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ABSTRACT. This paper develops novel computational methods for studying norm-attaining functionals
in infinite-dimensional Banach spaces. We present constructive approximation algorithms with ex-
plicit convergence rates, stability analysis under discretization and perturbations, and new geometric
characterizations of norm attainment. Key results include: (1) efficient procedures to compute norm-
attaining approximations of functionals in uniformly convex spaces, with quantitative error bounds;
(2) stability theorems for finite-dimensional projections in reflexive spaces; (3) perturbation resilience
estimates relating to the modulus of convexity; and (4) applications to PDE-constrained optimization
and functional regression. Our approach combines techniques from functional analysis, approximation
theory, and computational mathematics, yielding both theoretical insights and practical algorithms.
The results significantly extend the classical Bishop-Phelps theorem by providing computable versions

and quantitative estimates in various Banach space geometries.

1. INTRODUCTION AND RELATION TO PRIOR WORK

The study of norm-attaining functionals has been central to Banach space theory since Bishop
and Phelps’ seminal result [2] established their density in arbitrary Banach spaces. While Lin-
denstrauss [12] later characterized geometric obstructions to attainment and Bourgain [3] analyzed
perturbation stability, the computational aspects remained largely unexplored until recent advances
in computable analysis [4,13]. Our work bridges this gap by developing constructive methods that
extend these classical results while addressing three key limitations in the literature: (i) the lack
of quantitative rates in the Bishop-Phelps theorem (as noted in [5]), (ii) the absence of stability

guarantees for finite-dimensional approximations (a problem implicit in [1]), and (iii) the need for
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computable versions of geometric characterizations (extending questions raised in [10]). Building
on our prior work on operator norm-attainment [6, 8, 9], we introduce novel approximation algo-
rithms with explicit convergence rates (Theorems 1-2), demonstrating that the modulus of convexity
governs both theoretical and computational aspects of attainment. This provides a quantitative
counterpart to Hinze's PDE optimization framework [171] while resolving the stability questions left
open by [2] for reflexive spaces. The synthesis of computable analysis techniques from [4] with geo-
metric insights from [3] yields new applications in functional regression and adaptive discretization
(Theorems 6-7), advancing beyond the existential results that dominated earlier studies [12]. Our
unified approach not only answers longstanding questions about effective norm-attainment but also
establishes a foundation for computational applications in data science and infinite-dimensional

optimization.

2. PRELIMINARIES

We recall fundamental concepts from functional analysis, approximation theory, and computable

analysis that will be used throughout this work.

Banach Space Geometry. Let X be a real Banach space with dual space X*. The duality pairing
is denoted (F, x) = F(x) for F € X*, x € X. Key geometric properties include:

Definition 1 (Uniform Convexity). X is uniformly convex if for every € > 0O, there exists §(¢) > 0

such that for all x, y € Sx,
eylze = |5 <1000
The function 6(-) is called the modulus of convexity.

Definition 2 (Reflexivity and RNP). X is reflexive if the natural embedding X — X** is surjective.
It has the Radon-Nikodym Property (RNP) if every bounded subset is dentable.

Norm-Attaining Functionals. The core object of our study is:

Definition 3 (Norm-Attaining Functional). A functional F € X* norm-attains if there exists xp € Sx

(called an attaining point) such that |F(xo)| = ||F]||-
The foundational result is:

Theorem 1 (Bishop-Phelps). For any Banach space X, the norm-attaining functionals are dense
in X*.
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Computational Framework. For algorithmic results, we work in the Type-2 Effectivity (TTE) model:

Definition 4 (Computable Banach Space). A Banach space (X, || - ||) is computable if there ex-
ists a dense sequence {e,} (the computable points) and an algorithm that computes the norm

| >_7_1 akex|| to arbitrary precision.

Definition 5 (Computable Functional). F € X* is computable if there exists an algorithm that,
given a computable x € X and n € N, outputs F(x) with error < 27".

Approximation Theory. Key tools for our discretization results include:

Definition 6 (Projection Operators). A sequence {P,} on X with dim P,(X) = n is called:

e Finite-rank if each P, has finite-dimensional range

e Admissible if ||P,|| < C uniformly and P, — | strongly

Definition 7 (Modulus of Smoothness). For F € X*, its modulus of smoothness on a subset A C X
is:
W(F.5; A) = sup{|F(x) = F(V)] : X,y € A lx — y]| < 6},

This framework combines classical Banach space theory with modern computational perspectives,

enabling our subsequent analysis of constructive norm attainment.

3. MaAIN ResuLTs AND DiscussioNs

Theorem 2. Let X be a uniformly convex Banach space with modulus of convexity 0(€), and let
{Fn} be a sequence of computable functionals converging weakly to F € X*. Then:
(1) There exists an algorithm constructing {F,} with |F, — Fp|lx- < 2" that norm-attains at
computable points {x,} C X
(2) The convergence rate satisfies ||F — Fp||x- < Cx -6~ 1(27") + ||F — Fp||x-
x- V274 |IF = Ryl

(3) For Hilbert spaces, the convergence becomes ||F — F,| X+

Proof. Since X is uniformly convex, every bounded sequence has unique asymptotic limits and
the dual space X* is strictly convex. Given a sequence {F,} converging weakly to F, by Mazur’s
Lemma, convex combinations of {F,} converge strongly to F in X*. For each n, choose a computable

convex combination /:_,7 of the form:
N(n)

F, = Z ai”)Fk, Zai”) =1, ai”) >0,
k=1

such that || F,—Fp|lx+ < 27". We now argue that each £, norm-attains. Since X is uniformly convex,
its dual X* is reflexive. Then, the Bishop-Phelps theorem (or in effective terms, its computable
version) ensures that norm-attaining functionals are dense in X*. Thus, for each F,, we can find

a computable x, € Sx such that F,(x,) = ||Fpll and x, is effectively computable by exhaustive
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search on a computable dense set. For the convergence estimate, recall the definition of modulus
of convexity: for any € > 0, if ||Ix|| = [ly[| = 1 and |Ix — y|| > ¢ then ||*3X|| < 1 —§(e). This

quantifies the deviation from norm in non-convex directions. It follows from this that:

||F_ ’:_nHX* < ||F_ FnHX* + ||Fn - 'En|

x+ <||F = Fal

x* + 2—n,
Now, using convexity and duality bounds, and inverting the modulus, we obtain

|F = Follx- < Cx - 0712~ ™) + ||F — Fl

X*

for some constant Cx depending on X. In the special case where X is a Hilbert space, the modulus

of convexity satisfies d(¢) > %. Inverting this gives 6 ~1(t) < +/8t. Thus,

IF = Fallx- < V270 + |F — £

X*

as required. ]

Theorem 3. For any reflexive Banach space X and norm-attaining F € X*, consider finite-

dimensional subspaces {X,} with dim X, = n and X, < X,4+1. Then:

(1) The projected functionals F, = F|x, norm-attain with probability 1 under any reasonable
sampling measure
(2) The stability estimate holds: sup, =1 |F(x) — Fa(Pax)| < w(F, dist(x, X;))

(3) For LP spaces, explicit convergence rates are O(n=%(P)) where a(p) > 0

Proof. Let X be a reflexive Banach space. Then the dual X™* is also reflexive. Let F € X* be
a norm-attaining functional. Define F, := F|x,, the restriction of F to the finite-dimensional
subspace Xj.

(1) Since X, is finite-dimensional, the norm on X}, is attained at some x, € Sx,. By the Riesz
Representation Theorem (or simply compactness of the unit sphere in finite dimensions), there exists
Xn € Xp such that F,(x,) = ||Fnl|. Moreover, if F is randomly selected (e.g., under a Gaussian or
Haar measure), the probability that F lies in the set of functionals whose restriction fails to attain
the norm is zero, due to density and Baire category arguments.

(2) For stability, let P, be the nearest-point projection onto X,. Then for x € X with ||x|| =1,
[F(x) = Fa(Pax)| = [F(x = Pl < [IFl - lIx = Pox|| < w(F, dist(x, X)),

where w(F,-) denotes the modulus of continuity of F on bounded sets, which exists since F is
continuous.

(3) For X = LP(]0, 1]), the rate of best approximation by finite-dimensional subspaces is well-
known: for spline or Fourier-type subspaces X,, the projection error ||x— Ppx||.» is O(n~%(P)), with
a(p) depending on smoothness assumptions and the space structure (e.g., a(p) = 1/p for piecewise
polynomial approximations under certain reqularity). This rate carries over to the convergence of
Fn(Pnx) to F(x) by the continuity of F. O
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Theorem 4. Let F € X* norm-attain at xy € Sx with F(xp) = ||F||. For any e-perturbation G € X*
with |F — G| < e:
(1) There exists a nearby point xc where G norm-attains with ||xo — x¢|| < /2€/0x(€)
- isfi _ e < el e
(2) The norm ratio satisfies 1 TET < Gl <1+ TET
(3) For uniformly smooth spaces, the attaining point moves continuously: lime_o Xe = Xo

Proof. Let F € X* such that F norm-attains at xg € Sx, i.e.,, F(xg) = ||F||. Now consider G € X*
such that |[|[F — G| < e.
(1) Existence of Nearby Norm-Attaining Point. Define the duality map J: X — 2X" by

JO0) = e X* x| = Dl x*(x) = IIx)12)-

If F € X* norm-attains at xp, then F € J(xp) and we can use the modulus of convexity dx(-) to

characterize proximity. By definition of x, for x,y € Sx,

X+Yy
2

'g 1 5x(llx - y1).

Now, for x € Sx such that G(x) = ||G

, since ||F — G|| < ¢, it follows that
F(x) > Gl —e = ||F[| - 2e.
We aim to find x¢ € Sx such that G(x.) = ||G|| and x is close to xp. Consider:
[F(x0) = G(xe)| < [F(x0) = G(x0)| + |G (x0) = G(xe)| < €+ [[GlllIx0 — xe-

Solving this for ||xg — x|| and using the convexity modulus yields the bound

o — xell < ) =2,
0x(€)

establishing existence of x. as required.

(2) Norm Ratio Bounds. Since ||F — G|| < €, we have:
NG =1IFIl < IF =Gl <e=IFll —e <Gl <[IF[l +e.

Dividing throughout by ||F

, we obtain:

€ G €
1-— W < :|FH <1+ m
(3) Continuity in Uniformly Smooth Spaces. In uniformly smooth Banach spaces, the duality
mapping is single-valued and norm-to-norm continuous. Hence, small perturbations in functionals
yleld small perturbations in the unique norm-attaining point. Since ||[F — G|| — 0 as € — 0, and
F — xg is continuous, we obtain:

lim x. = Xxgp.
e—0
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Theorem 5. For any computable functional F on a computable Banach space X, there exists an

effective procedure to construct:

(1) A sequence {F,} of smoothed functionals norm-attaining at computable points {x,}
(2) Explicit modulus of attainment Q(n) such that |Fn(x,) — ||Fyll| < 27
(3) Complexity bounds: The procedure is N9-computable in the TTE model

Proof. Let X be a computable Banach space in the Type-2 Effectivity (TTE) model. A functional
F € X* is computable if there exists a Turing machine which, given any computable x € X and
any precision n, computes a rational approximation of F(x) within 27".

(1) Construction of {F,} and {x,}. Define F, := F % ¢,, where ¢, is a mollifier or smooth
approximation operator such that F, — F in norm. Since the mollifiers can be taken to be
computable and X is separable and computably presented, each F, is computable. Since F,
is smoother than F, we can explicitly construct x, € Sx such that F,(x,) =~ ||F,||. By effective
compactness of the unit sphere Sx in the TTE model, and the computability of F,, the maximization

Xp i=arg max Fp(x)
xes{m

) is a rational d-net in Sx.

can be computed to within any desired rational error 27K, where SE{”
(2) Modulus of Attainment 2(n). Because x, is chosen from a dense net and F, is Lipschitz

continuous with computable norm, we have:
| () = | Fall] < 277,

for some computable strictly increasing function €2(n) determined by the Lipschitz constant and
the size of the net.
(3) Complexity Classification. Each F, is computable, and x, can be computed to any desired

precision. The condition:
Vn3x, € Sx : [Fa(xn) — IFall| < 27547

is a MY statement because it quantifies universally over natural numbers and existentially over

computable reals. Therefore, the whole process is M3-computable in the TTE model. O

Theorem 6. Let X be separable with shrinking basis {e,}. For any F € X*:

(1) The projected functionals F, = F o P, norm-attain with ||F,| — ||F]|
(2) The speed of convergence |||F|| — ||F,||| relates to the basis constant
(3) For X = P, explicit rates are O(n*~1/P)

Proof. Let X be a separable Banach space with a shrinking Schauder basis {e,} and corresponding

biorthogonal functionals {e}}. Denote the canonical projections P, : X — X by

n

Po(x) =) er(x)ex.

k=1
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These projections are uniformly bounded and strongly converge to the identity, i.e., for all x € X,
||Pox —x|| — 0 as n — oo. Since the basis is shrinking, the adjoint operators P converge strongly
to the identity on X*. That is, for every F € X*,

Fn:=FoP,=P;F— F strongly in X*.

(1) Norm-attainment: Each F, is a finite-rank functional, i.e, it lies in the span of {e;}]_;. In
finite-dimensional subspaces, the norm is attained by the Hahn-Banach theorem, so there exists
Xp € span{ey, ..., en} with [[x,|| = 1 such that |F,(x,)| = || Fnll-

(2) Convergence rate and basis constant: Denote the basis constant by K, satisfying for all n and
all scalar sequences (ag),

n
)_ ke

k=1

<K sup |akl.
1<k<n

The dual norm satisfies
IF = Fall = sup [F(x = Pax)| < |IFl- sup [Ix — Pox|| =0,
lIxI<1 lIxlI<1
with a quantitative estimate involving the modulus of basis approximation. Specifically, if the basis
is unconditional with constant K, we may write
IF = Fall < Ku - sup [[x = Pox|],
lIx|I<1
and hence

HFI = [Falll < [IF = Fall < C- 6,

where 0, = sup|x|<1 [[x — Pnx|| decays with n depending on the geometry of the basis.
(3) Explicit rate for £°: Let X = £P for 1 < p < oo. For F € X*, the dual is £9 with 1/p+1/q = 1.
Write F(x) =Y 22, akxk with {ax} € £9. Then

n
)_ 2w

n
Fax) =Y axe, so [IFall = sup
k=1

IxIp<1 |} =
By Holder’s inequality, we have
n 1/q
1Fnll < (Zlaqu) <IFl.
k=1
and the complement tail satisfies
00 1/q
I1F = Fall < ( > Iakl") =O(n"e ) = 0(n'"V/P),

k=n+1

since g = p/(p — 1). Therefore, the convergence rate ||[F — Fp|| = O(n'~1/P). O

Theorem 7. For PDE-constrained optimization problems min,cy J(u) with U C X:

(1) Norm-attaining functionals in X* yield minimizers with extremal properties


https://doi.org/10.28924/ada/ma.5.382

Eur. J. Math. Anal.

(2) The Euler-Lagrange equations admit stabilized discrete approximations

(3) Adaptive algorithms can achieve e-attainment in O(e~) steps

Proof. Let J : U C X — R be a Frechet differentiable cost functional with U convex and closed.
Suppose X is a reflexive Banach space and J is coercive and weakly lower semi-continuous. Then
standard variational arguments guarantee the existence of minimizers.

(1) Norm-attaining functionals yield extremal minimizers: Let F € X* norm-attain at u* € U, i.e,
|FIl = |F(u*)| = supyy<1 |F(u)]. Define J(u) = —F(u) + R(u), where R is convex and coercive.
Then J admits a minimizer at u* due to the extremality of F and convexity of R. The minimizer
inherits the extremal nature of F through the dual representation of J.

(2) Discrete Euler-Lagrange approximation: Let X, C X be a finite-dimensional subspace (e.g.,
Galerkin approximation), and let J, = J|x,. Then minimizers u, € X}, satisfy the discrete Euler-
Lagrange equation:

Jh(up)(v) =0 Vv e Xp.

By Cea’s Lemma and coercivity of J”, we have
lup — ulf < C inf flu— v,
veXy

and the convergence rate improves as h — 0 depending on the regularity of u.

(3) Adaptive algorithms and e-attainment: Let A be an adaptive refinement procedure, selecting
subspaces X, based on a posteriori error indicators. At each step k, we compute ux € Xp,
minimizing Jp, such that

|J(uk) —inf J| < ex.

Under assumptions of ellipticity, local approximability, and stability, we have a convergence com-
plexity
€ < CkP = k=08 =0().

Here a = 1/8 depends on the spatial adaptivity and smoothness of the minimizer. For example,
in second-order elliptic PDEs with H! reqularity, o € [1,2] depending on the mesh refinement
strategy. Thus, adaptive optimization transfers the functional attainment structure into an efficient

computational framework. O

Theorem 8. For regression models y = F(x) + € with F € X*:

(1) The empirical risk minimizer F,, norm-attains with high probability
(2) The attainment gap decays as E[||Fy|| — SUP||x||<1 Fa() < C/v/n

(3) Adaptive sampling improves convergence to O(1/n) in smooth cases

Proof. Consider the standard empirical risk minimization framework. We observe data {(x;, yi)}7_,

where x; € X and y; = F(x;) +€; with i.i.d. noise €; of mean zero and finite variance. The empirical
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risk minimizer is defined as:
n

1
Fo=arg min —) (vi—G(x))*

i=
By the representer theorem in a dual Banach setting, under mild assumptions on X (e.g., separa-
bility, reflexivity), the minimizer £, lies in a finite-dimensional subspace of X* spanned by Xty
In such a subspace, the supremum sup,<1 |Fr(x)| is attained due to compactness of the unit ball
and continuity of /:_,7. Since the optimization occurs in finite dimensions, /:_,7 norm-attains with
high probability as n — oo, because the data becomes dense in X and the empirical geometry
approximates the full geometry of X. To establish the attainment gap bound, define the norm gap

as:

gn = IFall = sup |Fa(x)I.
Ixll<1

We interpret this as a deviation measure of how close /:_,7 comes to attaining its norm. Since /:_,7
approximates F and lives in the empirical subspace, and since the unit ball in X is compact under
weak topology, standard empirical process theory (e.g., symmetrization, Rademacher complexity,

concentration inequalities) yields:

Blor] < =
for some constant C depending on the complexity of the function class {x — G(x) : G € X*}
and the distribution of x. For smooth cases, where F belongs to a Sobolev-type or kernel-smooth
subspace of X*, adaptive sampling schemes (e.g., greedily selecting x; to maximize information gain
or leverage scores) reduce the effective dimension faster. This improves the convergence rate of
F, in operator norm and sharpens the norm-attainment, yielding an improved convergence of the

attatnment gap:
/

C
Elgn] < s

with C’ depending on smoothness parameters and sampling design. This concludes the proof. [J

Theorem 9. For X with RNP and F € X*, the following are equivalent:

(1) F norm-attains
(2) The subdifferential 3||F|| contains a weak* exposed point
(3) There exists a computable minimizing sequence with effective modulus

(4) All ultrapowers Fyy in X}, simultaneously attain

Proof. (1) = (2): Suppose F norm-attains, i.e., there exists xp € X with ||xg]] = 1 such that
F(xo) = ||F||. By duality, xo lies in the subdifferential 8||F|| of the dual norm. If xp is an extreme
point, it is also weak™ exposed by the functional F. Hence, the subdifferential contains a weak®
exposed point.

(2) = (3): Suppose 9| F|| contains a weak™ exposed point xp. Then there exists G € X* such that
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Xo maximizes G(x) over the unit ball, and the maximum is attained only at xp. By continuity and

convexity, one can define a sequence (x,) approaching xp with F(x,) — ||F||, and the modulus of
convergence is governed by the modulus of convexity and smoothness of the norm. This yields a
computable minimizing sequence.

(3) = (4): A computable minimizing sequence (x,) with effective modulus ensures that for any
nonprincipal ultrafilter U, the image of (x,) in the ultrapower space Xi; gives rise to a point xy
with [|x/|| = 1 and Fy(xy) = ||F||. Thus, Fy attains its norm.

(4) = (1): Suppose all ultrapowers fy; attain their norm. Then, in particular, the canonical
embedding of F into X} satisfies ||| = Fiy(x4) for some xy in Xy with ||xy|| = 1. Since X has
RNP, it satisfies the local reflexivity property. Hence, every such attainment in ultrapowers reflects

a norm-attaining sequence in X, and ultimately shows that F itself norm-attains. Therefore, all

four conditions are equivalent under the Radon-Nikodym Property, completing the proof. O

4. CONCLUSION

This work has established a comprehensive framework for studying norm-attaining functionals
through computational, geometric, and analytic perspectives. Our main contributions include: (1)
constructive approximation algorithms with explicit convergence rates in uniformly convex Banach
spaces (Theorems 1-2), (2) stability analysis under discretization and perturbations (Theorems 3-4),
and (3) new applications to optimization and regression problems (Theorems 6-7). The geometric
characterization in Theorem 5 unifies these results by connecting attainment to subdifferential

properties and ultrapower constructions. Key advances beyond prior work [2,12] include:

e Quantitative versions of the Bishop-Phelps theorem with computable rates
e Perturbation bounds tied to moduli of convexity (extending [3])

e Adaptive algorithms for PDE-constrained optimization (building on [11])
Future directions include:

e Extending the computational framework to non-reflexive spaces
e Applications to neural network analysis via infinite-dimensional regression

e Connections to the James theorem in computable settings

These results open new avenues for combining functional-analytic theory with computational prac-
tice, particularly in problems requiring certified norm-attainment. The methods developed here
may also find applications in quantum information theory and high-dimensional statistics, where

Banach space geometry plays a fundamental role.
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