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Abstract. Optimization problems play a crucial role in various fields such as economics, engineering,and computer science. They involve finding the best value (maximum or minimum) of an objectivefunction. In unconstrained optimization problems, the goal is to find a point where the function’svalue reaches a maximum or minimum without being restricted by any conditions. Currently, thereare many different methods to solve unconstrained optimization problems, one of which is the Newtonmethod. This method is based on using a second-order Taylor series expansion to approximate theobjective function. By calculating the first derivative (gradient) and second derivative (Hessian matrix)of the function, the Newton method determines the direction and step size to find the extrema. Thismethod has a very fast convergence rate when near the solution and is particularly effective forproblems with complex mathematical structures. In this paper, we introduce a Gauss-Seidel-typealgorithm implemented for the Newton and Quasi-Newton methods, which is an efficient approachfor finding solutions to optimization problems when the objective function is a convex functional. Wealso present some computational results for the algorithm to illustrate the convergence of the method.

1. Introduction
In this paper, we focus on solving the unconstrained nonlinear optimization problem

min
x∈Rn

f (x) (1)
where f (x) is a convex functional with second derivative on Rn. Optimization problem (1) is alsoa problem derived from many problems in different fields in economics and engineering. Solvingproblem (1) can lead to solving a system of nonlinear equations and has many different appli-cations, for example in solving the `1-norm problem arising from compressing sensing [1]- [4], invariational inequalities problems [5]- [6], and optimal power flow equations [7] among others. Ina broader sense, optimization should be understood as the activities aimed at obtaining the bestresult under certain conditions (maximizing profit, minimizing costs). The theory of optimizationmethods is not new, there are a huge number of optimization methods: methods based on the use
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Eur. J. Math. Anal. 10.28924/ada/ma.5.9 2of Lagrange multipliers, methods of dynamic programming, and methods of the calculus of vari-ations, linear and nonlinear programming methods, there are currently many different solutionsdepending on the objective function. One of the simplest methods is the steepest descent methodor also known as the Gradient descent method [2], [8], this method is simple and applicable to afairly wide class of objective functions, the content of the method is to give a sequence of iter-ations x (k+1) = x (k) − αk∇f (xk), αk > 0, where αk is the step length determined by Armijo’srule after the exact or inexact line search, this method has the disadvantage of linear convergencerate. We want to improve the efficiency of the algorithm’s convergence, the Newton method is agood choice [9]- [12], Newton’s method was first proposed by Isaac Newton in 1964 when findingsolutions to nonlinear equations. To date, Newton’s methods have widely been used for solvingthe unconstrained nonlinear optimization problem. As a result, studies of Newton’s method forman extremely active area of research, with new variants being constantly developed and tested.Basic results on Newton’s method and comprehensive lists of references can be found, e.g., in thebooks by Dennis and Schnabel [13], Ostrowski [14], Ortega and Rheinboldt [15], Deuflhard [16] andCorless and Fillion [17], survey of Newton’s method in [18]. The general iterative rule for solving (1)starts from an initial approximation and generates a sequence using the general iterative scheme
x(k+1) = x(k) + αkdk . (2)

Where dk is an appropriate search direction. General class of algorithms of the form (2) is knownas the line search algorithms. The method has a local quadratic convergence, thus convergingextremely fast in a neighbourhood of the solution [19]. Nowadays, this method is extended tofind optimal solutions for multivariable functions based on Taylor expansion, the solution of theoptimization problem is performed in an iterative sequence x(k+1) = x(k)−
[
∇2f (x(k))

]−1∇f (x(k)),if the objective function is not quadratic, the above iteration sequence may diverge or converge to alocal minimum or converge to a saddle point. A variant of Newton’s method introduced in [20] is thegeneralized Newton’s method, in which the solution to the optimization problem is computed by theiteration sequence x(k+1) = x(k) − αk
[
∇2f (x(k))

]−1∇f (x(k)), where αk is called the step lengthand is determined by one-dimensional search methods in the direction − [∇2f (x(k))]−1∇f (x(k)). However, in some practical problems when leading to optimization problems where the objectivefunction does not have a second derivative, applying Newton’s method is not feasible. To overcomethis limitation, recently some results in [21] and [22] have proposed a quasi Newton algorithm forfinding solutions to nonlinear optimization problems, showing the effectiveness of the method.The numerical results in the papers all use Jacobi iteration, so we hope to improve the conver-gence of the algorithm by applying the idea of Gauss-Seidel iteration to the implementation ofNewton and quansi-Newton methods. So, in this paper, we propose Gauss – Seidel algorithmsimplemented for the Newton and quasi-Newton method for finding solutions at each iterationstep, in which we inherit the information of the component solutions calculated in the current
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Eur. J. Math. Anal. 10.28924/ada/ma.5.9 3iteration instead of using the solutions calculated in the previous iteration. The computationalresults illustrating the algorithm are given to confirm the convergence of the algorithm. Thepaper is organized as follows. Section 2 presents the Newton’s method and implementation ofthe Gauss-Seidel iterative algorithm based on Newton and Quasi-Newton methods. Experimentalresults illustrating the convergence are presented in Section 3. Finally, there are conclusions andreferences.
2. Proposed method

2.1. Newton’s method.Let x∗ is the minimum point of the functional, then the necessary condition is ∂f
∂xi
(x∗) = 0. inorder to determine the iterative sequence, we use the Taylor expansion for f (x), we have

f (x) = f (x(k)) +∇fk(x− x(k)) + 1
2
(x− x(k))2Jk , (3)

where ∇f (x) = ( ∂f∂x1 , ∂f∂x2 , ..., ∂f∂xn), Jk is the Hessen matrix and is defined as

∇2f (x) =


∂2f
∂x21

∂2f
∂x1∂x2

... ∂2f
∂x1∂xn

∂2f
∂x2∂x1

∂2f
∂x22

... ∂2f
∂x2∂xn

..........................................

∂2f
∂xn∂x1

∂2f
∂xn∂x2

... ∂2f
∂x2n

 .
Since 2, we have

∇f = ∇fk + (x − x (k))Jk . (4)
So, we have the iterative process.

x(k+1) = x(k) − (Jk)−1∇fk , k = 1, 2, 3, ..., n. (5)
Formula (4) is called Newton’s iteration formula with second-order convergence rate. The algo-rithm is implemented as follows:
Algorithm 1:
function x=newton(x(1),ε);
k=1;
while(‖∇fk‖ > ε)

d(k) = −(Jk)−1∇fk ;
x(k+1) = x(k) + d(k);
k=k+1;

end;
x = x(k);
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According to this algorithm, at the step k : d(k) = −(Jk)−1∇fk , x (k+1) = x (k)+ d (k), we implementcomponent inheritance x(k+1)i calculated to calculate x (k+1)j , j = i + 1, ..., n, So (5) is replaced by
x
(k+1)
i = x

(k)
i + d

(k)
i , (6)

where
d
(k)
1 = −

n∑
j=1

[
(Jk)

−1]∇f (x (k)j )
d
(k)
i = −

i−1∑
j=1

[
(Jk)

−1]∇f (x (k+1)j )−
n∑

j=i+1

[
(Jk)

−1]∇f (x (k)j ), i = 2, ..., n
So, Newton’s algorithm is updated as follows:
Algorithm 2:
function x=newton(x(1),ε);
k=1;
n=length(x(0));
while(‖∇fk‖ > ε)

d(k) = 0;
for j=1:n
d
(k)
1 = d

(k)
1 −

[
(Jk)−1

]
∇f (x (k)j )

end;
x
(k+1)
1 = x

(k)
1 + d

(k)
1

for i=2:n
for j=1:i-1
d
(k)
i = d

(k)
i −

[
(Jk)−1

]
∇f (x (k+1)j )

end;
for j=i:n
d
(k)
i = d

(k)
i −

[
(Jk)−1

]
∇f (x (k)j )

end;
x
(k+1)

i = x
(k)

i + d
(k)

i

end;
k=k+1;

end;
x = x(k+1)In case the objective function is not second-order differentiable, then instead of using Newton’smethod, we will use the quasi-Newtonian method.

2.2. Quasi-Newton method.The idea of the quasi-Newton method [22] is derived from formula (5), we approximate the Hessen
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Eur. J. Math. Anal. 10.28924/ada/ma.5.9 5matrix Jk by matrix Bk So, since (3), we have the following iteration process:
x(k+1) = x(k) − αk [Bk ]−1∇fk , k = 1..n, (7)

where, αk is the step length determined in the direction Sk = − [Bk ]−1∇fk , it can change at eachiteration and satisfy the Wolfe condition [22].
f (x(k) + αkSk) ≤ f (x(k)) + c1αkSTk ∇f (x(k))
−STk ∇f (x(k) + αkSk) ≤ −c2STk ∇f (x(k))
0 < c1 < c2 < 1

(8)
αk is determined by algorithm 3

Algorithm 3:
function αk=LineSearch(f,xk , Sk );Initialize constants c1, c2, β satisfy 0 < c1 < c2 < 1; 0 < β < 1

α = α0

while(f (x (k) + αSk) > f (x (k)) + c1αS
T
k ∇f (x (k)) or −STk ∇f (x (k) + αSk) > −c2STk ∇f (x (k)))

α = βα;
end;
αk = α;In case the objective function is a convex function, the obtained optimal point is the global optimalsolution of problem (1). It is easy to see in [13], if Bk = I then the iterative formula (7) is thesteepest descent method published in [23]. Bk is an approximation matrix for the Hessen matrixand satisfies the condition

∇f (x(k)) = ∇f (x(k−1))− Bk(x(k) − x(k−1)). (9)
At x (k+1), we have

∇f (x(k+1)) = ∇f (x(k))− Bk+1(x(k+1) − x(k)) (10)
Or can write

Bk+1dk = gk , (11)
where,

dk = x
(k+1) − x (k), gk = ∇fk+1 −∇fkFormula (11) can be rewritten as follows:

dk = [Bk+1]−1 gk , (12)
where, Bk+1 is a positive definite symmetric matrix and is updated according to the formula

Bk+1 = Bk + CZZT . (13)
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Since (11), we have (Bk + CZZT
)

dk = gk . So, CZ = gk−[Bk ]dk
ZT dk

. Let Z = gk − [Bk ] dk , then
C = 1

ZT dk
and

Bk+1 = Bk +
(gk − Bkdk) (gk − Bkdk)T

(gk − Bkdk)T dk
. (14)

We can also use the following calculation: Bk+1 = Bk + C1Z1ZT1 + C2Z2ZT2 , dk = Bkgk +
C1Z1(ZT1 gk) + C2Z2(ZT2 gk). Let Z1 = dk and Z2 = Bkgk , similar to formula (15), we have

Bk+1 = Bk +
gkgTk
gTk dk

−
(Bkdk) (Bkdk)T

dTk Bkdk
(15)

Thus, the algorithm to find the solution of problem (1) is implemented as follows:
Algorithm 4:
function x=QNewton(x(1), ε);
k=1
Bk = I;
while(‖∇fk‖ > ε)

Sk = − [Bk ]−1∇fk ;
αk= LineSearch(f , x (k),Sk );
x(k+1) = x(k) + αkSk ;
dk = x(k+1) − x(k);
gk = ∇fk+1 −∇fk ;Update Bk+1 according to (14) or (15);
k=k+1;

end;
x = x(k+1);According to this algorithm, starting from point x(1), The iteration sequence (15) converges to thelocal optimum x∗ and satisfied.

f (x(1)) ≥ ... ≥ f (x(k)) ≥ ... ≥ f (x∗)

In case the objective function is a convex function, the obtained optimal point is the global optimalsolution of problem (1). To illustrate the theoretical results, here are some experimental calculationresults of the algorithm.
3. Experimental results and discussions

In this section, we perform experimental calculations to illustrate the convergence of the algorithmintroduced in the paper. The data is given:Objective function
f (x) =

10∑
i=1

(xi − i)4 (16)
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Eur. J. Math. Anal. 10.28924/ada/ma.5.9 7Initial approximation: x(1) = (0, 0, ..., 0). It is easy to see that the exact solution of problem (1)is x∗ = (1, 2, ..., 10), f (x∗) = 0. The objective function (16) is differentiable at all levels, so theHessen matrix exists, so we can completely apply Newton’s algorithm to solve problem (1). Let
er r =

∥∥x(k) − x∗
∥∥
2
, we have the computational results illustrating the convergence of Newton’salgorithm given in Table 1:

Table 1. Approximate solution of problem (1) obtained from Algorithm 2

x(k) k = 5 k = 10 k = 15 k = 20

x
(k)
1 0.8025 0.9740 0.9966 0.9995
x
(k)
2 1.6049 1.9480 1.9931 1.9991
x
(k)
3 2.4074 2.9220 2.9897 2.9986
x
(k)
4 3.2099 3.8960 3.9863 3.9982
x
(k)
5 4.0123 4.8699 4.9829 4.9977
x
(k)
6 4.8148 5.8439 5.9794 5.9973
x
(k)
7 5.6173 6.8179 6.9760 6.9968
x
(k)
8 6.4198 7.7919 7.9726 7.9964
x
(k)
9 7.2222 8.7659 8.9692 8.9959
x
(k)
10 8.0247 9.7399 9.9657 9.9955
err 3.8758 0.5104 0.0672 0.0089

The calculation results in Table 1 show that the approximate solution found converges to the exactsolution of the problem according to the number of iterations. The graphs in Figure 1 and Figure2 illustrate the convergence of the algorithm.

Figure 1. Error graph according to the number of iterations with the number of iterations
k=1,2,. . . ,20 obtained from Algorithm 2
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Figure 2. Objective function graph according to the number of iterations (number of iterations
k=1,2,. . . ,20) obtained from Algorithm 2From Figure 1 and Figure 2, it can be seen that the error function and the objective function aremonotonically decreasing functions with the number of iterations, which shows that the approximatesolution converges to the exact solution of Problem (1). Now, let us consider the following objectivefunction:

f (x) =


10∑
i=1

(
xi − 1i

)4 ∃xi < 1
i

10∑
i=1

(
xi − 1i

)√
xi − 1i ∀xi ≥ 1

i

(17)
The objective function does not have a second derivative at x∗ = (1, 12 , ..., 110), So, in order to findthe solution for Problem (1) with objective function (16), we perform Algorithm 4 with the Hessenmatrix approximation. Matrix updated according to formula (15). The calculation results are givenin Table 2.

Table 2. Approximate solution of problem (1) obtained from Algorithm 4

x(k) k = 5 k = 10 k = 15 k = 20

x
(k)
1 0.4598 0.8654 0.9708 1.0128
x
(k)
2 0.5080 0.5079 0.5078 0.5078
x
(k)
3 0.2322 0.3231 0.3459 0.3548
x
(k)
4 0.1490 0.2424 0.2659 0.2748
x
(k)
5 0.0987 0.1791 0.1997 0.2078
x
(k)
6 0.0672 0.1341 0.1525 0.1600
x
(k)
7 0.0471 0.1025 0.1196 0.1271
x
(k)
8 0.0340 0.0798 0.0959 0.1039
x
(k)
9 0.0251 0.0632 0.0784 0.0866
x
(k)
10 0.0190 0.0508 0.0649 0.0733
err 0.6032 0.1680 0.0722 0.0584
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Eur. J. Math. Anal. 10.28924/ada/ma.5.9 9The calculation results in Table 2 show that the approximate solution found converges to the exactsolution of the problem depending on the number of iterations. The calculation results show thatthe quasi-Newton method has the advantage of not requiring a quadratic differentiable objectivefunction, but the convergence is quite slow compared to the Newton method. The error functionand the objective function are not monotonically decreasing functions with the number of iterations,but tend to decrease gradually, which also confirms that the approximate solution converges to theexact solution of the problem. The graphs in Figure 3 and Figure 4 illustrate the convergence ofthe algorithm.

Figure 3. Error graph depending on the number of iterations with the number of iterations
k=1,2,. . . ,20 obtained from Algorithm 4

Figure 4. Graph of the objective function depending on the number of iterations (number of
iterations k=1,2,. . . ,20) obtained from Algorithm 4
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Eur. J. Math. Anal. 10.28924/ada/ma.5.9 104. Conclusion
In this paper, we implement an iterative algorithm to solve the unconstrained convex optimizationproblem based on Newton and Quasi-Newton iteration methods, in which the information of thecomponent solutions calculated in the current iteration is inherited instead of using the solutionscalculated in the previous iteration. The computational results according to the algorithm areperformed on the Matlab 2014 environment, the numerical results have confirmed the convergenceof the method and are consistent with the theory presented in the paper.
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