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ABSTRACT. In this paper, we introduce a g-weighted Bergman spaces {Aa,nq} For n = 0 an

neN:

uncertainty inequality of the Heisenberg-type for the space A4, 4 is given by considering the operators
Va,q:i=Vaq and La g := Laq. Also, we study on this space the g-Toeplitz operators, the g-Hankel
operators. At the end, we study the theory of extremal function and reproducing kernel of Hilbert
space and we use it to establish the extremal function associated to an bounded linear operator

T : Aa,q — H, for any Hilbert space H.

1. INTRODUCTION

Many studies has happened in the last decade, characterizing the action of operators on Bergman
and weighted Bergman spaces. This line of inquiry has attracted interest owing to its intimate links
with complex analysis, functional analysis, and operator theory [6]. Many techniques have been
investigate in different types of operators. For example, Hankel operators have been thoroughly
analyzed using function-theoretic and operator-theoretic approaches ([1], [12]); composition opera-
tors have been studied through dynamical and analytic techniques ( [14]); and multiplier operators
have been explored in the context of reproducing kernel Hilbert spaces and boundedness criteria.
These developments have significantly enriched the theory and opened new directions for further
investigation.

The main results of this paper is to deal with operators acting on a general g-weighted Bergman
spaces {Au.nq},cy: We prove some properties concerning g-Toeplitz operators and g-Hankel
operators; we establish a more general Heisenberg-type uncertainty principle given in [16] for the
space Aq g by considering the operators Vq g := Va,q and Ly g := Lg,g We study the theory
of extremal function and reproducing kernel of Hilbert space, to establish the extremal function

associated to a bounded linear operator 7. Noting that, there exist many similar uncertainty
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principles, in physics [2], [4], [10], and mathematics [3], [19], that are based on position, momentum,
energy, time, and so on.

The weighted Bergman space is one of the complex analysis tools used in harmonic analysis [7].
Let C be the complex plane, D = {z eC: |zl < 1} the open unit disk and H(D) the space of all

analytic functions on D. For any o > 0,
1
dve(z) = %a(l — |z|*)2 tdxdy

is the weighted Lebesgue measure on . The weighted Bergman space A, is the space

H(D) (N L?(D, dvg). Noting that, it is an Hilbert when space equipped with the inner product

(Fgha = /D F(2)9(@) dva(2),

and the norm ||f|| 4, = ||f||Lg,q(JD>)r see [8,16,20] for more details on the theory of Bergman spaces.
The contents of the paper are as follows. Section 2 reviewers from [16] the g-analogue of the g-
weighted Bergman space A, 4 and we will introduce the g-analogue of g-weighted Bergman spaces
{Aa.ng}pen- In Sect.3, we will study the g-derivative operator V4 ¢ and its adjoint operator Ly g on
the g-weighted Bergman space A, 4, we will prove some properties concerning g-Toeplitz operators
and g-Hankel operators and we will establish at the end of this section a general uncertainty
inequality of Heisenberg type for the space Ay 4. In Sect.4, we will give an application of the
theory of extremal function and reproducing kernel of Hilbert space by establishing the extremal

function associated to a bounded linear operator T.

2. PRELIMINARIES

In all the sequel, assume that 0 < g < 1 and o > 0. The reader can refer to [9] and [13] for
more details for the definitions and notations of the basic hypergeometric series, the Jackson's
g-derivative and g-integrals, g-Gamma and g-Beta functions. The reference [16] is devoted to the

g-weighted Bergman space on the disk.

The standard Watson's notation for the g-shifted factorials are defined for any complex number

aby
(a;9)0:=1, (a;q)n:= |_|(1 — aqk_l), n=1,2,.. (39w = |_|(1 — aqk_l),
k=0 k=0

and [a]q is standing for the number associated to 2,

1-¢? (9:9)n
alg = . alg! i= —==, neN.
[ ]q 1 _ q [ ]q (1 o q)n
For any complex z, (a; q); is defined by
(3 9)oo

(a:9)z = ﬁ (1)
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and the g-binomial theorem [9] is given by

= (& Dn_,_ (32,90
g (g Cl)nZ (29 (2)

The g-analogue of the classical Euler Gamma and Beta functions defined by Jackson in [11] are

Mq(a) = ((6762;;(767))2(1 —q)t7? R(a) > 0.

1
Bq(a. b) 3_/0 27 (gt; q)p-1dgt = m,

The g-analogue exponential functions e,(z) and E4(z) [9] are given by

e (1-qz" 1
“=L ga, "o

R(a), R(b) > 0. (3)

qn(nfl)/Z(l _ q)z”

Eq(2) = . = (=2 @)oo
s (a:9)n
The g-derivative [9] on a subset of C is defined by
f(z) — f(q2)
Dq,2f(z) = z#0. 4
q. ( ) (1 - q)Z # ( )

In all the sequel, we need the following spaces:

e H(D) the space of all analytic functions on the unit open disk D = {z € C; |z| < 1}.
o [2 (D) :=LZ(D, dvy,q) the space of measurable functions f on the unit disk I satisfying

171 o= 500 [ [ 170 P d0) (0% aascetr?) = [ 17(2) P dvena(2)

is finite, where dvq g [5] the measure defined on the unit disk D for @ > 0 by
_ g, o 2\ 4D > — p il
dUa,q(Z) = or (qr vq)a—ldq(r )dev Z=re-,

and d@ is the usual Lebesgue measure on [0, 27| and the integral with respect to dq(r?) is

related to the g-Jackson’s integral over [0, 1] defined by:

1 oo
| et =1 3 (e
0 n=0
o Ay g = Aq q(D) the g-weighted Bergman space of all functions in H(D) ) Lqu(D). It is

a Hilbert space when equipped with the inner product

(Fr G ay = /D F(2)9(2) dvq 2).
and the norm

IFlac, = { [ 1F@) Pt "
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o Aung = Aaqnq(D), the Hilbert space of functions on H(ID), such that

1l 1£(0))? +/D | NJF(2) |7 dvag, n=1,2, ...

||fH?4a,O,q ||f||2.Aa,q'

Ng is the g-multiplication operator on A, 4 given by Ny := zDy .

Moreover, if f(z) =Y 32, axz" then

11y, = laol” + ) [KI3"C(a; q)laxl?,
k=1

where
(9:q)n
(a*TL q)n

Cn(a; q) =
3. UNCERTAINTY INEQUALITY ON THE G-WEIGHTED BERGMAN SPACE Aq 4
Consider the g-operator V4 ¢ and L4 q are the operators on Ay ¢(D, dvg,q) defined by
Vg =G *Dgs Ng:=2Dg; Lag:=2?Dqg,+|a+1]qq > 'z, (5)

So, we have the following g-commutation relation

Lemma 3.1. [Va,q, Lagl, = Va,glag = La,gVa,qg = q_"‘_ll\q([a + 1]/ + (1 + q_l)q_o‘_qu).
where | is the identity operator and N\ is the g-shift operator given by Nqf(z) = f(qz).

We derive the following results

Proposition 3.1. Let f,g € Aq (D, dvy.q) with f(z) =) 72 qanz" and g(z) = Y ;2 bnz", we

have

(V) (f, 9>Aa,q(D,duaq Z anbn( ((i_;])(;) Z aan Cn(a; CI)~
n=0

) (q: q) =
(@) 1P (0.dvag) = Z| anl? = = lanl? Ca(a: q).
) P

Zn

(iit) The set {Eﬁq(z) = W

Proof. Given f(z) =Y 32, akz" and g(z) = Y 32, bkz", the result follows by using dominate

]» , forms a Hilbert's basis for the space Ay (D, dVq,q).

convergence theorem and relation (4.6) in [5] we have

)
<f g>Aaq(D dvag) = Z ambn/ zn dl/aq Z) Zam n(qa+1 ;)n (6)

m,n=0

The last assertion follows directly from Proposition 4.1 in [5]. O
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Theorem 3.1. The function K 4 given for w,z € D, by
1
(2W; @)at1’
is a reproducing kernel for the g-weighted Bergman space Ay (D, dvy q).
That is

]Coc,q(zv w) = ’Ca,q(zw) =

(i) for all w € D, z+— Ky q(z, w) belong to A q(D, dva,q)-
(ii) forall w,z € D and f € Ay q(D, dva,q), we have (f, Ko q(., W)) 4, o(D,dvag) = F(W).

1/2
(itt) For all f € Aqq(D,dvag) and z € C, | f(z) |< [eq(|z|2)Eq(q°‘+1|z|2)] I

F 1l Ao q(D.dbag) -
(iv) Let w € D. The function u(z) = Kq,q(zW) is the unique analytic solution on D of the
initial problem

zZVq qu(z) = wlqy qu(z), u(0) = 1.

Proof. To prove the first assertion (i), we use Proposition 3.1 (iii) the function {7 ,(2) constitute
an orthonormal basis of Aq (D, dvy.q). Therefore for any z, w € D, Ky ¢ can be computed by

evaluating the following sum

o0 o0 1
Kaqg(z,w) =) &q(2)E5 (W) =) =——=2"w".
! ;) e HZO Cn(e: q)

Hence by (1) combined with (2) we deduce easily

o0

@ Dn e (T2 ) 1
Ko"q(z'w)_nzo @ O e W e

To prove (ii), we use the same as in Proposition 4.2 in [5]. The last assertion follows by using (4). O

The domain of the operator V4 4 denoted by Dom(V4, 4) is defined by
Dom(Va,q) i= {f € Aaq(D. dvaq); Ve € Aug(D. dva) }.
and same for Domg(Ng) and Domg(Ly q)-
Lemma 3.2. The operators Vo,q, Ng and Lo q satisfies the following

(i) Dom(Vy q) = Dom(Ly,q) = Dom(Ng) = Aq.1,q-.

(i) Forany f,g in A1, we have: (Va qf, 9) 4, o(D.dvag) = (Fr La,q9) Agq(D.dvag)-
(iit) For any f in Aq,1,4 we have

” La,qf Hia,q(D,dl/a‘q):H va,qf ”im +q_a_l[a + 1]67 ” /\ql/Zf Hi\a,q +q_a_1(1 + q_1)<Nqu1/2 f, /\ql/2 f)Aa,q'

Proof. Let f € Aq 1,4, With f(2) =Y ;% akz". Then using relation (4), we have respectively

Vaof(2) =Y a klgakz 1 =3 - Uk + gaks12¥ (8)
k=1 k=0
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and
Lagf(2) =) (Klg+a % Hat+lgazt =) (k—1q+q * a+lgaz"  (9)
k=0 k=1

Thus from the previous relation, we get
| Voo ig= (Veraf, Vo tug = {F. LagVoraF)aaa = 3_ 0 [Kla([k = Lo + a4 1o )| *C(es 9),
k=1
(10)

| Laqf H2.Aa‘q: (Lagf, La.qf>Aa,a ={f,Vaglogf)sas = Z q_a_l[kJF]-]q([k]q+q_a_1[a+1]q) ‘3k|2ck(a? q), (11)

k=1

and
| Ngf H,24a,q(D,dua,q): (Ngf, Ngf) Ag o(D.dveq) = Z[k]3|ak|2ck(a: q). (12)
k=1

Therefore, from Proposition 3.1, (10), (11) and (12) we deduce easily

IN

Hin\a,q(D,dua,q) —|F(0)? ||Va,qu?4a,q(D,dua’q) <(1+qg ta+ 1]q)||f‘|?4a,l,q(Ddeoz,q)

1712, vy < IaafIP dven < 2ol + 0 o+ UDIP  (.dven)

A

1P, 1 o(0.dve) — PO < INGFIZ 0dvag) < I 1 o(D.dves)-

So, Dom(V¢,q) = Dom(Lg,q) = Dom(Ng) = Ag1,q(D, dva,q).

To prove (ii), let f, g in Ag.1,4(D, dva.q) with £(2) =Y 52, axz" and g(z) = Y72 bkz". From
Proposition 3.1, (8) and (9) we have

(Vagfs 9 Aag(Ddvag) = Z gk + 1] gak+1bkCr(@; @)
k=0

— }OO ak11bx (9 Di+1
- _ o+1( ga+1-
= (1= q)g* 1 (g**; q)k

iakgk 1 (g: )
- _ +1( qot1- '
= (1= a)a* (> q)k—1

on the other hand

o0
(fi Laq9) Ao oDdvag) = »_(k—1g+q * Mo+ 1g)lk + 1gaxbk—1Ci(ct; q)
k=0
e 1— anrk B
= > o kbk1Ck(a q)
—q
k=0

. - (a; 9)«
= Y [k +alqakbior o

= - (0 9«
= agbk— = (Vaqf, :
2 b G gy (gt gy (Yl el
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Finally, to prove (iii), using [k + 1]q = [k]q + ¢ we deduce easily that
k10 (kg + a Mo+ 1lg) = (kg + 0*) (Ik = 1lq + ¢ + e Mo+ 1]
= K[k = 1lg+ a7 Mo+ 1lg) + @ Hat 1g+ (1407 [k,
Which leads to the result using (10), (11), (12) and the fact that AgNg = Ng/Aq. O

Lemma 3.3. Dom(Va,qla.q) = Dom(Vy gla.q) = Aa2.q9(D, dvg.q).

Proof. Let f € Aq (D, dva,q), with f(z) = Y 72, axzX. Then using relation (8) and (9) we

obtain

Vaglagf(z) = Z q_a_l[k + 1]4([k]g + q_a_l[a + 1]q)3kzk

k=0

and

La,qVaqf(z) = Z q_a_l[k]q([k —1]g + q_a_l[a =+ 1]q)akzk-

k=1

Therefore,

|| va,qLa,qf HAa,q(D,dua,q): Z q_2(a_+)[k + 1]3([k]q + q_a_l[a + 1]q)2|3k|2ck(a; Q)

k=0

and

I LagVeaal langaug= ) a VKK = g + g e+ 1g)*|ax*Cu(a: ).
k=1

So, as in the previous lemma, from Proposition 3.1, we deduce easily

1P 5 o(0.dvmg) — PO < HlLa,qVaaf 2, 0.y < (L0 % o+ ) IR, (0.dus):

and

Hf”ila,z,q(D,dua,q) < ||Voc,qLoc,qf”i\a,q(D,dua,q) = [2]3(1 +q o+ 1](7)2”f”,24a'21q([),duavq)-

Thus, Dom(Vq gla,q) = Dom(Va gla.q) = Aa2.q. O

We can now establish an uncertainty inequality of Heisenberg-type on the space Ay 4(D, dVa.q),

by the virtue of the following lemma:

Lemma 3.4. [6]Let X and Y be self-adjoint operators on Hilbert space H (i.e X* = X andY* =Y)).
Then

(X = a)F lll (= B)F 15> 5 (X, YIF. Fhu |

for all f in Dom(XY) N Dom(Y X) and a,b € R
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Theorem 3.2. Let f € Ay 24(D,dvyq). Forall a,b € R, we have

H (Voc,q + La,q - a)f ||Ao¢,q|| (va,q - Loc,q + /b)f ||Aa,q
> g o+ g | Agaf 14, +0 0+ a ) (NgA g2 f Agaa F) e -

Proof. Consider X :=Vq4 ¢+ LagandY :=i(Vaqg— Laq)- By Lemma 3.2 and Lemma 3.3, the

operators X and Y verifies the following properties

(@) X*=XandY*=Y
(b.) Dom(XY) = Dom(YX) = Aa24
(c) [X.Y]g=—2i[Va,q La,glg-

So, the result follows from Lemma 3.1 and Lemma 3.2. O

Proposition 3.2. Let a,b € R.
(i) Forall f € Ay2,4(D, dvy q), we have

| (va,q + Lag— a)f ||Aa,q(D,dua,q)|| (va,q —Lag+ ib)f ||Aa,q(D,dua,q)

>|| Loagf P, y0.dvag) = I| Vouaf It o(0.dveg) -
(i) Forall f € Ay1,4, we have

0" (Vaug + Lag = F ool (Vag = Lag +ib)F [lags

> [oc+ g | Agrref 115, +(1+ 0 ) NeAgaf, Agaf) g o

Proof. Let a, b € R. The first inequality (i) hold from Lemma 3.2 (iii) and the second inequality
(it) hold by applying Lemma 3.2 (i). |

4. OPERATORS ON THE G-WEIGHTED BERGMAN SPACE A, 4

4.1. g-Toepliz Operator on A, 4. Consider the orthogonal projection operator Py q : Liyq(D) —
Aq,q. Since Li’q(D) =Auq® Ai"q then for any f € L2 (D), we have f = (f — f*) + f* where
f—rfte Aq g and f+e .A(J,;’q. Furthermore, for z € D,

Pa,gf(2) = (f = F)(2) = {(f = F)(2), Kag(2. )iz 0y = (F(2). Kaa(z. )1z ,0):
where Kq 4 is the reproducing kernel given by (7). The following assertions then follow

Proposition 4.1. For all f,g € L3, (D), we have:
() Pago Pagf = Paqf.

(i) (Paqf 912 @) = (f. Paq9) 12 (D)-
(iit) The operator Py 4 is bounded with || Poq |=1 and || | — Paq ||< 1.
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Let ¢ € L*°(D). The g-multiplication operators My are the operators defined by
Mg : L2 (D) — L2 (D), Myf(z) := ¢(2)f(z), z € D.
The g-Toepliz operators Ty are the operators defined by
Tg: Aag = Aaq. Tepf(2) := PugMy(2)f(2), z € D.

Theorem 4.1. Let ¢ € L*°(D).

(i) The operators Ty are bounded and || Ty || <|| ¢ ||oo-
(i) Forall f,g € Aq,q, we have

(Tof, 9 Aag = (F. T59) Aug-
Proof. Let ¢ € L>°(ID). To prove (i), let f € Aq,q then from Proposition 4.1 (iii) we have

| Tof lAae=Il Pa.gMoT laa o= Poq(®F) laao<Il &F 12 )<l OF el 1l Aag -

Thus, |[ Te <l ¢ 1.
To prove the second assertion, we use the fact that for any f, g € Ay g, Paqf = f and Py q9 = 9.

From Proposition 4.1 (i), we obtain

(Tof, 9) Aaq = (OF Pa,a9) 12 () = (F.09) 12 () = (Paal T59) 12 ) = (F. T59) e

Theorem 4.2. Let ¢ € L°°(DD) has compact support, then Ty is a compact operator.

Proof. Let ¢ € L°°(ID) and n,m=0,1,2,.... From Proposition 3.1, we have

X (Te€h g Emg)iz (D)
Teén o(2) = ' 2 —=zm
d)gn,q( ) r;j Cm(Ot; q)

So,

(To€nq EmalAaq = (D0 Ema) L2 (D)
Since ¢ € L>°(D) with compact support, there exist a positive constant a and K such that | ¢(z) |<
aand ¢(z) =0, for any | z |> a. Then for all n, m € N, we get from (3) and Proposition 3.1 (i),

a (04 = 1
($€h g €m.q) 12 ,(0) = V/Co(a; )Cm(a; @) Jiz1<a

$(2)2"z2Mdvy ¢(2)

Thus, we obtain

o a K
<¢£n,qr gm,q>Lg‘vq(D) <

VCnl(a; q)Cm(a; q) Jizi<a
2K ar”+m Ve oz
\/Cn(a;q)Cm(a:q)/o Weal2)

2K[O‘]qan+m ! 2. 2
S e /0 (02 Qarda()

|Z|n+deoz,q(Z)



https://doi.org/10.28924/ada/ma.5.20

Eur. J. Math. Anal.

Kan+m
V/Cn(a; 9)Crm(ai q)

Hence,

[e%¢) }(Td)g%q, g% q)Aaq‘z ) ( 0 a2f7
' ) . S 4K 2
n=0

Cn(a; q)Cm(a; q) Cn(a;q)

Then Ty is an Hilbert-Schmidt operator, and consequently it is compact. O

2
) < 4K2%e4(a%) (g™t q)2 < 0

n,m=0

4.2. g-Hankel Operator on A, 4. Let ¢ € L>°(DD). The g-Hankel operators Hy are the operators
defined by

Hd) . Aa,q — -Aa,qv Hd) = (l - POLQ)M¢'

Theorem 4.3. Let ¢, € L>(D).

() The operators Hy are bounded and || Hy ||<|| ¢ |-
(ii) Forall f € Agq and g € L3 (D), we have

(Hof. 9)12 () = (F. Hp9) Aa g Hy = Pa,gMg(l — FPaq).
(i) Ty — ToTy = HiHy.
Proof. Let ¢, ¢ € L°°(ID). To prove (i), from Proposition 4.1 (iii) for any f € Ay 4

I Ho lliz )=l (! = Pa,a) llez ) <1 &F [z )<l & lege,myll &F lliz ) -

So, || Hp I<Il @ | o (m)-
(ii) Let f € Ag,g and g € L2 (D). From Proposition 4.1 (ii) and the fact that Py of = f we obtain

(Hof. 9)iz ) = (@f. 91z () — (OF Pag9)12 ,(m)
= (f.o(/ - Poq)9) 12 (D)
= (Pagf o(1 - Pa,q)9>Lqu(]D>)
= (f Pa,qM$(/ — Pa,q)9) Aaq-
(iti) Let ¢, 9 € L°°(D). Then
/‘%/—/¢ = Py gMy(l — Pa,q)2M¢ = Po.gMp(l — Paq)My = Pa.qMpyp — Pa.qgMpPogMy = Topwp — Tp Ty, O
5. EXTREMAL FUNCTION ON THE g-WEIGHTED BERGMAN SPACE Aq g

Letn > 0and T : Ay 4 — H be a bounded operator from A, 4 into a Hilbert space H. We
denote by (., .)T.n 4 the inner product defined on the g-weighted Bergman space Aq ¢ by

<f, 9>T,n,q = 'r]<f, g>Aa,q + <va T9>Hv

and || f ||7.5.q:= VXf. F)Tomg-
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By the virtue of the theory of reproducing kernels of Hilbert space, we study the extremal function

associated to the operator T on the g-weighted Bergman space Ag, q.

Theorem 5.1. Let n > 0. The space (Aa,q,(...)Tmq) possesses a reproducing kernel
K7 nq(z,w),z,w € D which satisfies the equation (nl + T*T)K1.4(z,.) = Ka,q(z,.), where
Ka,q is the kernel given by (7). Moreover, the kernel K, 4 satisfies the following properties

. 1

) 1 K7 maz. ) laas 3 eall2) Eq(a+2l2).

eq(12[?) Eq(q*+1|2?)

(i) | TK7m.q(2,.) HHS\/ 2n

(i) | T TKT (2. ) lawe< \/ eall212)Eqlae+1|2]2),

Proof. Let f € Ay . Using Theorem 3.1 (iii), the map f — f(z) is a continuous linear functional
on (Aaq. (. )Tmq)- Thus, (Aa,qg, (.. .(7n.q) has a reproducing kernel denoted K5, ;. Now using
the fact that

f(z) =n(f, ’CT,n,q(Zr ‘)>Aa,q +(Tf, T’CT,n,q(Zr NH=({f.(nl+ T*T)ICT,n,q(Zv ‘)>Aa,q’

we deduce easily that (n/ + T*T)K1p q(z,.) = Ka,q(z,.). So the previous relation implies that

N Krnq(z ) I, 20 | TKT 5.z ) I+ | T'TKTm6(2, ) 12, =l Kac(z, ) I, -

So we obtain the properties (i), (it) and (iii) by using relation (7). O

Since relations (10), (11) and (12), we get

Example 5.1. Forany w,z €D, let H = Ay q.
(@) If T =Vq,q, then

1 = (zw)"
K zZ,w)= .
e = e (7 ametng(ln — 1lq + a2 Ho+ 1g) ) Coler @)

(b) If T = Log then
1 it (zw)"

+ .
nCo(ia) 1= (77 +q o Hn+ 1q([nlg + g7 Ha + 1]q))Cn(O‘? q)

Krnq(z, w) =

(c) If T = Ng, then
— (zw)"

nCo(a; q) " 1 (n + [n]g)Cn(a; q).

Kt n.q(z, w) =

We can state now the main result of this section.
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Theorem 5.2. For any h € H and n > 0O, there exists a unique function f,, where the infinum

n.h
inf {n I 12, + 1 h=Tr %} 13
nf {00, +1n=Tr IR (13)

is attained. Moreover, the extremal function f,’ ), is given by

;h(z) = (h, TK1nq(z, N, (14)

eq(12[?)Eq(q°"|2|?)

h .
i e

and satisfies the following | 1, ,(z) |< \/

Proof. The existence and unicity of the extremal function "}, satisfying (13) is obtained in [15,17].
In particular, 7y, is given by the reproducing kernel of Aq 4 with || . [|7 4 norm as 77, (z) =
(h, TKT 5.4(z,.)) 1. This yields the result, by using relation (14), Theorem 5.1 (ii) and the fact that

. eq(12?) Eq(q*tHz[?)
| rn(2) [ Alall TR (2, ) IIHS\/ . ;n [RCRIPPR

which completes the proof of the theorem. O

5.1. Applications. Let H be the prehilbertian space of analytic functions on the disk D equipped

with the inner product
(F, )n ;:[Df(z)g(z)|zyzdua,q(z).

For any f,g € H with f(z) = }_,5pa,2" and g(z) = }_,~o bnz" we have from Proposition 3.1

and relation (6)

(F. 90 =_anbnCrs1(q). || Fllw=Y_|an[? Cota(aiq).
n>0 n>0

Zﬂ

vV Chy1(a; q)

The space H is a Hilbert space with Hilbert's basis { } and reproducing kernel
n>0

B = (zw)" ~ Kaq(zw) =1
N e

5.1.1. Application 1. Let T be the g-difference operator defined on A, 4 by
1
Tf(z):= E(f(z) — 1(0)).

The operator T maps continuously from Ag g into H and || Tf [|4<[| f [[4,, So, if g € Auyq
with f(z) = }_ 50 anz” and g(z) = }_,>( bnz"” we can deduce easily that

(f. )7 =maobo + (n+1) Y _ anbyCa(cx; q).

n=1
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Thus, for z, w € D we have

1 1 _
Krnglz,w) = 5 + 777 1 (Kaq(zw) — 1),
B 1 Kagqlzw) -1
TKTnq(z, ) (W) = n+1 W '
hence for all h € H we deduce that
. 1
fon(2) = oy 1Zh(z).

Ficure 1.  The following is the color function of f;’h(z) associated to the g-
difference operator Tf(z) := 1(f(z) — f(0)) for A = 10, z = x + iy, (x,y) €
[-5,5] x [-5,5] and respectively h(z) = 1,z, 22,23 2% z° The argument of a
complex value is encoded by the hue of a color (red = positive real, and then
counterclockwise through yellow, green, cyan, blue and purple; cyan stands for
negative real). Strong colors denote points close to the origin, black = 0, weak

colors denote points with large absolute value, white = oo.
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