©2021 Ada Academica
Eur. J. Math. Anal. 1 (2021) 164-181
doi:

Nonlinear Differential Problem with p-Laplacian and via Phi-Hilfer Approach: Solvability and
Stability Analysis

Hamid Beddanil*, Moustafa Beddani2, Zoubir Dahmani3

L Laboratory of Complex Systems of the Higher School of Electrical and Energy Engineering of Oran,
31000, Algeria
beddanihamid@gmail.com
2Department of Mathematics, University of Sidi Bel-Abbés 22000, Algeria
beddani2004@yahoo.fr
3Laboratory of Pure and Applied Mathematics, Abdelhamid Bni Badis University, 27000, Algeria
zzdahmani@yahoo.fr

*Correspondence: beddanihamid@gmail.com

ABSTRACT. This paper we consider a study of a general class of nonlinear singular fractional DEs with
p-Laplacian for the existence and uniqueness solution and the Hyers-Ulam (HU) stability. result via
@—Hilfer derivative is studied. Then, an existence of one solution is investigated. Some illustrative

examples are discussed at the end.

1. INTRODUCTION

Recently, fractional differential equations with boundary conditions are being studied by many
interested people. This is because fractional differential equations describe many more real op-
erations than classical differential equations. Therefore, partial differential equations appear
in many engineering and technological disciplines that include several sciences; See for exam-
ple [1,3-6,8,17,18,20,22,23,31]

Currently there are several different definitions of fractional integrals and derivatives, from the
most famous of which are the Riemann-Liouville and Caputo fractional derivatives to other less well
known definitions. A generalization of the derivatives of both Riemann-Liouville and Caputo was
given by R. Hilfer in [11], known as the fractional Hilfer derivative of order a and type 8 € [0, 1].
Some properties and applications of the Helfer derivative are given in [12,13] and the references
mentioned therein. Prime value problems involving fractional Hilfer derivatives have been studied

by several authors, see [9,10,26]. However, in the literature there are few papers on the boundary
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value problems of the fractional Hilfer derivatives. The authors set out in [2] non-local value prob-
lems for derivatives of Helfer’s fractions. For some recent work on boundary value problems with
fractional Hilfer derivatives, we refer to the papers in [28-30].

Some authors have worked on the EU of solutions for fractional DEs with p—Laplacian operator.
We cite, for example; Li, Wang., Khan et al. [15,19, 27] studieds a nonlinear fractional DE with

p-Laplacian operator for the EU of solutions.

H. Khan, T. Abdeljawad, M. Aslam, R. A. Khan and A. Khan [16]. worked on the following

proposal for the existence of a positive solution (EPS) and stability analysis:

D"y [D™ (u(t) — va(t, u(t)))] = —A(t)va(t, u(t — 7)),
PYp [D2 (u(t) — vi(t, u())]l,—g = ¥p [P (u(t) — va(t, u(t)))']],_, = O,
u(0) =u(1) =0,
[Z277 (u(t) = vi(t, u(t))]],_o = O,

where 0 < rp < 1 < rn, < 2, and vy, v» are continuous but singular at some points. The
fractional derivatives D* and D" are taken in the Caputo sense and in the Riemann-Liouville
sense, respectively, and 9¥,(z) = |z|P~2 z denotes the p—Laplacian operator and satisfies %—i—% =
L (o) " = ¥q.

A. Devi, A. Kumar, D. Baleanu and A. Khan [7]. worked on the EU and HU stability results, for

nonliner FDEs involving Caputo fractional derivatives of distinct orders with 1), Laplacian operator:

[ <Dy, [°D2 (u(t) — Y7, vi(t))] = —w(t, u(t)), t € (0, 1]
¥p [P (u(t) = T2 vi(D)]] o = 0.
< u(0) = 312, vi(0),
u'(1) =30, vi(1),
W(0) =Y T,v(0), forj=2,3,..n—1,

“

where 0 < ry <1,n—1<nrn < nn >4 and v;, w are continuous functions. <D and
D2 denotes the derivative of fractional order r; and rp in Caputo’s sense, respectively, and

PYp(z) = |z|P~2 z denotes the p—Laplacian operator and satisfies % + % =1, (djp)*1 =1Y,.

In the present research work, we study the existence and uniqueness of a solution (EPS) and

stability analysis which includes the ¢—Hilfer fractional-order of the form:
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- HDg‘i'ﬁl;“’% (Hpgtfﬁz;tpu) (t) = h(t, u(t), RL ’D“;‘pu(t)), teJ=(a, bl

< u(a) =0, u(b) = Z% u (¢, (1)
W, (M2 )(a)—o
and , (PDIFU(b)) = T8Pu(C), a< (.G < b
HDg‘i'ﬁ;‘p,HDgf'ﬁ;w

Here, we take , are the p—Hilfer fractional derivative of orders o, o, 1 <
a1, az < 2 and B, B> two parameters 0 < 31,82 < 1, RLD';“’ the p-Riemann-Liouville fractional
derivative of order 1 where u < a2, and Zf the left-sided p—Riemann Liouville fractional integral
of order p, where p > 0, and Y,(z) = |z|P~2 z denotes the p—Laplacian operator and satisfies
% + % =1,(¢p) ' =g and @ : J — R be an increasing function such that ¢/(t) # 0, for all

teJ and f: J xR xR =R, is given function will be "well defined" later.

2. PHiI-HiLFer DEerIvATIVES CALcULUS

In this section, we introduce some notations and definitions of Phi-Hilfer Derivatives Calculus
and present preliminary results needed in our proofs later, for details, see [17,24,25].
Let ¢ : [a, b] — R be an increasing function with ¢/(t) # 0O, for all t € J, and let C([a, b],R) be

the Banach space.

Forallv > —1and s, t € [0,00), (t >'s), we pose p,(t,s) = (p(t) — p(s))".

Definition 1. Let (a, b), (—oo < a < b < o) be a finite or infinite interval of the half-axis (0, co)
and o > 0. In addition, let ¢(t) be a positive increasing function on (a, b], which has a continuous
derivative ¢'(t) on (a, b). The ¢p—Riemann-Liouville fractional integral of a function u with respect

to another function ¢ on [a, b] is defined by

TEu() = g )/ $)oa_1(t. 5)u(s)ds, 2.1)
where I (.) is the Gamma function.

Definition 2. Let n € N and let ¢, u € C"(J) be two functions such that @ is increasing and
@' (t) #0, for all t € (a, b]. The left-sided p—Riemann Liouville fractional derivative of a function
u of order o is defined by

1 d
©'(t) dt

DXCu(t) = ( )nzg;a?“’u(t)

t
1

T T(n—a) (so’tt):t) [‘p/(s)‘p"‘a—l(tvs)U(S)ds,

a
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where n = [o] + 1, [a] represents the integer part of the real number o
Definition 3. Let n—1 < a < nwithn €N, [a, b] is the interval such that —oo < a < b < oo and

p,u € C"([a, b],R) two functions such that @ is increasing and ¢'(t) # 0O, for all t € [a, b]. The
@-Hilfer fractional derivative of a function u of order a and type 0 < 3 < 1 is defined by

1 d\" _ 1-g)(n—
HD?P Cu(t) 71607 a)ie ((p’(t)dt) IS B)(n a)wu(t) _ oupr @ u(t),

wheren=[a]+1,vy—a=06(n—-a).

2.1. Auxiliary Lemma.

Lemma 1. Let o, p > 0. Then, we have the following semigroup property given by
THCTEu(t) = TSP u(t), t> a.
Next, we present the w-fractional integral and derivatives of a power function.

Proposition 1. Let a« > 0,0 > 0 and t > a. Then, p-fractional integral and derivative of a power
function are given by

(1) Z0s1(t, a)(t) = {a2500a-1(t, 3).
(2) HDZ‘;ﬁ;‘p(pg,l(t, a)(t) = r(r(o) jPo—a-1(t @) n—1<a<no>n

Lemma 2. Ifue C"([a,b],R),n—1<a<n0<pB<landy=a+G(n—a). Then

©y—k(t,s) Kl(1-8
T2 (MD2Pe ) (1) = u(t) - er*kﬂ)v[g IZ(-P=edey(q), t € [a, b],

where V([glu(t) = (W Q) dt) u(t).

Lemma 3. Let u € C"[a,b] and 0 < g < 1, we have

2 ull

‘Zg:pu(t2) —Ig_i_(pu } < ﬁ

0q(t2, t1).
Lemma 4. ([14]) For the p—Laplacian operator v, the following conditions hold true:
(1) If |51| , |52| >p>0,1<p< 2,010> > 0, then

[Wp(81) — ¥p(82)| < (p— 1) pP2 |61 — b2].

(2) 1 p>2, |61],165] < ps > 0, then
[¥p(61) — Pp(62)| < (p— 1) P27 2|61 — 62| .

Lemma 5. [9] For nonnegative a;,i =1, ..., k,

o] <o [
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Lemma 6. [eta>0,1<a1,00<2,0<61,6<1,and 2—v = (1*61)(2*0[1),2*’)’2 =
(1-B2)(2—a2). For f € C(J,,R,R), the unique solution of the sequential Hilfer fractional

boundary value problem

Hpaabriey, (HDE‘E’BM’U) (t) = f(t), ted=][ab], (2.2)

u(z) = 0,u(b) = Y Nu(4).
%(HD;’E'BW )(a)—O (2.3)
and W (FD3Cu(b)) = T50u(0), a< ¢ G < b,

is given by
0 = o / ¢/(5)Pas-1(t.5)X (s, 2)ds
e
where

(50 (¢) — T82°F (b))

(p’Y1—l (b' 2)

X(s.a) = g r(;) ] & (5)Pay1(5, 2)F(2)dz + o1 (5. 3)

¢
7090 (() = r(lp) / o ()0,(C.5)u(s) ds,

a
b

TUOF(b) = l_((lxl)/(p’(s)(pal_l(b,s)f(s)ds.

a

Proof. Assume that u is a solution of the sequential nonlocal boundary value Problems (3.6) and
(2.3). Applying the two operators Z>1'?, Z°2'% to both sides of Equation (3.6) and using Lemma 2

and Proposition 1, we obtain

'lpp (H'Djf,ﬁztp ) (t) *Ial (pf(t) + (701)(@)’1 2( a) + |—( )(p’Yl 1 (t a) (24)

where mg, m; € R, and 2 —y; = (1 — 1) (2 — 1) . From the boundary condition
Pp (HDS‘E'Bz;‘pu) (a) =0, and if t — a then @4, > (t, a) = oo, we get

mO:O.
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and by 9, (HDgf‘Bz‘pu) (b) =Z8%%u(¢), we obtain

(1)

o (b,) (17O TG (0)).

my =

So

D) = Z50r(0) + LG (1800 (0) - T3 r (1) ).

by (2.4)we have

_ Qz; ar; Oy —1 (t, 3) : i
u(t) = T3 » [’(/Jq (Ia+ Cf(t) + m (Ing(C) — I ‘pf(b)))]
mp

ms
+m‘ﬂ7272 (t.a)+ W‘P’h*l (t.a),

where my, m3 € R, and 2 — (1 — 32) (2 — a2) = y2.and if t — a then ¢,,_2 (t,a) = oo, we get

By conditions u(a) = 0, and tlimot"yz_2 = 00, we get
—
my = 0.
So

o(6) = 755 | (7291(0) + L2 (2800 Q) - T30 (0) ) | + g oma (1. 9)

n
By conditions u(b) = 3_Aju((;), we get

& aw[wq (zj;l ‘Pf(t)+(p“_lm(fp‘p (O—Igjicpf(b)))]

t=b

Then

u(t) = zgf*”[wq (Is‘:?“’f(t)ﬂ’“’”m(I"“’u<<>—18‘¢“"f<b>))] “";j“é}'; aiz“’“’

0 1(88) oy [wq (I;‘: of(t)+ L9 (700 ) —Ié‘f“’f(b)))]

Ory,— 1(b a) a+ Oy—1 (b ) t=b

This finishes the proof.
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Conjecture 1.

B = oy [¢(S)0m (69X (s, a)ds

F(v2)  @y,—u-1(t a) : _ .
F(v2—p) @r-1(b,a) ;A’U(C’)

b
o Te) oppal(ta) [,
F(@2) (12— 1) @yt (b.2) [ ¢ 0as (e 0x(0 pat.

a

3. MAIN REsuLTS

In this section, we present to the reader our main results on the existence and stability for the

above problem. We begin by considering the space
Ch={u: u, Rt DPue C([a b].R)},

with the norm
lulles = llullc + |02 ]|

such that

, and HRLDZFUHC: sup |FEDMPu(t)|.

lullc = sup [u(t)
tela,b] te(a, b

3.1. Criteria For Uniqueness Solution. Now, wee need to consider the following assumptions:
‘H1) h is continuous function.

‘Ho>) There exists a constant T > 0, such that
[h(t, u,v) = h(t,x, y)| < T (Jlu—x|+|v—yl),

with t € [a, b], (u, v, x, y) € R%.

H3) There exists two continuous functions 71, 75 : [a, b] — R™, such that
|h(t, u, v)| < ma(t) lu(e)| + ma(t) [v(E)],

where

w1 = sup |mi(t)], and 75 = sup |ma(t)|.
tefa, b tela, b

Now, we define the following quantities:
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<Pq(b: a) = M7,

a -1 -1
T 3q_2[(r(iﬁﬂ+11>)q (e )+ () ]
o
M= %
N = (ip\ﬂ
=1
e = Q. Mok QT (2) Mo2—H |
Mao—pu+1) (oo + 1) (2 — )
[ MK
Mo = r(&)—m“-

Based on the above hypotheses, we present to the reader the following result.

Theorem 1. Under Hy and Hsz the equation (1.1) has a solution.

Proof. Firstly: We begin this proof by defining the operator G : C{; — Cl; by:

b
GO = s ]w’(s)wa21(r,s>xu<s,a)ds—r(a“j)j;(i'f’;a) ¢ (t)0a,-1(b, OX,(t,2)dt

(p’YQ 1(t a)
Aiu(¢).
(p’Yz 1 b a)Z C

where

y pip _ o
Xu(s,a) =Yg (r(ill)/(p,(s)(pal1(S'Z)hU(Z)dZ+ (2520 Q) — 7! h”(b))wwl_l (s, a)) ,

Pry—-1 (b, a)

a

where
hu(t) = h(t, u(t),RE DHPu(t)).

We consider the set U, = {u eCl: ||u||Cu < r} , so that

max{(2(/\1 +A3))77, 2 (Ao +/\4)} <r
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We show that GU, C U,. For any u € U,, and by Lemma 5 we have

1Xu(s, a)l
- 1T, (222 (¢) — 289 hy(b))
- [wq (rm [ s10nmals, (2 + e B (s.a>)]'
qg—1
< te[ab] (o )j '(8)Pa,—1(s, 2)hy (2)dz + I8 u () + It % hu(b)
< 392 sup 1]@’(s)<pal_1(s,z)hu(z)dz +(Z82u (0))" 4 (z8%hy (b))’ -t
o tefa,b] (o) :
q— [ M M Wi o Me -t q—1
< 5o wies T Pole) () oo
L[ 2mimen a1 [ 2mMe V7 o 11 v Moo\ o
< 39 _(r(§1+1)) (lulle) +(r(§1+1)) (17 D5 ullc) 1+(F(p—|—l)) () 1]
q— [ 2M -t *\q—1 *\g—1 MmP -t g—
< 3 2_(r(a1+1)) ((r)7 + (n3) )+(r<p+1)) ]r :
< Q.ri 1
Then
sup |[(Gu) (t)] (3.1)
t€(a,b)
L (t.2)
/ Pry,—1 (1,2 /
< tétjat,)b] W‘Q)/(p (S)®a,—1(t, 5)Xu(s, a)ds + M(02)@y,—1 (b, 3) a @' (t)par—1(b, t)Xy(t, a)dt
(p’YQ 1
R ZM(C)‘
2Me2
< mw ul + ;|>\|)t§[tlal?b]U(t)l
2.Q.M*2
S Famrp’ T ;|>\,-|)r
< /\1rq+/\2r.

Also, we have

sup |(REDMPGu) (t)

tela,b]

<

sup
tefap] | T (a2

]-_MI(p/(S)(pag—u—l(t, S)XU(S, a)ds +

M (72)

(3.2)

Oryp—p—1 (t, a)

(2 —=n) ¢p-1(ba) =

ZNU (<)
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_ M (72) Oyp—p—1 (t, @) T
Ma2)l (v2 — 1) @y—1 (b, a)

o [ (32) Mo r (92) M
[ ¥ s+ (ZIA |) o u(r)

@' (t)Pa,—1(b, t)X,(t, a)dt

Moz —p+1)  T(oa+ 1l (12 M (v —

[ QM*E QT () M ]rq_l () M~ (ZIM)

Maz—p+1) T(laz+ 1) (2 —w) M (v —w)
/\3I’q_1 +/\4I’.

IN

By (3.1) and (3.2), we find

lullcg = sup |(Gu)(t)lc + up |(REDYPGu) (1)) (3.3)

tela,b]

IN

(AN 4+N)r9 4+ (Ao 4+ Na) r

r.

IN

that is GU, belongs to U, on [a, b].

Next, we prove that G is completely continuous. For any v € U, and t;, t, € [a; b] such that

t; < tp, by Lemma 3, we have

Sup [(Gu) (t2) = (Gu) (t1)]

< sup / (S)Pa,—1(t2, 5)Xu(s, a)d / S)Pa,—1(t1,5)Xu(s, a)ds

tefap) | T (a2) az)

Oyp—1 (12, @) — ©y,—1 (1, 3) '

t _1(b, )X, (t, a)dt
r(az)(pryz_l (b, a) i (p ( )Waz 1( ) U( )

Pry,—1 (tha) _(p’Yzfl(tlva) g

+ Aiu (¢
(prQf]_ (b, a) Z 1 (CI)

Q.ra-t Q.M ra=1 4 T(as + 1)Aor
_ to, t _1(tp, t1).
Flop 1 1) Pl i)+ Moz + Loy,_1 (b a) % 12, 1)

Hence,

sup |(Gu) (t2) — (Gu) (t1)] = 0, as to — ty.
te(a, b
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Also, we can say that

sup |(FEDE#Gu) () — (REDEPG) (1))

/w’(t)warl(b, t)X,(t, a)dt

) V-1 (f2, t1) -

tela,b]
1 ta 1 t1
< [ ! ¢ X ds — ———— ! _u—1(t X d
S r(az_u)/w (8)Pas—p-1(t2, 5)Xu(s, a)ds r(a2_m/<ﬁ (8)Pay—u-1(t1, $)Xu(s, a)ds
a a
F(v2) @yop-1(t2,a) — @y, p1(t1,a) .
Aiu (¢
M (2 —w) Pry,1 (b, a) ; ulé)
b
M (72) Opp—p—1(t2,3) = Qy,—p—1(t1, )
Ma2)l (2 — 1) ©y,—1 (b, a)
a
Q.ra-1
< - _ulb, b
= Ta—p+1)fe w(t2. 1)
[ (72) Aar M (72) .Q.ri"t. M
F(v2—w)@y,—1(b,a)  T(ax+ 1) (72 — i) ©y,-1 (b, a)
Hence,

sup |(RLDZJL(pGU) (t2) - (RLDZJLWGU) (tl)} — 0, as tr — tj.

tefa, b

As a consequence of the above three steps and thanks to Arzela—Ascoli theorem, we conclude that

G is completely continuous.

The proof of Theorem 1 is thus completely achieved.

3.2. Criteria For Existence of a Solution.

Theorem 2. Assume that H, and Hs3 are satisfied. Suppose that

O

Ti+7To <1,
where
2(q—1)A972M2 ( 47 M MP )

T, = Ao,

! Moo + 1) I—(a1+1)+r(p+1) +
and

o AT M MP Moz [ (y,) Mok
Ty = (qg—1)A92 +
2 = (a-1) (r(a1+1> r<p+1>) (r(a2—u+1) Floz + DN (12— 1)
M (y2) NoM™H
M (v2—u)

Then, (1.1) has a uniqueness solution.
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Proof. We pass to prove that G is a contraction. For any u, v € U,, we have the following estimate

|Xu(5- a) - XV(S, 3)|

ijrwu _IaJrl;Lphu b
0B, )

= |Yq (r(il)/(pl(S)(pal1(5,Z)hu(2)dz+

a

° i _ qo1ip
Y (r(i‘l)/‘p/(s)%ll(S'Z)hv(Z)dZJr Z7v (O ~ It hV(b))wwl—l (s, a)>

Pryi—-1 (b,a)
< (qg—1)y972 I'(a) S)Pa,—1(S, 2)hy(z2) dz—/ S)Pay—1(s, z)h,(z)dz
‘p’h 1(5 ) 05 00 Py, 1(5 a) ;e arp '
IO (C) — TV (¢ 711/713—11'/713
Qo'yllba)( () o+ ()) fhi (b )( () o+ V( ))
MP
< —1)y9=2 hu(t) — hy(t)] + ———— t) —v(t
< (g-1)y (r(a1+1)t§fi,p |hu(t) — hy( )I+r( +1)tsup lu(t) — v( )I)
2T M*1 MP
< —1)y972 ( )su u(t) — v(t
< (g-1)y r(a1+1) o D) teapr() ()]
2TM* RL RL
—  sup DPu(t DhPv(t
r(al‘i‘l)teab} (8) - ®)
47 Mo MP
< _ q—2 _
< e (O ) vl
where
27 M
A> r(a1+i) + r(p+1)' if g>2,
ou
27 M Mo
0<A<r(a1+11)+r(p+1)'lf1<q§2-
Then
sup [(Gu) (t) — (Gv) (1)] (34)

tela, b

IA

sup (o )/(p (8)a,—1(t,s) (Xy — X,)(s,a)ds

t€(a,b)

b

te[ab] | Pra—1 (b, a)

T osup |Lemtlt "’)ZM () - v<<,->>‘
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oMo
mt;fb] |Xu(t,a) = Xu(t,a)| + /\zt;fb] (lu(t) = v(t)])
2(qg—1)A972M*2 [ 47T M™ MP
= Mom + 1) Flait1)  T(o+ 1)) +/\2) lu = vllcy
Tallu—vies.

IN

sup |(FLDH9Gu) (t) — (REDH9Gv) (1)) (35)
te(a, b

t

e o= [ PSP (£:9) (X = X,) (5,2)ds

IN

a

M (72) (p’Yz—N-—l(t' a) - . AR .
o ) A 6) - (6

b

r(rb) Pryo—p—1 (t, a) ’ B
+r(a2)r(72fu) ©v,—1 (b, a) /a‘p(t)‘!’az—l(b, ) (X, — X,) (t,a)dt

( Mo~k [ (y0) M2~ )
Moz —p+1) Tlaz+ 1) (v2—w)

M (y2) NaM™H
T i, (0 -0

{(q—1)Aq—2( 47 M MP ) ( Mee—k [ () Mok

IN

sup | Xy — Xy
tela,b]

_|_

IN

Fat D) (Tt D)) \Flee—pnt1D) " Tlat Ur (2 — )

W} 1= V]|
M (2 —w) “
< Tollu—=vlles-

By (3.4) and (3.5), yields the following inequality
IGu = Gvllex < (T14 T2) lu = vilcs.

Where T1 + T2 < 1. Hence G is a contraction operator and the contraction mapping principle

implies that (1.1) has a unique solution. O

3.3. Ulam Type Stability. We introduce the following two definitions

Definition 4. The problem (1.1) is Ulam—Hyers stable if 3 X\ € R, such that for eache >0, t € J,

and for each u € Cl; solution of the following inequality

D0y, (HD520u) (1) — h(t, u(t) FE DY

(3.6)

Jv € Cl solution of (1.1), ie.

MDYy, (DSPPv ) (£) = h(t, v(E),RE DEu(D)), (37)
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such that, the inequality

lu—vies < %,

holds.

Definition 5. The equation (1.1) has the Ulam—Hyers stability in the generalized sense if 3 ¢ €
C (J,Ry), such that for each € > 0, t € J, and for each u € Cl; solution of:

HHDOHBW (Hpjfﬁw )(t)—h(t u(t),REDEPu(t))

L <E (3.8)

%)

Jv € Cl solution of (1.1) that satisfies

lu(t) = v(D)llcx < ew(t).

In the light of the first definition and using the above existence and uniqueness theorem, we

present to the reader the following result.

Theorem 3. If the assumptions (H») are satisfied, then Eq (1.1) is Ulam—Hyers stable under the
condition that N1 + N> < 1, where

Ne = 2(q—1) AT 2M*> ( arme M-
t= Moo + 1) Mon+1)  T(p+1)
and
N — (4T(q —1)AT2M* (g — 1)Aq—2/\/lp) ( M2—H [ (72) Mo2~H
? Moy +1) M(p+1) Moo —p+1)  Tlaa+ 1) (v2— k)

Proof. Let u € Cl; be a solution of the inequality (3.6), L.e

HH’D;l'ﬁl;tp"/)p (Hpg%ﬁz:(ﬁu) (t) _ h(t, u(t),RL Diailp

<eg, Vted (3.9)

Let v € C/; be a unique solution of:
HpaLPLey, (HDg‘f'ﬁz;‘pv) (t) = h(t, v(£),REDH# (1)), Ve J,

and
u(a) = v(a), u(b) = v(b)
and
¥y (HDgﬂf'ﬁQ;‘pu) (a) = ¥, (HDg‘f'ﬁQ;(pv) (a),
Wy (HD?_E.BZ;WU) (b) = ¥ (HDgcfﬁzzwv) (b),



Eur. J. Math. Anal. 1 (2021)

By using Proof of Lemma 6
. t
_ /
(1) = oy [ WOt X5 a)ds
a

Pyl (t.a)
[(02)@y,—1 (b, 3)

(p’YQ l(t a)ZA (C/ ,

@ ()pas—1(b, DX, (2, a)dt

(p'YQ 1 (b )

where
(IPKPU (C) B e (b))
o+ o+ v
Xv(s, a) =g (I’(a )/ $)Pa,—1(s, z)h,(z)dz + o1 (b, 3) oy —1(s.a) |-
By integration of inequality (3.9), for any t € J, we have
F(a ) S)Pa,—1(t, s)Xyu(s, a)ds (3.10)
(p’YQ 1 (t a)

M(a2)py,-1 (b, a) /‘P (1) @a,-1(b, 1)Xu(t, a)dt

~fnt il qu(o

(p'YQ l

M9y, 1 a, (t, a)
< o2 Ial‘P — 1t
= T ) = Mo +oa+1)

On the other hand, for any u, v € Cl;, we have the following estimate

Ju(t) = v(D)llc (3.11)
Mq_lwa1+a2 (t, a)

<
MNai+ax+1)

+ 50 | [ 001 (6.9) (X0 = X0) (5,905

t,a
+ sup Pry,— 1(t, a)

telanl | [ (02)pr -1 (b, 2) J ¢'(t)ar-1(b. t) (Xy = Xv) (£, a)dt

Mea-+eztal 2(q - 1) AT2Me2 [ 47 Mo MP
£+ -
Mo +an+1) Maz+1) (I'(ozl +1) T(p+1)
Maitaz+g—1

I’(a1+a2+1)

v — V||Cg

e+ Nufju—vlcs.
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Also, for any t € J, we have

1FED5 (u(t) — v(0)]| (3.12)
Mq_l(pal-FOtz—M (tv a)

<
- Mo+ oax—p+1)
+ sup 7/<p5(p t,s) (X, — Xy)(s,a)ds
20 |y | ¢ %t (6.9 (X = X0) (5.9)
[ (72) Pyp—p—1 (L, )/
o' (t)e b, t) (X, —X,)(t,a)dt
o)l (2~ ) 9y (b.a) | #0006 =X (0D
Meatat+q—p—1 Mo~k r(ny) Mok )
< €+ sup [ X, — X
Mar+oax—p+1) (I’(agqul) Moz + 1) (72 — p) te[a‘,)b]‘ ! ‘
Meatat+q—p—1
< £
- |—(OL1—|—O(2—/J,—|—1)
47 (g —1)AI2M™ (g - 1)A‘7‘2/\/I”) ( Mok [ (y2) M2"# ) o
Mai+1) Fp+1) Moo —p+1) T+ 1M (72— k) <
Martas+q—p—1
< e+ Nofju—vlcp.

F(a1+a2—u,+1)

So, by (3.11) and (3.12) we have
Ma1+a2+q—l Moc1+a2+q—u—1
Mo +ax+1) * Mo +oar —pu+1)

= vip <e |

Therefore, we get

) + (N1 + N2) [[u = Vs -

lu=vies < e,

such that
1 Motaztq-1 Metaz+q—p—1
A= +
1—(N1+N2)(F(a1+a2+1) F(a1+a2—u+1))
for any t € J. This implies that the Ulam-Hyers stability condition is satisfied. ]

3.4. Illustrative exemple. Consider the following problem

"D, (0] ) (0 = b DR o) e s =2 B

ua) = 0,u(2):i(fi)u(2j_i),

i=1

{10 - ow () (¢

f(t,u(t), v(t)) = exp (M) u(t) + (1:(_1“20,
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then assumptions (#1), (H2) and (H3) are satisfied with

1
T=n;=—,m=e7, and M =

N =

We conclude that (3.13) has an unique solution.
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