problem (1). Let
err = ||x(k) — x*||2, we have the computational results illustrating the convergence of Newton’s

algorithm given in Table 1:

Table 1. Approximate solution of problem (1) obtained from Algorithm 2

x(¥) k=5 k=10 k=15 k =20
X 0.8025 0.9740 0.9966 0.9995
X9 1.6049 1.9480 1.9931 1.9991
X9 2.4074 2.9220 2.9897 2.9986
X 3.2099 3.8960 3.9863 3.9982
X 40123 4.8699 4.9829 4.9977
X 4.8148 5.8439 5.9794 5.9973
X0 5.6173 6.8179 6.9760 6.9968
x 6.4198 7.7919 7.9726 7.9964
X 7.2222 8.7659 8.9692 8.9959
X 8.0247 9.7399 9.9657 9.9955
err 3.8758 05104 0.0672 0.0089

The calculation results in Table 1 show that the approximate solution found converges to the exact
solution of the problem according to the number of iterations. The graphs in Figure 1 and Figure

2 illustrate the convergence of the algorithm.
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Figure 1. Error graph according to the number of iterations with the number of iterations
k=1,2,...,20 obtained from Algorithm 2
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Figure 2. Objective function graph according to the number of iterations (number of iterations
k=1,2...,20) obtained from Algorithm 2
From Figure 1 and Figure 2, it can be seen that the error function and the objective function are
monotonically decreasing functions with the number of iterations, which shows that the approximate

solution converges to the exact solution of Problem (1). Now, let us consider the following objective

function:
10 4
Z (X,' — %) E|X,' < %
_ =1
=43 : 1 (17)
> (ki—F)yxi—F Wxix=3
i=1
The objective function does not have a second derivative at x* = (1, % 1—10) So, in order to find

the solution for Problem (1) with objective function (16), we perform Algorithm 4 with the Hessen
matrix approximation. Matrix updated according to formula (15). The calculation results are given

in Table 2.
Table 2. Approximate solution of problem (1) obtained from Algorithm 4

x() k=5 k =10 k=15 k=20
x{K) 0.4598 0.8654 0.9708 1.0128
XK 0.5080 0.5079 05078 0.5078
X9 0.2322 0.3231 0.3459 0.3548
X 0.1490 0.2424 0.2659 0.2748
X 0.0987 0.1791 0.1997 0.2078
X 0.0672 0.1341 0.1525 0.1600
X0 0.0471 0.1025 0.1196 0.1271
X 0.0340 0.0798 0.0959 0.1039
X 0.0251 0.0632 0.0784 0.0866
X 0.0190 0.0508 0.0649 0.0733

err 0.6032 0.1680 0.0722 0.0584
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The calculation results in Table 2 show that the approximate solution found converges to the exact
solution of the problem depending on the number of iterations. The calculation results show that
the quasi-Newton method has the advantage of not requiring a quadratic differentiable objective
function, but the convergence is quite slow compared to the Newton method. The error function
and the objective function are not monotonically decreasing functions with the number of iterations,
but tend to decrease gradually, which also confirms that the approximate solution converges to the
exact solution of the problem. The graphs in Figure 3 and Figure 4 illustrate the convergence of

the algorithm.
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erraxis

k-axis

Figure 3. Error graph depending on the number of iterations with the number of iterations
k=1,2...,20 obtained from Algorithm 4
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Figure 4. Graph of the objective function depending on the number of iterations (number of

iterations k=1,2,...,20) obtained from Algorithm 4
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4. CONCLUSION

In this paper, we implement an iterative algorithm to solve the unconstrained convex optimization
problem based on Newton and Quasi-Newton iteration methods, in which the information of the
component solutions calculated in the current iteration is inherited instead of using the solutions
calculated in the previous iteration. The computational results according to the algorithm are
performed on the Matlab 2014 environment, the numerical results have confirmed the convergence

of the method and are consistent with the theory presented in the paper.
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