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ABSTRACT. In this article, we study the growth of solutions to certain linear differential equa-
tions with analytic coefficients in C — {20}, where zo € C is an essential singularity. We derive
estimates for the lower bounds of the [p, g]-order of these solutions. Our results improve and

extend the previous findings of Liu, Long and Zeng, and those of Long and Zeng.

1. INTRODUCTION AND MAIN RESULTS

For k > 2, we consider the following complex linear differential equation
FO 4+ A (2) Y o+ Ay (2) f + Ao(2) f =0, (1.1)

where A;(z) (j =0,...,k — 1) are analytic functions in C — {z} with z9 € C being a finite
singularity. To analyze the growth of solutions of (1.1) we employ the concepts of [p, g]-order
and [p, g]-type, originally introduced by Juneja and co-authors for entire functions (see [11], [12]).
These concepts have since been extended to various settings — including entire or meromorphic
functions in C, functions analytic in the unit disc (see e.g. [1]- [3], [10], [15]- [17], [20]- [22]), and
more recently, functions analytic in C — {20}, as in the works of Dahmani and Belaidi [5], Long
and Zeng [19].

In particular, Long and Zeng modified these concepts to study functions that are analytic
except at a finite singularity, and derived several results concerning the growth of solutions
of (1.1). Building on their approach, we introduce the lower [p, g]-order and lower [p, q]-type,
defined analogously, and study their applications to solutions of equation (1.1).

The principal tool in our analysis is Nevanlinna theory, and we assume the reader is familiar

v
{

with its fundamental results and standard notations (see [7], [9], [14], [23]).
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We begin by introducing some notations and definitions, following [5], [19]. For any real
r € (0,00), define expr := e" and exp, ;7 := exp(exp,r), we also define for all sufficiently

large r, log; r := logr and log,,r := log(log,7), p € N. We denote exp,r := logyr = r,
dt
T.
In order to develop our study, we firstly recall some related notations. Let f be a mero-

exp; 7 :=log_; r. Also, we denote the logarithmic measure of a set £ C (0,1) by my(F) = [5

morphic function in C — {2}, where C = C U {00} is the extended complex plane, zy € C is
some essential singularity.

The Nevanlinna fundamentals are the most important step here. For that reason, we dedicated
this section to fully developing the theory for a function with singular point zy (see, [4], [6], [8]).

Define the counting function of f near zy by the following formula

Nzo(r7 f) = _/T n(t’ f) - n(oo’f)dt — TL(OO,f) logr,

00 t

where n (t, f) denote the number of poles of f in the region {z € C: ¢ < |z—2zp|}U{oc0} counting

its multiplicities, we also define the proximity function near zy by

27 .
(o f) = 5= [ 08" 1£(z0 = e do,

Summing up together, the characteristic function of f near zy will be

TZO(T7f) = sz(T’, f) +NZO(T7f)'

Definition 1.1. ( [13]) Let f be a nonconstant meromorphic function in C — {zo}. The function

f is called a transcendental or admissible meromorphic function in C — {29} provided that

TZO (T7 f)

T~ T

T

lim
r—0 log

and f is a rational function in C — {2} provided that

T.
lim inf L’l‘f) < 00.
r—0 og -
Now, we introduce the concepts of [p, g] —order and the lower [p, g] —order for functions that are

analytic or meromorphic in C — {2}, following the approach in [19].

Definition 1.2. ( [5], [19]) Let f be a meromorphic function in C — {2}, p and ¢ be two
integers with p > ¢ > 1. The [p, ¢] —order of growth and the lower [p, q] —order of f are defined
respectively by
: log, T(r. f)
p[p,q},T(fa ZO) = limsup ro 1
r—s0 log, =

and

i inf 280 Lo (12 /)
Hip,q,T(f5 %0) = lbng%fﬁ‘
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For an analytic function f in C — {2z}, the [p, ] —order and the lower [p, q] —order of growth of
f are defined respectively by

o logy g M (r, f)
p[Pﬂ]],M(f, ZO) = hm sup p+1 22
r—0 logq T

and

. . log —+1 Mzo (Ta f)
Hipa (s 20) = Mgt == 0y

where M, (r, f) = max {|f(2)| : |z — 20| =7}.

I

Definition 1.3. ( [19]) Let p,q be two integers such that p > ¢ > 1, and let f be a meromorphic
function in C — {z0} with p = pp, 1(f, z0) € (0,00). Then, the [p, g]—type of f is defined by

IOg -1 TZ (Ta f)
Tl ,20) = limsup—2——22 "2
pal.7(f: 20) e (log,_1 1)7

If f is an analytic function in C — {zp} with p = Plp,q(f;20) € (0,00), then the [p, g]—type of f
is defined by

log,, M, (r, f)
T ,20) = lim sup—2—2- 22
[p,q],M(f 0) 0 p (10gq,1 %)p

Definition 1.4. ( [5]) Let f be a meromorphic function in C — {20}, if 4 = pp, 4 (f, 20) € (0, 00),
then the lower [p, g]—type of f is defined by
log, T (r, f)

Tipg.r(f> Z0) = lim inf iXs
logq_l F)

r—0

If f is an analytic function in C — {20} with pu = Hp.q (f;20) € (0,00), then the lower [p, ¢]—type
of f is defined by

. Jlog, Moy (r, f)
I[nq],M(f» 2p) = lim mfp—olﬂ'
<logq—1 ?)

r—0

Remark 1.5. Let p > q > 1 be integers, and let f be an analytic function in C — {2}

of [p,q]-order. Then by using ( [6], Lemma 2.2), we get Plp,al, T (f,20) = Plp,gl,M (f,z0) and
Pip,ql,T (f520) = pp.q .1 (f5 20). Therefore, in the sequel, we denote

P, (f+20) = ppp.g,r (f20) = ppp.g (f520)

Hp,q,T (f’ ZO) = Hp,q],M <f7 ZO) = Hp,q] (f7 ZO) .

Recently in [18], Liu, Long and Zeng investigated the growth of solutions of the second

order complex linear differential equation
f"+A(2)f +B(2)f =0, (1.2)

where A () and B (z) are analytic functions in C—{zp} and obtained the following three results.
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Theorem 1.6. ([15]) Let A (2) and B (z) be analytic functions in C—{z0} satisfying u(A, zp) <
w(B, z0) < oo. Then, every non trivial solution f(z) of (1.2), that is analytic in C—{z}, satisfies
p2(f,20) = (B, z0)-

Theorem 1.7. ( [18]) Let A(z) and B (z) be analytic functions in C — {2} satisfying the
following conditions:

(4) (A, 20) = (B, 20);

(i) T(A, z0) < (B, 20).

Then, every non trivial solution f(z) of (1.2), that is analytic in C — {20}, satisfies pa(f,z0) >
1(B, 20).

Theorem 1.8. ([18]) Let A(z) and B (2) be analytic functions in C—{zo} satisfying (B, z) <
(A, z9) < oco. Then, every non trivial solution f(z) of (1.2), that is analytic in C—{z}, satisfies
p(f,z0) = (A, 2o).

In this work, we improve the results of Liu, Long and Zeng for higher-order linear differential
equations of the form (1.1) where most of the coefficients are of [p, g]-order. Firstly, we investigate

the growth of solutions of (1.1) when Ay(z) is a dominant coefficient with concept of lower order.

Theorem 1.9. Let k > 2 and p > q > 1 be integers. Suppose that Ay(z),..., Ax—1(z) are
analytic functions in C — {29} and that

QSIJI,lSa]z(_l{p[p,q}(Aj’ZO)au[p,q] (A1, 20)} < ppp.q (Ao, 20) < o0

Then every non trivial solution f that is analytic in C—{zo} of (1.1) satisfies pp, q(f, 20) = 400
and pipi1,q(f520) > fiip,q(Aos 20)-

The following result shows that the coefficient Ay(z) is a dominant coefficient in terms of

lower [p, q]-type.

Theorem 1.10. Let k > 2 and p > q > 1 be integers. Let Ay(z),..., Ax—1(2) be analytic

functions in C — {z9}. Assume that the following three assumptions hold simultaneously:

() p= 2<I§13]z(71{p[p,q]("4j7 20), Mip,q) (A1, 20)} < pipp,q) (Ao, 20) < 00, pipp.q (Ao, 20) > 05

(#4) Tppq.0 (A1 20) < Tpp gar (Ao, 20) = T when pupp g1 (A1, 20)} = pyp.g) (Ao, 20);
(i)
o= Jnax {7100 (45, 20) = pipg (A, 20) = tipg (Ao, 20)}
< Tpgm(Ao,20) =T

when Hip,q] (A07 ZO) = 2§I;1§alz(—1 {p[p,q] (Ajv ZO)} :

Then every non trivial solution f that is analytic in C—{zo} of (1.1) satisfies pp, q(f, 20) = 400
and pppy1,g(f520) = pip.g(Aos 20)-
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We previously obtained two results concerning the growth of solutions to equation (1.1) when
the coefficient Ap(z) is dominant. A natural question arises: what can be said about the growth
of solutions when the dominant coefficient is As(z), with s # 07 In what follows, we address this
question by considering the case where the dominant coefficient belongs to the set {1,2, ...,k — 1},

and we establish the following result.

Theorem 1.11. Let k > 2 and p > q > 1 be integers. Let Ao(z),..., Ax—1(2) be analytic
functions in C — {20}. Suppose that exists an integer s € {1,2,....k — 1} such that

\2ax {pppa)(Aj: 20): Hpg) (Ao, 20)} < ifp g (As; 20) < 00.

i#s
Then every transcendental solution f that is analytic in C— {20} of (1.1) satisfies py, 4 (f, 20) >
Hip,q) (As; 20)-

Remark 1.12. The assumption that f is analytic in C— {2} is necessary. The following example
illustrates that there exists a solution f to equation (1.1) which is not analytic in C — {20}, even
though all the coefficients 4;(z) (j =0, ...,k — 1) of (1.1) are analytic in C— {20}. For example,

consider the equation

1 3 1
f" + expy { } '+ exXpy { } f
20 — % 20 — <% zZ0 — <%

+<(z<)_3z)2€Xp2{Zol—z}+(zofz)3>f:0' (1.3)

The function f (2) = (29 — 2)? is a solution of (1.3), yet it is not analytic in C — {z9}. Therefore,

in our results, we always assume that f (2) is analytic in C — {z¢}.

2. SOME AUXILIARY LEMMAS

We present some lemmas in this section which are useful in the proofs of our theorems.

Lemma 2.1. ( [5]) Let p > q > 1 be integers, and let f be nonconstant analytic function
in C — {20} with ppq(f,20) = p < co. Then there exists a set Ey C (0,1) having infinite
logarithmic measure such that for all |z — zo| = r € E1, we have

1ng Tzo (’I“, f) — lim 1ng+1 Mzo (Tv f)
r—0 ]ogq = r—0 ]ogq %

Y

and for any given € > 0 and all |z — zp| = r € Ey the following hold

My (r, f) < exp, { <1qu_1 i)u+a}

1\ #te
Tzo (Tv f) < €XPp—1 <10gq—l T) :

and
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Lemma 2.2. ( [6]) Let f be a nonconstant meromorphic function in C —{zp}, let v > 1, >0
be given real constants and k € N. Then there exist a set Eo C (0,7¢], (ro € (0,1)) having
finite logarithmic measure and a constant A > 0 that depends on ~ and k such that for all

|z — 20| =7 € (0,70] \ Ea, we have

V (2)

?@ sxﬁn&bﬁ)%nwjﬁ-

Lemma 2.3. ( [5]) Let p > q > 1 be integers, and let f be nonconstant analytic function in

C — {20} with 0 < ppq(f,20) = p < 00 and 0 < Tpp, 4 (f, 20) = T < 00. Then there exists a set

Es C (0,1) having infinite logarithmic measure such that for all |z — zg| = r € Es3, we have
1\ A
Mzo (Tv f) < €XPp {(T + 5) <logq—1 7“) } :

Lemma 2.4. ([19]) Let f be a meromorphic function in C—{z}. Then the following statements
hold:

() T (1 %) = Ty (. f) + O (1);
1
(i) Ty (1, 1) < O (TZO (r, f) + log r) , 7€ (0,71] \ E4, where Eq C (0,r1] with my(Es) < +00.
Lemma 2.5. Let p > q > 1 be integers, and let f1(2) and f2(2) be analytic functions in C—{zo}
such that
Lip,q) (f1,20) = 1 > 0, pppq(f2, 20) = p2 < 00, p2 < p1.

Then there exists ro € (0,1), such that for all |z — zp| = € (0,72) the following holds

. T, (T f2)
lim =22 — (.
r—0 Tzo (7‘7 fl)

Proof. By ppp,q(f1,20) = p1, ppg(f2;20) = p2 and the Definition 1.2, for any given ¢ with
0 < e < H522 there exists 73 € (0,1) such that for all [z — 29| = r € (0,72) the following hold

1\m—e
TZO (T7 f].) Z exppfl <]-qu1 'I"> (21)
and
1 p2te
T, (""7 f2) < €XPp—1 (10gq_1 T) . (2.2)
Combining (2.1) and (2.2), it follows that for all |z — 29| = r € (0,72), we have
p2t+e
exp,_1 {(logq1 %) }
pi—e
expp—l {(10gq—1 %) }

1\ P2te 1\ H1—¢
= exp { exXp,_9 (logq_l r> — exp,_o (logq_l r)

~

Zo(rv f2)
0(r7 fl)

0<

<

3
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p2te
1\ H1—e CXPp—2 {(1qu—1 %) }
= exp { exp,_s <logq1 r> -1 —0, r—0.

expy 2 { (log, 1 1)}

This implies the conclusion holds. O

Lemma 2.6. Let p > q > 1 be integers, and let f1(2) and f2(2) be analytic functions in C—{zo}
such that

Bipg) (f1,20) = p1 > 0, pupp g1 (f25 20) = p2 < 00, po < pi1.
Then there exists a set E5 C (0, 1) having infinite logarithmic measure such that, for all|z — zp| =

r € E5, we have

limM =0.
r—0 TZO (Ta fl)

Proof. By pyp.q(f1,20) = p1 and the Definition 1.2, for any given ¢ with 0 < e < #5£2 there
exists r3 € (0, 1) such that for all |z — zo| = r € (0,r3) the following holds

T.o(r, f1) > exp,_y {<1qu_1 i)”l_a} ' (2.3)

Concerning the Lemma 2.1, by /J,[pﬂ](fz, 20) = p2 we deduce the existence of a set E5 C (0,73)

that has infinite logarithmic measure such that for all |z — zg| = r € F5, we have

pa+te
Ty (r, f2) < exppy {<logq1 i) } . (2.4)

Combining (2.3) and (2.4), we deduce that for all |z — zg| = r € E5 N (0,r3) = Es5, which is a

set of infinite logarithmic measure
1 pa+te
€XPp—1 (logq—l ;)

p1—¢
epr_l {(logq—l %) }
p2+e pu1—e
= exp { exp,,_o (logq 1 ) — expp_9 (logq 1 )
p2+e
1\ H1—€ epr_2 {(Iqu—l %) }
= exp { exp,_o {(logql 7“) } ) -0, r—0.

H1—€
epr_2 {(logq—l % }

Hence the conclusion holds. O

0 < TzO(T?f2) g

B TZO(Ta fl)

Lemma 2.7. Let p > g > 1 be integers, and let f, g be non-constant meromorphic functions in

C — {20} with py,q (f,20) as [p,q]-order and py, g (g, 20) as lower [p, q]-order. Then we have

H[P,(I] (f + g, ZO) S max {p[p,q] (f7 ZO) 7/"6[p,(I] (97 ZO)}
and

Kip.q) (f9,70) < max {p[p,q] (f520) » tip,q (95 ZO)} .
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Furthermore, if pi, g (9, 20) > Ppp,q) (f, 20) , then we obtain
B (f 49, 20) = tp.q (£9,20) = Hip,q (9, 20) -

Proof. Without loss of generality, we may assume that pp, o (f,20) < 400 and g, 4 (9, 20) <
+00. By definition of the lower [p, g] —order of g, there exists a sequence r, — 0 (n — +00)

such that
. log, T (70, 9)
im —————~

n—s 00 logq % = Hip,q] (g’ ZO) :

Hence, for any given € > 0, there exists a positive integer N; such that for n > Ny

1
TZO (TTMg) S epr {(N[p,q] (97 ZO) + 5) 1qu ’I"} .

Similarly, by the definition of the [p, g] —order of f, for any given € > 0, there exists R > 0 such
that for 0 <r < R

1
L.y (r, 1) < exp, { (i) (Fr20) + ) log, |-
Since r, — 0 (n — +00), there exists a positive integer Ny such that r, < R, and thus
1
T (1 ) < 050, { (9 (. 20) + ) og - |
n
holds for n > N,. Using the standard inequalities
TZ() (T)f+g) S TZ() (T7f) +TZQ (T’g) +ln2

and
Tzo (Ta fg) < TZO (Ta f) + Tzo (T7 g) .

Then, for any given £ > 0, we have for n > max { N1, Na}

T, (rna [+ g) < Ty (Tna f) + 1%, (ng) +In2
1 1
< exp, { (P (1. 50) + 2) o, - b+ expy { (i) (9:20) + 2) Lo - + In2

1
<2 €XPp { (max {p[p,q} (fs20) s Hp,q] (9, ZO)} + 5) 1qu } +1n2 (2.5)

T
and
T, (Tnv fg) < T (rm f) + T3 (Tnyg)

1
<2 €XPp (max {p[p,q} (f,20) » Hp,q] (9, ZO)} + 5) lqu ’I“} : (2.6)
Since € > 0 is arbitrary, from (2.5) and (2.6), we easily obtain

Hip,q] (f + 9, 20) < max {p[p,q] (f7 ZO) » Mp,q] (g, ZO)} (27)
and

Hip,q] (fg7 ZO) < max {p[p,q] (f7 ZO) y H[p,q] (97 ZO)} . (28)
Assume now that pup, o1 (9, 20) > pip.q (f; 20) - Considering that

Tzo (T7g) :Tzo (raf+g_f) §TZO (r,f+g)—|—Tzo (T,f)—l—lHQ (2-9)
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and
1
Tzo (r,g) = Tzo <ra J;.g> < Tzo (ra fg) + Tzo <T7 f)
=T (7, fg)+TZ0 (r, f)+0(1). (2.10)
By (2.9), (2.10) and the same method as above we obtain that
Hp.q (95 20) < max {M[p,q] (f +9,20),pp,q (f, Zo)} = Up.q (f +9,20) (2.11)
Hip,q) (9, 20) < max {/J’[p,q] (f9,20) 5 Ppp,g (f; Zo)} = Up.q (f9;20) - (2.12)

Combining the inequalities (2.7) and (2.11), we conclude that
Hipg) (f +9,20) = pipg) (95 20)
and similarly, using (2.8) and (2.12), we obtain

Hip,q) (fg’ ZO) = Hip,q] (g, ZO) .
O

Lemma 2.8. ( [19]) Let g : (0,1) — R, h : (0,1) — R be monotone decreasing functions
such that g(r) > h(r) possibly outside an exceptional set Eg C (0,1) that has finite logarithmic
measure. Then, for any given 8 > 1, there exists a constant 0 < r4 < 1 such that for all
r € (0,74), we have g(r?) > h(r).

3. PrROOF OF THEOREMS 1.9- 1.11
3.1. Proof of Theorem 1.9.
Proof. Suppose that f (# 0) is a solution of equation (1.1) which is analytic in C — {zp}. Set
p=,2max {pppq(Ajr20) Hipq) (A1, 20)} < pp.q) (Ao, 20) = po-

For any given ¢ (0 < ¢ < #%5-2), there exists r5 € (0,1), such that for all |z — 29| = r € (0,75)

NG
|A;(2)| < exp, <logq_1 r) , j=2,.,k—1 (3.1)

Ao(2)] > exp, { (108, + 1)} . (32)

By Lemma 2.1, there exists a set E; C (0, r5) with infinite logarithmic measure such that for all

and

|z — 20| =7 € En,

1 Hip,q) (A1,20)+€ 1\ rte
|A1(2)] < exp, (logq_l r) < exp, (logq_l r> . (3.3)

We rewrite (1.1) as

f'(2)

40(2)] < o

|Ak_1(2’)’ + -+

[ A1(2)] - (3.4)
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By Lemma 2.2, there exist a set Eo C (0,75] that has a finite logarithmic measure and a

constant A > 0 that depends on o > 1 and j = 1,2, ..., k such that for all » = |z — z| satisfying

r € (0,75] \ B2, we obtain

O (2)
f(2)

Substituting (3.1), (3.2), (3.3) and (3.5) into (3.4), we obtain that for every

<A [ ! T, (;r, f) log T, (;r, f)r ,(G=1,2,..,k). (3.5)

r2

‘Z—Zo’:TE (0,7‘5)0E10(0,7’5]\E2:El\EQ,

which is a set of infinite logarithmic measure, the following inequality holds

1\Ho—e 1 1 1 k 1\~te
exp, (logq_l r) < Ak LQTZO(QT, f)log TZO(&T, f)} exp,, (logq_l r) . (3.6)

Since ¢ is chosen such that 0 < ¢ < -2, then from (3.6), for all |z — 2| = r € E1 \ Ea, we

exp {(1 —o(1))exp,_; {(logq_l i)uos}} < kA l:iTZO(;T, f)} 2k.

Hence, by applying Lemma 2.8, we conclude that pyp,,(f,20) = +o00 and ppy1q(f,20) >
Hip,q] (AOa ZO)' U

obtain

3.2. Proof of Theorem 1.10.

Proof. Suppose that f (£ 0) is a solution of equation (1.1) which is analytic in C — {zp}. In the
following, we divide the proof into four cases:

(i) We suppose that p < juj.4(Ao, z0). Then, by Theorem 1.9, we obtain py, 4 (f, 20) = +00 and
Plp+1,q9] (fa ZO) > Hip,q] (AO, Z()).

(i) We suppose that 2<I}131§71{p[p”] (Aj,20)} = a < ppg(Ai,20) = ppg(Ao, 20) and
Tipg M (A1 20) < T g0 (Ao, 20) = 7. By the definition of py, ,(Aj, 20) for any given e(> 0),
there exists 7¢ € (0,1) such that for all |z — 29| =7 € (0,76), we have
1\ ate
|4;(2)] < exp, { (logq_l r) } L =2,k — 1. (3.7)

By the definition of 7, 4 1/(Ao, 20), for sufficiently small € > 0, there exists r7 € (0,76) such

that for all |z — zg| = r € (0, 7r7), we have

1\ Hip,a1 (A0,20)
|Ao(2)]| > exp,, { (T — ¢€) (logq_l r) : (3.8)

By the definition of 7y, 5 1/(A1, 20) and Lemma 2.3, there exists a set E3 C (0,77) having infinite

logarithmic measure such that for all |z — 29| = r € E3, we have

1\ Alp.al (A1,20)
A41(2)] < ex, {mp,q],M(Al, ) +) (log, 1) }

1\ Hip.ql (A0,20)
= €Xp, (I[p,q],M(Alv ZD) + 8) <logq_1 T) . (39)
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By Lemma 2.2, there exist a set Fy C (0, rg] of finite logarithmic measure and a constant A > 0,
depending on @ > 1 and j = 1,2, ...,k such that the inequality (3.5) holds for all r = |z — 2|
satisfying r € (0,76] \ E2. By substituting (3.5) and (3.7)-(3.9) into (3.4), we obtain that for
every

|z — 20| =7 € (0,76) N (0,77) N E3 N (0,76] \ E2 = E3\ Ea,

which is a set of infinite logarithmic measure, the following inequality holds

1\ Hip,a) (A0,20) 1\ ote
exp, ¢ (T —¢€) (logq_l r) < |1+ (k—2)exp, (logq_l r)

1 /J«[pﬂ](AO,ZO) 1 1 2k
+ exp,, { (Tp,q,0 (A1, 20) +€) (logq_l r) A [TTZO(QT, f)} . (3.10)

Now, we may choose a sufficiently small &,0 < 2¢ < min{, ;(Ao, 20) — @, 7 — I[p7q]7M(A1, 20)}-
Then, from (3.10) for all |z — 29| = r € E3 \ Ea, we obtain

p.q)(40,70) 2k
exp{ao<1>>expp1{<fs>(logq1i)”” }}Sm[i@o(;r’fﬂ '

Hence, by applying Lemma 2.8, we conclude that pp, ,(f,20) = +oo and ppiqq(f,20) >

Hip,g) (Ao, 20).

(iii) We suppose that pyp, (A1,20) < 2<I§13,§71{pEM](AJ"ZO)} = ppq(Ao,20) and 71 =
2<I§1<a’:€’(71{7—[p,q],M(Aj7Z0) : p[p7q}(Aj,Z()) = ,U,[p’q}(AQ,Z[))} < I[PJILM(AO’ZO) = T. By the deﬁni—

tions of pp, g

for all |z — 29| =7 € (0,73), we have

Plp, ](A',Zo)-f—é Hip, ](Ao,zo)—a
oty { (s DP9 e, { g 1))

if pip.q(Aj, 20) < g (Ao, 20), J # 0,1,
.q](A0,20)
exp,, {(Tl +e¢) (logq_l %)#[p e } )

if g (Ajs 20) = pipg (Ao, 20), § #0, 1.

(A, 20) and 7y, g1 ar(Aj, 20), for any given e > 0, there exists 75 € (0,77) such that

145 (2)] <

(3.11)

By Lemma 2.1, there exists a set Fy C (0,77) of infinite logarithmic measure such that the
inequality (3.3) holds for all |z — 29| = r € E;. Substituting (3.3), (3.5), (3.8) and (3.11) into
(3.4), we obtain that for all

|Z—Zo| :’I“EElﬂ(O,Tg)ﬂ(O,T7)ﬂ(O,T’6]\E2 :El\EQ,

which is still a set of infinite logarithmic measure, the following inequality holds

1 H(p,q] (A0,20) 1\ Hlp.al (Ao,z0)—€

exp, ¢ (T —¢€) (logq_l r) < |1+ 0 |exp, (logq_l r>
1 Hip,q] (Ao,20) 1 H(p,q] (A1,20)+€

+ O | exp, 3 (11 +¢) (logql 1") + exp, <10gq1 7“)

< A [iTZO(;r, f)]%. (3.12)
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Now, we may choose a sufficiently small ¢ satisfying

0<2< min{,u[p’q}(Ag, 20) — Hp.ql (Ay,20),7 — 11}

Then, from (3.12) for |z — 29| =r € E; \ E2, we obtain

exp {(1 —o(1)exp, {(r —<) (1ogg 7 ) (A°’Z°)}} <[ le ]

Applying Lemma 2.8, it follows that i, 4(f, 20) = +00 and pj,41.4(f, 20) > fip,q (Ao, 20)-
(iv) We suppose that 2<r§1<aé(_1{p[p7q}(z4j, 20)} = Hip,q (A1, 20) = pp,q (Ao, 20) and

pnax {I[p,q},M(Al, 20);s Tip,q),M (A5 20) © Pp.g (Ajs 20) = Hpp,q (Ao, Zo)}

=Ty < I[pyq],M(on 20) = T.

Substituting (3.5), (3.8), (3.9) and (3.11) into (3.4), we obtain that for every
|z — 20| =7 € E3N(0,r7) N (0,78) N (0,76] \ Ea = E3\ Ea,

which is a set of infinite logarithmic measure, the following inequality holds

1\ ¥p.q) (Ao,20)
epr (I - E) (10gq—l 7“> < [1+

q(A0,20)
@) (expp {(7‘2 +e) (logq 1= })
0 1 1\ Hp.a)(Ao,z0) =€
+ exp, (ogq_l r)

1 'Ll,[p7q](A0,ZO) 1 1 2k
+ exp, | (2 (A1 20) +) (log, 1 ) ApTalnn] - Ga3)

Now, we may choose a sufficiently small ¢ satisfying 0 < 2¢ < 7 — 79. Then from (3.13) for

|z — 20| =1 € E3\ E2, we obtain

exp {(1 —o(1))exp,_; {(T —e) <10gq1 i)% e }} < kA ETZO(;T, f)} "

By applying Lemma 2.8, this implies u[nq](f, 20) = 400 and

Plp+1,q] (fa ZO) > Hip,q] (A(), Zo).
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3.3. Proof of Theorem 1.11.

Proof. Suppose there exists s € {1, ...,k — 1} such that

1< 1{p[p a1 (A 20); 1ip.q) (Ao, 20) } < ) (As 20)-

J#s

Assume that f(z) # 0 is a rational solution of (1.1) which is analytic in C—{zo}. Then f(*)(z) # 0
and by (1.1), we have

A (2) f9 (2) = Z A5 (2) fV) (2

J#s
By Lemma 2.7, it follows that

k—1
1A, 20) = H(AS©), 20) = o (‘f ®— 3 Ajf””zo)
=0, j#s

< anax {pp(4j:20): Hipq) (Ao, 20)},
its
which is a contradiction. Hence, f must be a transcendental.
Suppose that f is a transcendental solution of equation (1.1) which is analytic in C — {20}. The

equation (1.1) yields

k f(J) k—1
My, (1, As) < Z My, f(s + Z My, (r, Aj) + log k. (3.14)
j:O’ ]#S ] 0 ];és

By Lemma 2.4, there exists a set E4 C (0,r;] for a fixed r; € (0,1) of finite logarithmic measure
such that for all |z — 29| =7 € (0,71] \ E4, we have

1
T.,(r, f) <O (TZO(T‘, f) +log r> .
Consequently
1
L., (r /9) < O (Ty(r )+ log ).
Then, it follows

f(j) 1
> e (1 <O (Ty(nf) +log ). (3.15)
Jj=0, j#s
By Lemma 2.5, there exists ro € (0, 1) such that for all |z — 29| = € (0,72) the following holds
TZ 7A' . .
limM =0,j=1,...,.k—1,j #s,

r—0 T (r, As)
so for any given € € (0, 2(?1_10
My (1, Aj) < emyy(r,As), =1, k—1,j #s. (3.16)

Also, by applying Lemma 2.6, for any ¢ € (0, ﬁ), there exists a set E5 C (0,72) with infinite

logarithmic measure such that for all |z — zg| =7 € E5

mZO (T, AO) S ngO (Ta As) (317)
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Combining (3.14), (3.15), (3.16) and (3.17), we obtain that for every
|Z — 2’0’ =re FbksnN (0,7‘2) N (0,7‘1] \E4 = E5\E4,

which is a set of infinite logarithmic measure, the following holds

k-1

1
map(rA) < O (Tylr ) +log )+ 3 emey(rAu) + logh
J=0, j#s

1
=0 <TZO(r, f) +log r) +e(k—1)my,(r, As) + logk.

So
1
(1= (k—=1)&)my(r, As) <O< T.,(r, f) +log — ) (3.18)
Since € € (0, ﬁ) , we have
1 1
1l—(k—1e>1—(h—-1)— =~
(k—1)e > (k—1) 2h=1) 2
Then, from (3.18) and using the fact that f is transcendental, for all |z — 29| =1 € E5 \ E4, we
obtain
1 1
31 A42) < 0 (L) +log ) = O (T ().

Hence, by applying Lemma 2.8, we conclude that pp, o1(f, 20) = pp,q(f520) = pp,q(As, 20). O
4. EXAMPLES
Here, we provide some examples that illustrate all what we did before.

Example 4.1. Consider the third-order linear differential equation equation

"+ As(2) " + Ar(2) f' + Ao(2) f =0,

= (42 D)3
+<lff+fi)exp{z} {?%
Ai(2) = 5, As(z) =

A straightforward computation shows that

1,1 (AO’O) =3, 1,1 (Alao) =0, P1,1] (A27 O) =0,

with coefficients

|

so that
max {0[1,1] (A2,0), a1 (Aho)} =0 < py1,17(Ao,0) = 3.

Thus, Ao (z) is the dominant coefficient, and all assumptions of Theorem 1.9 are satisfied.

£ e, { 5.

Moreover, the nontrivial solution
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is analytic in C \ {0}, and satisfies
P, (f;0) = +o0
and
pr2,11(f50) = 3 > ppr17(Ao, 0) = 3.

z

Example 4.2. Let f(z) = z%expz {%}, analytic in C\ {0} . Then f satisfies the third-order

linear differential equation
"+ Aa(2) "+ Ar(2) f' + Ao(2) f =0,

where the coefficients A;(z) (j =0, 1,2) are given by

18 3 72 111 2
Ao(z):ﬁexp ng + ﬁ—i_? exp ;
27 162 162 1 24
+ ﬁ—i_?—k? exp ; +;,
1
Ai(z) = 9 exp{}

and

A simple computation of the [1,1]-order and lower [1, 1]-order, [1,1]-type and lower [1, 1]-type
shows that

max {p[l,l](A27 0), pay1,1) (Au, 0)} = max {3, 3}
=3 = py1,1)(4o,0)
and
max {7[1,1](14270)71[1,1](14170)} =1<71p1)(Ap,0) =3.
Hence, the assumptions of Theorem 1.10 are satisfied. Moreover, we observe that
P (f,0) = +o0
and

P[2,1](fa 0)=3=> Hi1,1] (A0,0) = 3.

Example 4.3. Consider the third-order linear differential equation

m —1 3 4 o / 1 2
f — 2e Zf +<Z_22_Z3>f+<23+24 fZO

This equation admits the analytic solution f(z) = ez +2in C\{0}. A direct computation shows
that the coefficients satisfy

H1,1] (A2,0) = 170[1,1} (A1,0) = H1,1] (Ao,0) =0,
so that
max {p[l,l](Ala 0)7/1[1,1] (A070)} =0< H1,1] (A2,0) =1,
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indicating that As is the dominant coefficient. By Theorem 1.11, it follows that

pra)(f,0) =1 > ppay(A2,0) = 1.
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