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ABSTRACT. In this paper, we introduce C class-F-generalized weakly contractive mapping and
prove the existence and uniqueness of fixed points of such maps in the setting of rectangular

b-metric spaces. We provide an example in support of our result.

1. INTRODUCTION

It is well known that the Banach contraction principle [3] is a fundamental result in the
fixed point theory, several many interesting extensions and generalizations have obtained [10].
The well-known metric spaces have been generalized metric spaces introduced by Branciari [4].
Recently, George, Radenovic, Reshma, and Shukla [7] announced the notion of b-rectangular
metric space and formulated some fixed point theorems in the b-rectangular metric space. Many
authors initiated and studied many existing fixed point theorems in such spaces [8,9].

The existence of fixed points of weakly contractive mappings is a generalization of the Ba-
nach contraction principle, which was first given by Alber and Delabriere in Hilbert spaces. [1].
Choudhury, Konar, Rhoades and Metiya [6] proved some fixed point results for weakly contrac-
tive mappings in complete metric spaces.

Very recently, Cho [5] introduced a special weakly contractive mappings called generalized
weakly contractive mappings and proved some fixed point results for such mappings in complete
metric spaces.
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In this work, we introduce C class F-generalized weakly contractive mappings and provide
some fixed-point results for such mappings in complete b-rectangular metric spaces. We also
present some special examples of generalized weakly contractive mappings on b-rectangular

metric spaces. Also, we derive some useful corollaries.

2. PRELIMINARIES
In the following we present the required literature that is needed to prove our result.

Definition 2.1. [7] Let X be a nonempty set and d: X x X — [0, 4o00[ be a function such that
for all x,y € X and all distinct points u,v € X. If there exists a real number s > 1 such that

1. d(z,y) = 0 if only if z = y;

2. d(z,y) = d(y,x);
3. d(z,y) < s[d(xz,u) +d(u,v) +d(v,y)] (b—rectangular inequality) .

Then d is said to be a rectangular metric on X and (X, d) is called a b-rectangular metric space.

Example 2.2. [8] Let X = AU B, where A = {% :n €42,3,4,5,6,7}} and B = [1,2]. Define
d: X x X —[0,+00[ as follows:

{d(x,y) =d(y,z) for all z,y € X;

dlz,y) =0sy==x

and
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Then (X, d) is a b-rectangular metric space with coefficient s = 3.

Lemma 2.3. [15] Let (X,d) be a b-rectangular metric space.

(a) Suppose that sequences {x,} and {y,} in X are such that z, — x and y, — y as
n — 4oo, with x # y, xn, # x and y, # y for alln € N. Then we have

1
—d(z,y) <liminfd (zy,y,) < limsupd (xn,yn) < sd(z,y).
s

n—+00 n—+00
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(b) If y € X and {x,} is a Cauchy sequence in X with x,, # xp, for any m,n € N, m # n,
converging to x # vy, then
1
—d(z,y) <liminfd (z,,y) <limsupd (x,,y) < sd(z,y),
S n—+0oo n—+00

for all x € X.

Lemma 2.4. [§] Let (X,d) be a b-rectangular metric space and {x,} be a sequence in X such
that

ngrfwd (Tny Tpt1) = nll}r_{loo d(zy, Tni2) = 0. (2.1)

If {xn} is not a Cauchy sequence, then there exist € > 0 and two sequences {m(k)} and {n(k)}

of positive integers such that

< limsupd xm(k),xn(k)) < sg,

e <liminfd (xm(k),mn(k)
k——+o0

k——+o0

e < l,iili{}fd (wn(k),xm(k)ﬂ) < lllgilfd (wn(k),xm(km) < se,

< limsupd xm(k),xn(k)ﬂ) < se,

e <liminfd (CL”m(k) » Ty 41
k—+o00

k—+o00
° <liminfd < limsupd <2
; < ligilgo (l‘m(k)+1’xn(k)+1> = llfff—l;op (xm(k)JrlaCCn(k)Jrl) < s7e.

Definition 2.5. A function f : X — R™, where X is a b -rectangular metric space, is called

lower semicontinuous if for all z € X and x,, € X with lim,_ 10T, = x, we have

f(z) <liminf f (x,).

n—-+0o

Definition 2.6. A function g : X — R™, where X is a b -rectangular metric space, is called is

a right upper semicontinuous function if for all z € X and z,, € X with lim, 2, = z, we

have
g (x) > limsup f (zn) .
n—-+oo
Definition 2.7. [l1] A function ¢ : [0,4+00] — [0,400] is said to be an altering distance

function if it satisfies the following conditions:
(a) % is continuous and nondecreasing;
(b) ¥(t) = 0 if and only if ¢ = 0.

We denote the set of altering distance functions by ®.

Definition 2.8. [5] Let X be a complete metric space with metric d, and T': X — X. Also
let ¢ : X — R* be a lower semicontinuous function. Then T is called a generalized weakly

contractive mapping if it satisfies the following condition:

Y (d(Tz, Ty) + ¢ (Tx) + ¢ (Ty)) <P (m(z,y,d,T,9)) — ¢ ((z,9,d, T, )),
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where

m(x,y,d, T, ¢) = max{d(z,y) + ¢(x) + ¢(y),d(z, Tz) + p(z) + o(Tz),d(y, Ty) + ¢(y) + p(Ty),

S, Ty) + o(x) + o(Ty) + d(y, Ta) + o(T2) + o))}

and
Wz,y,d, T, ) = max{d(z,y) + ¢(z) + ¢(y), d(y, Ty) + ¢(y) + ¢(Ty)}
for all z,y € X, where ¢ : Rt — RT is continuous with t(¢) = 0 if and only if ¢ = 0 and

¢ : RT — RT is a lower semicontinuous function with ¢(¢) = 0 if and only if ¢t = 0.

Theorem 2.9. [5] Let X be complete. If T is a generalized weakly contractive mapping, then
there exists a unique z € X such that z =Tz and ¢(z) = 0.

In 2014 the concept of C-class functions was introduced by H. Ansari in [2] .

Definition 2.10. [2] A mapping F : [0,00)? — R is called C-class function if it is continuous
and satisfies following axioms:

(1) F(s,t) <s

(2) F(s,t) = s implies that either s =0 or t = 0; for all s,t € [0, c0).

Note for some F' we have that F'(0,0) = 0.

We denote C-class functions as C.

Example 2.11. [2] The following functions F' : [0,00)2 — R are elements of C, for all s,t €

[0, 00):
(1) F(s,t) =s—t, F(s,t) =s=1t=0;
(2) F(s,t) =ms, 0<m<1, F(s,t) =s=s=0;
(3) F(s,t):(H)T,TE(O,oo),F(s,t):5:>s:Oort:O;
(4) F(s,t) =log(t+a®)/(1+1t),a>1, F(s,t)=s=s=0ort=0;
(5) F(s,t) =In(14+a%)/2,a > e, F(s,1) =s = s =0;
(6) F(s,t) = (s 4+ )W/ _ 1 1> 1 7€ (0,00), F(s,t) = s = t = 0;
(7) F(s,t) =slogy ,a,a>1, F(s,t)=s=s=0ort=0;
(8) F(s,t) =s— (%ii)(%ﬁ), F(s,t)=s=1=0;
(9) F(s,t) =sp(s), B [0,00) — (0,1),and is continuous, F(s,t) = s = s = 0;
(10) F(s,t) =s — k+ JF(s,t)=s=1t=0;
(11) F(s,t) = s — p(s), F(s,t) = s = s = 0,here ¢ : [0,00) — [0,00) is a continuous function

such that ¢(t) =0 <t = 0;
(12) F(s,t) = sh(s,t), F(s,t) = s = s = 0,here h : [0,00) x [0,00) — [0,00)is a continuous
function such that h(t,s) < 1 for all ¢,s > 0;

(13) F(s, t)—s—(ﬁi)t F(s,t)=s=1t=0.
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(14) F(s,t) = {/In(1 + s"), F(s,t) =s = s =0.
(15) F(s,t) = ¢(s), F(s,t) = s = s = O,here ¢ : [0,00) — [0,00) is a upper semicontinuous
function such that ¢(0) = 0, and ¢(t) < ¢ for ¢t > 0,

(16)F(s,t):ﬁ;r€ (0,00), F(s,t) =s =s5=0;

Definition 2.12. [2] Let ¢, denote the class of the functions ¢ : [0,00) — [0, c0) which satisfy

the following conditions:

(a) ¢ is continuous ;
(b) p(t) >0,t >0 and ¢(0) >0 .

Definition 2.13. [12] Let X be a complete b-rectangular metric space with metric d and
parameter s and T : X — X. Also let ¢ : X — R™ be a lower semicontinuous function. Then

T is called a generalized weakly contractive mapping if it satisfies the following condition:

¥ (s%d (T, Ty) + ¢ (T2) + ¢ (Ty) ) < (M (2,9,d,T,9)) = ¢ (M (,y,d, T, )),

where

M(z,y,d, T, p) = max{d(z,y) + ¢(z) + ¢(y), d(z, Tx) + p(z) + p(Tx),d(y, Ty) + ¢(y) + »(Ty)}

for all 2,y € X, and 4 is an altering distance function and ¢ : RT™ — R™ is a lower semicontinuous
function with ¢(t) = 0 if and only if ¢t = 0.

Theorem 2.14. [12] Let X be a complete b-rectangular metric space with parameter s > 1. If
T is a generalized weakly contractive mapping, then T has a unique fized point z € X such that
z=Tz and p(z) = 0.

Definition 2.15. [12]Let X be a complete b-rectangular metric space with metric d and pa-
rameter s, and T : X — X be a mapping. Also let ¢ : X — RT be a lower semicontinuous
function. Then T is called a generalized (¢, ¢, ¢) contractive mapping if it satisfies the following

condition:
¥ (s (T2, Ty) + ¢ (Ta) + 0 (Ty)) < ¢ (M (2,9,d, T, %)), (22)

where

M(z,y,d, T, p) = max{d(z,y) + o(x) + ¢(y),d(x, Tz) + p(z) + o(Tz),d(y, Ty) + ¢(y) + ©(Ty) }

for all z,y € X, and ¢ : RT — R™ is an altering distance function and ¢ : Rt — R is a right
upper semi-continuous function with the condition: () > ¢(t) for all ¢ > 0 and ¢(¢) = 0 if and
only if t = 0.

Theorem 2.16. [12] Let X be a complete b-rectangular metric space with parameter s > 1 and
T : X — X be a mapping. If T is a generalized (v, ¢, ) contractive mapping then T has a
unique fized point z € X such that z =Tz and p(z) = 0.
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3. MAIN RESULTS

Aspired by idea of the generalized weakly contractive mapping on metric space introduced
by Cho [5], we introduce the notion of C-Class function for weakly contractive mapping on

rectangular b-metric space and establish some fixed point on such mapping.

Definition 3.1. Let X be a complete b-rectangular metric space with metric d and parameter
sand T : X — X. Also let ¢ : X — R™ be a lower semicontinuous function. Then T is called

a C class —F —generalized weakly contractive mapping if it satisfies the following condition:

¥ (% (T2, Ty) + ¢ (T2) + ¢ (Ty)) < F( (M (2,9,d.T.9)). 6 (M (25,4, T, ), (3.1)

where

M(z,y,d, T, ) = max{d(x,y) + p(x) +(y),d(z, Tz) + ¢(z) + p(Tx),d(y, Ty) + ¢(y) + ¢(Ty)}
forall z,y € X,andyp € &, € ®,, FF€C.

Theorem 3.2. Let X be a complete b-rectangular metric space with parameter s > 1. If T is
a C class —F—generalized weakly contractive mapping, then T has a unique fized point z € X

such that z =Tz and ¢(z) = 0.

Proof. Let xy € X be an arbitrary point in X. Then we define the sequence {z,,} by zp+1 = T'zy,
foralln € N.

If there exists ng € N such that z,, = x,,+1 = 0, then z,,, is a fixed point of T

Next, we assume that x,, # 41
We claim that

nll)l}_loo d(znTne1) =0

and

ngr—ir—loo d(zpTni2) = 0.

Letting = z,—1 and y = z, in (3.1) for all n € N, we have
¥ (s2d (Txn—1,Tn) + ¢ (Txn_1) + ¢ (T2,)) < F (M (2p-1,20,d,T,¢)) ;¢ (M (2n_1,20,d, T, ))),

(3.2)

where

M (xp—1,2n,d, T, p) = max{d(xn_1,Tn) + p(@n-1) + @(xn), d(Tn-1,2n) + @(Tn-1)
+ So(xn)a d(xm Tl’n) + ‘P(mn) + W(Txn)}

= max{d(Tp—1,Tn) + @(Tn-1) + @(Tn), d(Tn, Tni1) + P(Tn) + P(TTni1)}-
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If M (zp—1,2n,d,T,¢) =d(@n, Tni1) + ¢(zn) + ©(n41), then we have

U (d(Ten—1,Tzn) + ¢ (Ten-1) + ¢ (Tn41)) = ¥ (d (Tn, Tnt1) + @ (T0) + ¢ (Tn+1))
< (%A (s 2n) + 9 (@n) + 9 (n11))
< F( (d(@n, Tnt1) + @ (20) + ¢ (Tn41))
@ (d (20, Tny1) + ¢ (2n) + ¢ (Tnt1)));
which implies
¢ (d (2, Tnt1) + @ (2n) + ¢ (Tnt1)) = 0,
and so
d (2, Tpy1) + ¢ (2n) + ¢ (Tnt1) = 0.
Hence
d(zp,Tnt1) =0 and ¢ (x,) = ¢ (Tpy1) =0,
which is a contradiction. Thus we have
d(Tn, Tnt1) + @ (Tn) + @ (@nt1) < d(Tp-1,2n) + @ (Xn-1) + @ (xyn), forallneN (3.3)
and
M (zp—1,2n,d, T, ) = d(xp—1,Tn) + (Xn_1) + @(zyn), for alln e N (3.4)
for all for all n € N. It follows from (3.2) that

Y (d(Tn, Tnt1) + @ (@0) + @ (Tnt1)) < F@ (d(@n-1,20) + ¢ (Tn-1) + ¢ (T0))

@ (d (-1, 2n) + ¢ (2n-1) + ¢ (2n))). (3.5)
It follows from (3.3) that the sequence {d (zp,Zn4+1) + ¢ (n) + ¢ (Tn+1) fnen is nonincreasing.
Hence d (zy, xn+1) + ¢ (n) + ¢ (Xxny1) — r as n — +oo for some r > 0. Assume r > 0 and
letting n — 400 in (3.5) and using the continuity of ¢» and the lower semicontinuity of ¢, we

have

n—oo

W (r) <9 (s7r) < F(@ (), iminf ¢ (d (. 2n+1) + @ (@) + @ (@011)))
F

It follows that ¢ (r) =0, or ,¢ (r) =0, hence we have r = 0 and consequently,

lim [d (zn, Tn41) + ¢ (2n) + @ (Tn41) = 0].

n——+oo
So
ngrfoo d(xn, Tps1) =0, (3.6)
Jm g (zg) = Hm ¢ (zni1) = 0. (3.7)

Now, we shall prove that T has a periodic point. Suppose that it is not the case. Then

Ty # Ty for all ny,m € N, n # m.


https://doi.org/10.28924/ada/ma.6.6

Eur. J. Math. Anal. 10.28024 /ada/ma.6.6 [ 8 |

In (3.1), letting © = x,—1 and y = z,,4+1, we have

¥ (82 (T2n1, Topin) + @ (Tp1) + ¢ (T211) )
< F('[b (M (xn—la Tn+1, a,T, 90)) N (M ($n—17 Tny1,d, T, 30)))7

where
M (‘Tn—h Tn+1, d? T7 90)
= max{d(Tp—1,Tnt1) + P(Tn-1) + P(Tnt1),
d(Tn-1,Zn) + @(Tn-1) + @(Tn), d(Tpy1, Tnt2) + @(Tns1) + P(Tni2)}
= max{d(zn—1,Tnt1) + 0(Tn-1) + @(@n11), d(Tn-1,2p) + @(2n-1) + @(zn)}.
So we get

¥ (A (@n, Tar2) + 0 (@0) + ¢ (@n42)) < ¥ (2 (@0, Tar2) + 0 (@0) + 0 (@ns2))
< F(¢ (max{d(zn-1,Zn+1) + @(Tn-1) + @(Tn+1), d(Tn-1,Zn) + ¢(Tn-1) + ¢(Tn)})
, ¢ (max{d(zp—1,Znt+1) + @(@n-1) + @(Tnt1), d(Tp-1,2n) + @(xn_1) + @(zn)})).

Take an = d (T, Tny2) + ¢ (Tn) + @ (Tny2) and by, = d(Tn, Tnt1) + ©(2n) + @(Tn41).
Then

Y (an)

IN

F(i (max (an—1,bn-1)) , ¢ (max (an—1,bn-1))) (3.8)
¥ (max (ap—1,bn-1)) - (3.9)

IA

Since 9 is increasing, we get
an < max{an—1,bp—1}.
By (3.3), we have
by < bp—1 <max{an_1,bn_1},
which implies that
max {an, by} < max{a,—1,bp—1}, ¥Yn € N.
Therefore, the sequence max {a,—1,bn—1},¢  is a nonnegative decreasing sequence of real num-

bers. Thus there exists A > 0 such that

ngrfoo max {an, by} = A.

Assume that A > 0. By (3.6), it is obvious that

A= nll)r}_loo sup a, = nll)l}_loo supmax {an, b, } = HETOO max {an, by} . (3.10)
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Taking lim sup,, — +o00 in (3.8), using (3.10) and using the properties of ) and ¢, we obtain

W) = o <lim sup an)

n—-+o0o
= limsup ¢ (ay,)
n—-+00
< limsup ¢ (max {ay, by }) — hm 1nf¢ (max {an, by })
n—-+00
< F(y <n£1>r}rloo max {a,, bn}> ) <nll>1-ir—loo max {an, bn}) )

= F((A), ¢(V),
which implies that ¢ (r) =0 o, ¢ (r) = 0, a contradiction. Thus,

limsupa, =0
n—-+o0o

and hence

ngr_{loo d(zpTni2) = 0.

Next, we shall prove that {z,},cy is a Cauchy sequence, i.e, limy, m— 4 o0 d (Zn,Zrm) = 0 for all
n,m € N. Suppose to the contrary. By Lemma 2.4, there is an € > 0 such that for an integer k
there exist two sequences {n(k)} and {m(k)} such that

i) e <limg_, 0 infd Ly > Tn gy ) <limg_yoosupd (xm( ),xn(k)) < se,

i) e < hmkﬁJroo inf d (xn(k), k)+1> <limg_,yoosupd (xn(k),xm(k)ﬂ) < se,
) (xm(k),xn(k)ﬂ) < limg_y1 oo sSupd (xm(k) , xn(k)H) < sg,

% < hmk—)—i—oo inf d (xm(k)_;,_l)xn(k)—l-l) < hmk’—>+oo SUPd ('Tm(k)—l-b xn(k)—i-l) < 826-
From (3.1) and by setting = = T, and y =z, , we have
M(xm(k) 9 xn(k) ’ d7 Ta (P) = max{d(ajm(k) ’ .I'n(k)) + So(xm(k)) + gO(lUm(k) )?
d(xm(k) ) :Cm<k)+1) + go(:cm<k)) + SO(CUm(k)Jrl), d(xn(k) ) zn(k)+1) + @(xn(k)) + Qp(gjn(kﬂrl)}'
Taking the limit as K — +oo and using (3.6), (3.7 ) and (¢i¢) of Lemma 2.4, we have

lim M (azwk),mn(k),d, T, go) < se. (3.11)

k——+o0

Now letting x = @y, and y = zp,, in (3.1), we have
U [8°d (2mgy 1 Engy 1) + 0 (Emag 1)+ (2,11
< F(W [d (Im(k)-i-lv $n<k)+1> + @ <$m<k)+1) + (fﬂn(k)ﬂ)]

Letting k — +o00, using (3.6), (3.7), (3.11 ), and applying the continuity of ¢ and the lower

semicontinuity of ¢, we have

lim o (8% (2 1.0, 1) | < F0(s9), 6(s2)).

k—4o00
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Using (3.11) and (iv) of Lemma 2.4, we obtain

wlse) = v (#2) < lim_sup [ (a1 20, 1)] < F(0(s2), 0(52))

This is a contradiction. Thus

9
S

n,nlllg—ood(l‘m’xn) =0.

Hence {x,} is a Cauchy sequence in X. By completeness of (X, d), there exists z € X such that

lim d(zn,z)=0.

n—-+o0o

Since ¢ is lower semicontinuous, we get

¢ (z) <liminfp(z,) < lim ¢(z,) =0,

n—-+o0o n—-+o0o

which implies
p(z) = 0. (3.12)
Now, putting z = x,, and y = z in (3.1), we have
M (zp,2,d,T,p) = max{d(zn,2)+ ¢ () + ¢ (2),
d(@n, Tnt1) + @ (2n) + @ (Tny1) , d (2, T2) + ¢ (2) + ¢ (T2)}.
Taking the limit as n — 400 and using (3.6), (3.7 ) and (3.12), we have

lim M (zp,2,d,T,¢)=d(2,Tz)+¢(Tz).

n—-+00

Since z, — z as n — +00, from Lemma 2.3 | we conclude that

1
;d(z,Tz) < lim supd(Tzp,Tz) <sd(z,Tz).

n——+0o0o
Hence
1
sd(z,Tz) = s°=d(z,Tz) < lim sups’d(Tz,,Tz),
s

n—-+oo
which implies
lim sup[sd(z,Tz)+ ¢ (zn+1) + ¢ (T2)] < lim sup [szd (Tzp, Tz) + (Tpa1) + ¢ (Tz)] :
n—-+oo n—-+00
Then using (3.1), we have

0 [ (Twn, T2) + 0 (Tan) + ¢ (T2)| = 6 [° (wn11,T2) + @ (2n11) + 9 (T2)]
< F(l/f [M (xny z,d, T, ‘P)] o [M (xm z,d,T, 90)])

Letting n — 400 and using the continuity of ¢) and the lower semicontinuity of ¢, we have
o] lim_sup (sd (2, T2) + 0 (2s1) + 0 (7))
n—+oo
n—+00

< { lim sup (szd(Txn,Tz) + (Tny1) + ¢ (TZ)>]

< F( [ i _sup M (00,20, 70 im0 (M (0,20, 7. 0)]),

n—-+o0o
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which implies
Ylsd(2,Tz) + ¢ (T2)] < F(Y[d(2,Tz) + ¢ (T2)],¢[d(2,Tz) + ¢ (T'2)]).

This holds if and only if v (d(z,T2)+ ¢ (Tz)) =0 or ¢ (d(z,Tz) + ¢ (Tz)) = 0 and from the
property of 1, ¢, we have
d(z,Tz)+¢(Tz) =0.

Hence d (z,Tz) =0 and so z =Tz and ¢ (Tz) = 0. It is a contradiction to the assumption: that
T does not have a periodic point. Thus 7" has a periodic point, say, z of period n. Suppose that

the set of fixed points of T" is empty. Then we have
q>0andd(z,Tz) > 0.

Since T has a periodic point, z = T"z. Letting + = T" 'z and y = T"z, we obtain

M (T”z, T 12 d, T, go) = max{d (T”*lz, T”z) +o (T”*lz) + o (Tm2),
d(T"712,T"2) + ¢ (T"72) + o (T72), A (T"2, TT"2) + ¢ (T"2) + ¢ (TT"2)}.
By a similar method to (3.4), we conclude that
M (T"z, T 12 d.T, go) —d (T’Hz, T"z) + (T’Hz) + o (Tm2).
From (3.1), we have
¥[8 (2,T2) + ¢ (T"2) + ¢ (T"12) | = ¢ [s2d (T2, T"2) + 9 (T"2) + ¢ (T2
<SP [a(Tm712,1m) + o (T7712) + o (T72)]
(6 [ (17712, T72) + o (T7712) + 9 (T72)])

<Y |2 (T2, T72) + ¢ (T7712) + o (T72)]

< F(ld(2,T2) + ¢ (2) + ¢ (T2)]
,0ld(2,T2) + ¢ (2) + ¢ (T2)])

Taking the limit as n — +o00 and applying the continuity of ¥ and the lower semicontinuity of
¢, we have
¥ [$%d(2,T2)| < F1d(2,T2)],6[d(,T2)).
Hence d(z,Tz) = 0, which is a contradiction. Thus the set of fixed points of T is non-empty,
that is, T has at least one fixed point.
Suppose that z,u € X are two fixed points of T" such that u # z. Then Tz = z and Tu = .

Letting z = z and y = w in (3.1), we have

v (24 (T2, Tu) + ¢ (T2) + ¢ (Tu)) = ¥ (sd (z,0)) < F@ (M (2,0,d,T,0)) ¢ (M (2,u,d, T, 0))),
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where
M(z,u,d, T, ) = max{d(z,u) + ¢(2) + (u), d(z, Tz) + ¢(2) + ©(Tz2), d(u, Tu) + @(u) + ©(Tu)}
=d(z,u).
So
¥ (s () < F((d(20), 6 (d (5,u)).
This holds if ¢ (d (z,u)) = 0 and so we have (d (z,u) = 0. Hence z = u and T has a unique fixed

point. O

Corollary 3.3. Let (X,d) be a complete b-rectangular metric space and T : X — X be a
mapping. Suppose that there exists k € 10, 1[ such that for all z,y € X,
sd(Tx, Ty) + ¢ (Tx) + ¢ (Ty) <
kmax{d (z,y) + ¢ () + ¢ (y),d(@,Tz) + ¢ (x) + ¢ (Tx) ,d(y, Ty) + ¢ (y) + ¢ (Ty)},

where ¢ : R™ — RT is a lower semicontinuous function. Then T has a unique fized point.
Proof. 1t suffices to take Take v (t) =t and F'(s,t) = ks in Theorem 3.2. O

Corollary 3.4. Let (X,d) be a complete b-rectangular metric space and T : X — X be a
mapping. Suppose that there exists o € ]0, %[ such that for all x,y € X,

$2d (T, Ty)+¢ (Tz)+¢ (Ty) < a[(d(Tz,z) + ¢ (x) + ¢ (Tx) + d+ ¢ (y) + ¢ (Ty) + (Ty.y))],
(3.13)

where ¢ : R™ — R* is a lower semicontinuous function. Then T has a unique fized point.

Proof. Let k = 2a. Then k € )0, 1[. Also, if (3.13) holds, then

s*d (Tx, Ty) + ¢ (Tz) + ¢ (Ty) < a[d(Tz,z) + ¢ () + ¢ (Tz) + d + ¢ (y) + ¢ (Ty) + (Ty, y)]

[d(Tz,2) + ¢ (x) + ¢ (T2) +d+ ¢ (y) + ¢ (Ty) + (Ty, y)]
2

< kmax{d(z,Tz) + ¢ (z) + ¢ (T2) ,d(y,Ty) + ¢ (y) + ¢ (Ty)}
< kmax{d(z,y) + ¢ (z) + ¢ (y),d(@ Tz) + ¢ () +¢(Tz),d(y,Ty) + ¢ (y) + ¢ (Ty)}.

=k

Thus it suffices to apply Corollary 3.3. O

Corollary 3.5. Let (X,d) be a complete b-rectangular metric space and T : X — X be a
mapping. Suppose that there exists \ € }O, %[ such that for all x,y € X,

s*d (Tx,Ty) + ¢ (Tz) + ¢ (Ty) <
Ad(z,y) +o (@) +e(y) +d(Tr,2) + 9 () + o (T2) + 0 (y) + ¢ (Ty) +d(Ty,y)], (3.14)

where ¢ : RT — RT is a lower semicontinuous function. Then T has a unique fized point.


https://doi.org/10.28924/ada/ma.6.6

Eur. J. Math. Anal. 10.28024 /ada/ma.6.6

Proof. Let k = 3\. Then k € ]0,1[. Also, if (3.14) holds, then

s*d (Tx,Ty) + ¢ (Tz) + ¢ (Ty)

<Ad(zy)+e @) +ey) +d(Tr,z)+ ¢ () +o(T2) + ¢ (y) + ¢ (Ty) +d(Ty,y)]

d(@,y)+te@) +e) +dTz,z)+ e @)+ (Tx)+ 0y +¢(Ty) +d(Ty,y)]
3

< kmax{d (z,y) + ¢ (z) + ¢ (y),d(z,Tz) + ¢ (z) + ¢ (Tz),d(y,Ty) + ¢ (y) + ¢ (Ty)}.

Ll

Thus it suffices to apply Corollary 3.3. O

Corollary 3.6. Let d(X,d) be a complete b-rectangular metric space with parameter s > 1 and
T be a self mapping on X . If there exists k € ]0,1[ such that for all z,y € X,

s2d (T, Ty) + ¢ (Tz) + ¢ (Tx) <
k[Bi(d(z,y) + ¢ (@) + @ (y) + P2 (d(Tx,2) + ¢ () + ¢ (Tx)) + B3 (d(Ty,y) + ¢ (y) + ¢ (Ty))],
where B; > 0 fori € {1,2,3}, zig Bi <1, ¢ is a lower semicontinuous function. Then T has a
unique fixed point. =
Proof. Take 9(t) =t and F(s,t) = ks. Then it suffices to apply Corollary 3.3. O

Corollary 3.7. Let (X,d) be a complete b-rectangular metric space and T : X — X be a
mapping. Suppose that for all x,y € X,

P <52d (Tz, Ty)+ ¢ (Tx) + ¢ (Ty)) <YM (z,y,d, T, p)) 10804 6(M(2,,d,T,0)) O (3.15)
where
M(z,y,d, T, ¢) = max{d(z,y) +(z) + (), d(z, Tz) + (x) + ©(Tx),d(y, Ty) + o(y) + »(Ty)}
and ¢ : Rt — RT is a lower semicontinuous function also 1,0 € ®, a > 1. Then T has a
unique fixed point.

Proof. It suffices to take F(s,t) = slog;,, a, a > 1, in Theorem 3.2. O

Corollary 3.8. Let (X,d) be a complete b-rectangular metric space and T : X — X be a
mapping. Suppose that for all x,y € X,

V(M (z,y,d, T, p))

2
d(Tz,Ty)+¢(Tz)+ ¢ (Ty)) < , 3.16
v (T Ty) ¢ (Ta) + 0 (Ty) < 77T s (3.16)

where
M(z,y,d, T, ) = max{d(z,y) + ¢(x) + ¢(y), d(z,Tx) + ¢(z) + o(Tx), d(y, Ty) + ¢(y) + ©(Ty)}
and ¢ : RY — RT is a lower semicontinuous function also ¢ € ®,¢ € ®,, . Then T has a
unique fized point.
Proof. 1t suffices to take F'(s,t) = 135, in Theorem 3.2. O
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Example 3.9. Let X = AU B, where A = {0,%,%, %} and B = B,l}. Defined: X x X —
[0, +00] as follows:

d(z,y) = d(y,z) for all x,y € X;

dlz,y) =0 y==

and

1 11
d(0,~)=d —0,1
(0:5)=4(53) =°
1 11
o(0.5) =a(t2) =05
1 11
d<0,16> d<9 16)—0,05

d(z,y) = (Jo —y|)? otherwise.

Then (X, d) is a b-rectangular metric space with coefficient s = 3. However we have the following:
1) (X, d) is not a metric space, since d (5, 9) =0.5>0.15=d (5, 16) +d (16’ 9)

+
516
3) (X d) is not a rectangular metric space, since d( 7> =05>025=d (% i) +

d(o,g).

Define a mapping T : X — X by

1 1
T(a) 161]“$E{2 1]
0if z € A.

Then T'(z) € X for all z € X. Let

tiftelo,1]
2% if t > 1
t
if tel0,1]
o) =116

and

and

F(s,t)=s—1.
Then ¢ is an altering distance function and ¢ is a lower semicontinuous function and ¢ is a lower
semicontinuous function such that ¥(t) =0<t=0,¢(t) =0<=t=0and p(t) =0t =0

and I’ C-class function .

Consider the following possibilities:
Case I: z,y € {0, é, Sl), 16}
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Assume that x > y. Then

v (s2d(Ta, Ty) + o(Tx) + ¢(Ty)) = 1 (9.d(0,0) + o(0) + () = $(0) = 0.

Also
d(z,y) + ¢(z) + ¢(y) = d(z,y) + = +y,
d(z, Tz) + o(z) + p(Tx) = d(x,0) + z
d(y,Ty) + ¢(y) + ¢(Ty) = d(y,0) +
and

M(x,y,d,T,¢) = max{d(z,y) + x +y,d(z,0) + z,d(y,0) + y}.

Since x > y, we have

) -

®)))-

If
1
then
Y (M(z,y,d, T, ) — ¢ (M(2,y,d, T, ) = ¢(dz,y)+z+y)—¢(dy)+z+y))
23
= (d(z,y) +x+y) >0
16
and so
0= ¢ (sd(T2, Ty) + (T) + ¢(Ty)) < & (M(,9,d, T, 0) — & (M(,y,d, T, ).
If
1
M(xvyad7T790) = d(.l' 0) +x = %
then
3 1 1 1 23
2
d(Tz, T T T < .- _ - .- =2
< v (M(z,y,d,T,¢) — ¢ (M(z,y,d,T,
Assume that x < y. Then
M(z,y,d,T,¢) = max{d(z,y) + = +y,d(y,0) + y}.
If
M(x,y,d,T,p) = d(z,y) +z + S
:L" y? ) 780 - x’y a’" y — 20 16 807
then
3 9 1 9 207
2
d(Txz, T T T < [ — =
< v (M(z,y,d,T,0) — ¢ (M(z,y,d,T,
If

M(z,y,d,T,¢) =d(y,0) +y,
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then
9
d(y,0 > —
(4.0)+y = o5
since x < y and 0 < y. Thus

¥ (2d(T2, Ty) + o(Tw) + o(Ty)) < & (M(z,y,d. T, ) — & (M(x,y,d, T, 0))) .

Case II: x € {O,% % 75} and y € [ ] This implies x < y. Then

v (52 (d(Tw, Ty) + ¢(Tz) + (Ty)) ) = 3 {961 (16 o) + 116} = %.
Also
d(z,y) + o) + ¢(y) = (x —y)* + =+,
d(z,Tz) + o(x) + p(Tz) = d(z,0) + =
A Ty) + o)+ 9(To) =d (3.3 ) +u+ 15
and
M(z,y,d,T,p) = max{(z — y)? + = +y,d(x,0) + z,d ( 116> +y+ —}

Since x < y, we have

1 1
M(z,y,d, T, ) :max{(w—y)2+x+y7d(y7> +ty+

16
If )
11 59
M d,T,p)=d > = ) ===
@y dTop) =dw-yP +aty= 5+ (3-5) = o0
then
3 23 59 _ 1357 _ 123
M(z,y,d, T, ) — & (M(z,y,d,T,¢)) = — (d(= .
b (M(z,y,d,T,¢)) = 6 (M(z,y,d, T’ ¢)) 16(( )+x+y)_16 100 = 1600 = 160
Then
¥ (s2d(Tz, Ty) + p(Tx) + ¢(Ty)) < v (M(2,y,d, T, 0) — ¢ (M(z,y,d, T, 9))).
It ,
1 111 (1 1 193
M T.o)=d(y, — I (D
(@9,d,T,¢) d(y’16)+y+ 6_2+16+(2 16) 256"
then
23 1 1 _ 23 193 4439 _ 123
M T, ) — ¢ (M T = > > ==
¥ (M9, d,T.0)) = 6 (M9 4 T.9) = 160 (535 ) 4+ 76 2 16 326 = 1308 = 160
Then

¥ (s2d(T, Ty) + p(T) + ¢(Ty)) < v (M(,y,d,T,0) — & (M(x,y,d, T, ).

Case I1I: y € {0, 5,3), 116} and x € [%,1} .

By a similar method to Case II, we deduce that
¥ (82d(Tw, Ty) + o(Tx) + 9(Ty)) < & (M(w,y,d, T, ) = ¢ (M(w,,d,T,0))) .

Case IV: z,y € B, 1].
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If x >y, then

¥ (s2d(Tz, Ty) + p(T) + p(Ty)) =¥ (Qd (116 116> +o <116) + (116)) = %
Also
d(z,y) + e(x) + oy) = (x —y)* + 2+,
1 1
d(z,Tz) + o(x) + p(Tx) = d( 16) A 16’
d(y, Ty) + o(y) + ¢(Ty) —d<y, 116> +y+1i6
and

1 1 1 1
_ N2 - - L -
M(z,y,d, T, o) = max{(z — y) —i—x—i—y,d(sc, 16) +x+ 16,d<y7 16) +y+ 16

Since = > y, we have

1 1
M(x,y,d,T,tp)=max{(:c—y)2+x+y,d( 16) +z+ —

16
If
M(z,y,d,T,0) = (x—y)* +az+y > 1,
then
3 23
ESES@ZJ(M(l‘,y,d,T,QO)_QS(M(IL',Z/,CZ,T,SD)))
If
1 1 1 1 1 1 193
M T, ) = = e
(2,94, T, ) d( 16)+x+16_d(2’16)+2+16 256
then

3 23 193 4439
A i i T. ) — & (M T .
6= 16 356 ~ 2006 = <t (M(z,y,d,T,0) — ¢ (M(x,y,d, T, )))

If x,y € A and x < y, then

1
M(z,,d, T, ) = max((o — )+ o+ 9.4 (v 75 ) + -

By a similar method to the condition = > y, we have

3 4439
< —

Hence
¥ (s2d (T, Ty) + ¢ (T2) + ¢ (Ty)) < F(& (M (2,y,d,T,9)), 6 (M (2,9,d, T, 0))),  (3.17)

Thus all the conditions of Theorem 3.2 are satisfied and 0 is the unique fixed point of 7.

Definition 3.10. [2]A tripled (¢, ¢, F') where ) € ¥, ¢ € &, and F € C is say to be monotone
if for any z,y € [0, 00)

Sy = F(¢(z),o(z)) < F(¥(y), o(y))-
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Example 3.11. let F(s,t) = s —t,¢(x) =z

VT if0<z <,
P(z) = ;
22, ifx>1
then (¢, ¢, F') is monotone.
Example 3.12. let F(s,t) = s —t, ¢(z) = 2°

2?2 ifo<ax<l,
Y(z) = ;
Vo o ifx>1

then (¢, ¢, F') is not monotone. Indeed, let x € [0,1] and y > 1 so, = < y Therefore,
F(y(z),¢(z)) = F(a?,2%) =0
and

F(Y(y),o(y)) = F(Vz,2*) = Vo — 2 < 0.

Definition 3.13. Let (X, d) be a complete b-rectangular metric space and
T:X — X. Alsolet ¢ : X — R* be a lower semicontinuous function. Then T is called a convex

C class —F —generalized weakly contractive mapping if it satisfies the following condition:

v (s2d (T, Ty) + ¢ (T2) + ¢ (Ty)) < P (M (,y,d,T,)), 6 (M (2,9,d,T,¢))),  (3.18)

where

ald(z,y) + ¢(z) + ¢(y)] + bld(z, Tx) + p(z) + o(Tx)] + cld(y, Ty) + ¢(y) + ¢(Ty)]

M(l‘7y7d7T7SD): a+b+c

for all z,y € X,a,b,c € [0,00),a+b+c >0 and ,(¢,¢, F) is not monotone, psi € ¢, ¢ € D,
Fec.

Theorem 3.14. Let X be a complete b-rectangular metric space with parameter s > 1. If T is
a s called a convex C class —F—generalized weakly contractive mapping, then T has a unique
fized point z € X such that z =Tz and ¢(z) = 0.

Proof. Let xy € X be an arbitrary point in X. Then we define the sequence {xz,} by x,,+1 = Tz,
foralln € N.

If there exists ng € N such that z,, = x,,+1 = 0, then z,, is a fixed point of 7.

Next, we assume that x,, # Tp41.
We claim that

nll)rfoo d(znTns1) =0

and

HETOO d(zprni2) = 0.
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Letting = z,—1 and y =z, in (3.1) for all n € N, we have
¥ (82d (T2, Tay) + ¢ (T2n1) + ¢ (Tn) ) (3.19)
< F(w (M (:U'n,—lv Tn, d: T7 90)) ) ¢ (M (xn—la Tn, da T7 90)))7

where

M (zp—1,%n,d, T, p) = {lad(zp—1,2n) + o(@n-1) + o(zn)] + b[d(Tn—1, 2n) + P(Tn-1)]

a+b+c
+ @(n)] + cld(zn, Try) + p(zn) + @(Tzn)]}

- a+ 2 + c{(a’ + b)[d(xn_l’ xn) + So(xn—l) + go(zn)] + c[d(xn, xn-i—l) + 90(1571) + QO(T$n+1)]}.

then we have
V(d(Tep-1,Tey) + ¢ (T2n-1) + ¢ (Tn+41))
¥ (d (@0, Tar1) + @ (@) + ¢ (T041))

¥ (8%d (20, 2n1) + 0 (@) + ¢ (2021) )

< F( a+b+c{(a +0)[d(2n-1,7n) + P(Tn-1) + @(zn)]
- +cld(Tn, Tnt1) + @(Tn) + (T2n41)]}

<

& a+b+c{(a + 0)[d(Tn-1,Tn) + P(Tn-1) + @(zn)] )
’ +cld(Tn, Tnt1) + ©(@n) + P(TTp41)]}

<4 a+b+c{(a + 0)[d(Tn-1,T0) + P(Tn-1) + @(zn)]
= Feld(@n, Tnt1) + 9(20) + @(T2ni1)]} ’

which implies

¢ (d (Tn, Tnt1) + @ (Tn) + @ (Tn41)) < ( ariret (@ + O)ld(n-1, 3n) + ¢(wn-1) + 9(on)] )

+eld(zn, tni1) + @(an) + @(Tzni1)]}
and so
d(@n, Tni1) + @ (Tn) + @ (Tni1) < d(@n-1,20) + @(2n-1) + ©(20)
Hence the sequence {d (zn,Tn+1) + ¢ (zn) + @ (Tnt1) nen is nonincreasing.
Hence d (zy, xn+1) + ¢ (2n) + ¢ (Xny1) — r as n — +oo for some r > 0. Assume r > 0 and
letting n — 400 in above inequality and using the continuity of ¥ and the lower semicontinuity

of ¢, we have

¥ (r) <o (s? ) F(4 () liminf 6 (d (20, 1) + ¢ () + ¢ (2n11))
F

It follows that ¢ (r) = , @ (r) = 0, hence we have r = 0 and consequently, lim,, oo d (Zp, Tpt1)+
¢ (zn) + ¢ (Tny1) = 0. So
lim d(zn,zn+1) =0, (3.20)

n—-+0o
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lim ¢(z,) = lim ¢(x,41)=0. (3.21)

n—-+o0o n—-+o0o
Now, we shall prove that T has a periodic point. Suppose that it is not the case. Then
Ty # Ty for all n,m € N, n # m.

In (3.1), letting # = x,—1 and y = zy,4+1, we have

( (32d (Txp—1,Topi1) + @ (TTn-1) + ¢ (T$n+1))
< FW (M (l‘nfl, Tn+1, da T7 (10)) ’ ¢ (M ('xn*l? Tn+1, da Ta 90)))7

where

1
a+b+c
bld(xn—1,2n) + ©(xn—1) + p(zn)] + cld(Tnt1, Tnt+2) + P(Tn41) + @(Tnt2)]}
T+ i T C{a[d(ﬁnflﬁ Tnt1) + P(@n-1) + ©(@nt1)]; d(@n—1,20) + P(Tn-1) + ¢(zn)}.  (3.22)

So we get

M (-1, 2p41,d,T, ) = {ald(zn—1,2ni1) + ©(Tn-1) + (@Tni1)]+

U (d (0, 0ns2) + 0 (20) + ¢ (w042)) < 9 (5 (20, Tnr2) + ¢ (20) + ¢ (Tas2))
< F(¢ (max{d(zn-1,Zn+1) + @(Tn-1) + @(Tn+1), d(@n-1,2n) + ¢(Tn-1) + ¢(zn)})
s ¢ (max{d(zn—1, Zni1) + ©(Tn-1) + P(@n41), d(Tn-1,20) + p(2n-1) + @(z0)})). (3.23)

Take ap, = d(Tn, Tnt2) + @ (Tn) + @ (Tnt2) and by, = d(zy, Tni1) + @(xn) + @(Tni1).
Then by (3.23), one can write

Y (an) < F (Y (max (an-1,bn-1)) , ¢ (max (an-1,bn-1)))

F
¥ (max (ap—1,bn-1)) -

IA

Since 9 is increasing, we get
an <max{an_1,bn—1}.
By (3.3), we have
by <bp—1 <max{an—1,bp-1},
which implies that
max {ap, b, } < max{an—1,bp—1}, ¥Yn € N.

Therefore, the sequence max {a,—1,bn-1},c  is a nonnegative decreasing sequence of real num-
bers. Thus there exists A > 0 such that

nll)rfoo max {an, by} = .

Assume that A > 0. By (3.6), it is obvious that

A= nll)r}_loo sup a, = nll)l}_loo supmax {an, b, } = HETOO max {an, by} . (3.24)
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Taking lim sup,, — 400 in (3.23), using (3.24) and using the properties of 1) and ¢, we obtain

YA = (lim sup an)

n——+00
= limsup ¢ (an)
n—+400
< lim sup ¢ (max {an, b, }) — lim inf ¢ (max {a,, b, })
n—-+00 n—+00

< F@y ( lim max {ay,, bn}> N0 (nll)riloo max {ay, bn}))

n—-+oo
= F((A), 6(N)),
which implies that ¢ (r) =0, or ,¢(r) =0, a contradiction. Thus, from (3.24),

limsupa, =0
n—-+oo

and hence

lim d =0.
b ¢ (nnt2) =0

Next, we shall prove that {z,},y is a Cauchy sequence, i.e, limy, ;oo d (Tn,2m) = 0 for all
n,m € N. Suppose to the contrary.

From (3.1) and by setting = = T, and y = T, , we have
M(ﬂj‘m(k) ) $n(k) 9 d7 Tv 90) = max{d(ajm(k) ) $n(k)) + QO(ZIIm(k)) + gp(xm<k) )’
d(xm(k) ) xm(k)-i-l) + So(xm(k)) + SO(meC)-i-l); d(xn(k) ) $n(k>+1) + (,0($n(k>) + ¢($n<k)+1)}-
Taking the limit as K — +oo and using (3.6), (3.7 ) and (¢i¢) of Lemma 2.4, we have

lim M (:cm<k),xn(k>,d, T, go) < se. (3.25)

k—4o00

Now letting « = &, ,, and y =y, in (3.1), we have

P [SQd (;pm(k)+1,l‘n(k)+1> + (m(k) + 1) + (n(k) + 1)}
< (W [d (2my 11,20y 11) + 0 (may +1) + ¢ (ng +1)]
X {d ($m(k)7xn(k)+1) +o (m(k)) +¢ (n(k))} )-

Letting k — +o00, using (3.6), (3.7), (3.25 ), and applying the continuity of ¢ and the lower

semicontinuity of ¢, we have

. 2

kgrfoodj {s d (wm(k)+1,$n(k)+1):| < F(3(se), p(se)).

Using (3.25) and (iv) of Lemma 2.4, we obtain

2¢
s

wlss) = v (s

This is a contradiction. Thus

) < lim_sup [ (1,0, 01) | < F(0(52),6(52)).

n’”lLl_Igood (Tm, ) = 0.
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Hence {x,} is a Cauchy sequence in X. By completeness of (X, d), there exists z € X such that

lim d(zy,z)=0.

n—-+00

Since ¢ is lower semicontinuous, we get

¢ (2) sliminfo(z,) < lim ¢ (20) =0,
which implies
p(z) = 0. (3.26)
Now, putting x = z,, and y = z in (3.1), we have
M (xn,2,d, T, ) = max{d(zn,2)+ ¢ (z,) +¢(2),
d(Tn, Tn1) + @ (Tn) + ¢ (2nt1) ,d (2, T2) + ¢ (2) + ¢ (T2)}.
Taking the limit as n — 400 and using (3.6), (3.7 ) and (3.26), we have

lim M (xp,2,d,T,¢)=d(z,Tz)+ ¢ (Tz).

n—-+o0o

Since x,, — z as n — +o00o, from Lemma 2.3 , we conclude that
1
-d(z2,Tz) < lim supd(Tz,,Tz) <sd(z,Tz).
S n—+4o00

Hence
1
sd(z,Tz) = s°~d(z,Tz) < lim sups’d(Tz,,Tz),
s

n——+0oo
which implies
lim sup[sd(z,Tz)+ ¢ (zpt1) + ¢ (T2)] < lim sup [SQd (Tzp, Tz) + (Tpt1) + ¢ (Tz)] .

n—-+o0o n—-4o0o

Then using (3.1), we have
¥[8 (T2, T2) + ¢ (Tzn) + ¢ (T2)] = ¥ [s2d (2041, T2) + ¢ (@n11) + ¢ (T2)]
S F(¢ [M (.len, 2, d> T, 90)] ) ¢ [M (.len, 2, d: T? 90)])

Letting n — +o0 and using the continuity of 1) and the lower semicontinuity of ¢, we have

o] Jlim_sup (sd (2, T2) + 0 (211) + 0 (7))

n—+oo

< { lim sup (szd(Txn,Tz) + (Tny1) + ¢ (TZ)>]

n—+00
< F( [ i _sup M (00,20, 70 lim_0[M (0,200, 7. 0)]),
which implies
Y[sd(2,Tz) + ¢ (T2)] < F(Y[d(2,Tz) + ¢ (T2)], ¢ [d(2,Tz) + ¢ (T2)]).

This holds if and only if ¢ (d(z,T2)+ ¢ (Tz2)) =0 or ¢ (d(z,Tz) + ¢ (T2)) = 0 and from the
property of ¥, ¢, we have
d(z,Tz)+¢(Tz) =0.
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Hence d (z,Tz) = 0 and so z = Tz and ¢ (T'z) = 0. It is a contradiction to the assumption: that
T does not have a periodic point. Thus T" has a periodic point, say, z of period n. Suppose that

the set of fixed points of T' is empty. Then we have
qg>0andd(z,Tz) > 0.

Since T has a periodic point, z = T"z. Letting £ = 7" 'z and y = T"z, we obtain

M (T72,T"2,d, T, 0) = max{d (T" "2, T"2) + ¢ (T""'2) + ¢ (T"2),
d(T" 712, T2) + ¢ (T"72) + ¢ (T72), d(T"2, TT"2) + ¢ (T"2) + ¢ (TT"2)}.
By a similar method to (3.4), we conclude that
M (T”z, ™12 d,T, gp) —d (T”—lz, T”z) +o (T”_lz) T (T"2).
From (3.1), we have
¥ [$2d (5, T2) + ¢ (T"2) + ¢ (T"12) | = ¢ [s2d (T2, T"12) + 9 (T72) + ¢ (T2
< P@[d(T712,172) + ¢ (T7712) + ¢ (T72)]
(6| (T7712,T72) 4 (T7712) + 9 (T72)])

< [SQd (T”_lz, T"z) + (Tn_lz) + ¢ (Tnz)}

S F([d(z,T2) + ¢ (2) + ¢ (T2)]
,@[d(2,Tz) + ¢ (2) + ¢ (T2)])

Taking the limit as n — +o00 and applying the continuity of ¢ and the lower semicontinuity of
¢, we have
0 [s%d(2,T9)] < P (= T2)], 0 1d (2, T2)).
Hence d(z,Tz) = 0, which is a contradiction. Thus the set of fixed points of T is non-empty,
that is, T has at least one fixed point.
Suppose that z,u € X are two fixed points of T such that u # z. Then Tz = z and Tu = .

Letting # = z and y = w in (3.1), we have
v (24(T2,Tu) + ¢ (T2) + ¢ (Tu)) = ¥ (sd (z,0)) < F@ (M (2,0,d,T,0)) , & (M (2,,d, T, 9))),
where
M(z,u,d,T,¢) = max{d(z,u) + @(2) + p(u), d(z, T2) + @(2) + 9(T2), d(u, Tu) + p(u) + (Tu)}
=d(z,u).
So
¥ (s%d (z,u)) < F(6 (d(2,0)) 6 (d (2,1)).


https://doi.org/10.28924/ada/ma.6.6

Eur. J. Math. Anal. 10.28924/ada/ma.6.6 [ 24 |

This holds if ¢ (d (z,u)) = 0 and so we have (d (z,u) = 0. Hence z = u and T has a unique fixed
point. O

4. CONCLUSION

In this paper, inspired by the concept of generalized weakly contractive mappings in metric

spaces, we introduced the concept of C-class function for generalized weakly contractive map-

pings in rectangular b-metric spaces to study the existence of fixed point for the mappings in

this spaces. Furthermore, we provided some useful examples.

[
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