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ABSTRACT. In this study, we introduce some properties of the Sturm-Liouville boundary value
problem on bounded time scales. Then, to give the solution of inverse problems, uniqueness
theorems are provided for two characteristic data: the Weyl function and a set of j-th eigenvalues
of countably infinite Sturm-Liouville boundary value problems that are obtained by changing

boundary conditions.

1. INTRODUCTION

A time scale is an arbitrary closed subset of the R. Time scale theory was first considered by
Hilger S. [1]. The theory unifies discrete and continuous analysis. The direct problem for Sturm-
Liouville boundary value problems on time scales was studied in some publications ( see [2-5]
and references therein). However, there are only a few works on the inverse problem on time
scales. Some of them are as follows: Yurko [6] considered the time scale T = Up_; [ax, b], N >
2,bp_1 < ap < by < apy1,a1 < by,any < by,ar = b,k = 2, N —1 and proved a uniqueness
theorem for the inverse problem using its Weyl-type function and its spectra [7]. Then, he
gave an algorithm for the solution to the problem. Kuznetsova [8] considered the problem with
some special boundary conditions on the time scale T = Ul]\;{M[al, b, N < oo,M < 00,a;_1 <
bio1 <ap <b,l =2,N+M,a; <b iff 1€ {lg}},. She proved a theorem that included
the uniqueness for three different data (Weyl function, two spectra, and one spectrum with its
corresponding weight numbers). Also, She gave asymptotic formulae for eigenvalues and weight
numbers for her problem. Adalar and Ozkan [9] studied Half-inverse Sturm-Liouville problem
on a form of time scales.

In this paper, we consider the inverse Sturm-Liouville problems L[q, h, H] of the form

2
by = —y>2(t) +a(t)y(a(t)) = My(a(t)) ; t€T" | (1)
with the separable boundary conditions
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Uly) = y*(0(a)) — hy(o(ag)) =0, (2)
V(y) =y*(o-(ay) + Hy(o-(a}")) = 0, 3)

where ¢ € C,4q(T) is a reel function, A is a spectral parameter, h and H are real numbers, and

T is a bounded time scale of the form

T:= (O SZ> U (O[%Jh’]) )
=0 =1

. ’ 11 . . . 41 _
where S; = {a{,a},a?,...,al'}, a; < b;, al' < a)t for —1 < j; < s; in which a5 = a;11,0;" =

b;. For the sake of simplicity, we set a = o(al),b = o_(asr).

Properties of the general problem with separable boundary conditions on bounded time scales
are given. Then, using these properties, a uniqueness theorem is obtained using the Weyl
function data under the given condition. Finally, a second theorem is presented using data
not previously studied on time scales. The paper is organized as follows: Section 2 introduces
some fundamental concepts about the time scale theory and gives some basic properties of the

problem. Section 3 proves some related lemmas. Then, the uniqueness theorems are presented.

2. PRELIMINARIES

We provide some fundamental concepts about the time scale theory from our references and
therein as follows:
Let T be an arbitrary time scale. Forward and backward jump operators on the T are defined
as follows:
o(t) = { inf{seT:s>t} ,t#maxT,

max T ,t =maxT,

sup{s € T:s <t} ,t#minT,

min T ,t=minT.
A point ¢t € T is called right-dense, right-isolated, left-dense, left-isolated, isolated, and dense
if o(t) =t,o(t) > t,o_(t) =t,0_(t) < t,o_(t) <t < o(t) and 0_(t) = t = o(t), respectively.
A function f on T is called rd-continuous if it is continuous at all right-dense points and has
left-sided limits at all left-dense points in T. The set of rd-continuous functions is denoted by

Cyq(T). Denote

S TO" = (TO" 10,

T0 _ T — {sup T} , if sup T is left-isolated,
T , otherwise,

Definition 2.1. ( [1]) A function f on the T is called delta-differentiable at ¢ € T if, for any ¢ >
0, there exists a neighborhood U = (t—6, t+8)NT such that |(f(o(t))—f(s))—f2(t)(o(t)—s)| < e
for all s € U. f2(t) is called the delta-derivative of the function f at the point t. The n-th
order delta-derivative of f is defined by f&" := ( fA"il)A on T*". The set of rd-continuously
n-th order delta-differentiable functions is denoted by C,(T).
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Let t; and 2 be right-isolated and right-dense points on T respectively. If f is a A-differentiable

function on these points, then

oy = LD = I pagy oy S22

U(tl) — 1 ’ s—t2,5>t2 to — s
In particular, if ¢ € T is a dense point and f is a delta-differentiable function at t, then f is

differentiable at t and f2(t) = f(t).

Definition 2.2. ( [1]) If F2(t) = f(t), then for any points a and b, the formula fab f)At =
F(b) — F(a), is called A-integral of f on [a,b] NT.

2.1. Some properties. Before presenting our main results, we need to give some properties of

Sturm-Liouville problems on time scales.
Definition 2.3. ( [11]) Let u(t) = o(t) — t. The equation
y>2 +p(t)y™ +a(t)y = f(t) (4)
is called regressive provided p,q, f € C,4 such that the condition
1—pu(t)pt) + p2(t)q(t) #0 for all teT°

holds.

Theorem 2.4. ( [11]) Assume that the Eqn-(/}) is regressive. If to € TF, then the initial value
problem

yo8 () +alty = £(1). ylto) =wo. ™ (k) =5,
where yo and y1 are the given constant, has a unique solution, which is defined on the whole the

time scale T.

Consider the equation
y22 (1) + p(t)y> (o (1) + a(t)y(o(t)) = 0. (5)
(5) is regressive if p,q € C,4 and
L+ pu(t)pt) #0  for all T.
If (5) is regressive, then it is equivalent to a homogenous regressive equation of the form (4).

Theorem 2.5. ( [2]) Consider Eqn-(1) with the boundary conditions

ary(0-(a) + 71> (0-(a)) =0, azy(b) +72y° () = 0,
and
ary(o—(a)) +ny*(o-(a)) =0,  y(b) =0,
with (o + %) (af + %) # 0. Let \j and 5\j be j-th eigenvalues of these two boundary value
problems. If j € N with \; < oo, then

Aj < 5\]' < Ajy1
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3. RESULTS

From the definition of A-derivative and Eqn-(1), it is seen for i = 0,n and —1 < j < s;, that

w(@l™) ) _ (i i) [ wlal) ]
(waz“)) ( ) (y%z»)’ )

(_l)min k,l

where ak,l (ADFH=2 (g — 2)h1 o BEDPR A7 — o7 — 6!, and ¢] = g(a]).Taking this
and the boundary condition (2) into account and moving from the a to the right on the T, for

each ¢ = 0,n — 1, we have the following boundary values problems respectively:

y'(x)+ (A —qz)y = 0, T € (ait1,bit1),
Y (aig1) P (A) —y(ais) Py'(A) = 0, (7)
Y (big1)RY (N) + y(biy1)RyTH(A) = 0,

Plsi _ y(bi) RSZH _ -1 y(ais2)
(PS") P (Wm) ’ (R) o (y’<ai+2>)’ )

S0 0,s0+1—j 0,s0+1—7 Si i,8;—1—j i,8;—1—j
Bay = H aq) Qpy By = H a1y ayp
S0 - aO so+1—j OsoJrlfj )28 T ai,siflfj Oél Si—1—7 |7
Qoo

j=1 \“%21 j=—1 \ %21 22

where

Sp—2 n,Sp—3—J n,Sp—3—J

B, = H a1 Q13

Snot T n,Sn—3—7] n,sn—3—7 |-
j=—1 \ @21 Q92

It can be seen that g I exists since

i,J %] ]
Cl TR = (ADP(ae] =0+ 1 (A (gl —X) =140
az] o

Lemma 3.1. For i = 0,n, the following formulas hold.

I

1

/Bsn [k,l] = Bf;bl |:)\Sn+k?—2 _ Cé:l)\sn‘f‘kf—.?] + O()\Sn+k—4):| 7

Bsolk, 1] = Bf(;l [)\so-l-k—? _ C;c(;l)\so—&-k—?) n O(A50+k—4)}
Bs; [k, 1] = Bi’l {)\siﬂc _ Ci,l/\sﬁkq + O

where
S0 )
Bl = (—1) Ay 2 a2 ] (4))°
j=1
so—1 so+k—2 so+k—2 )
C’f(;l _ Z (AJAJ+1 + Z q _|_ Z (A%)—Q

j=1 j=3—1
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Bl = (12 A T (a2
j=—1
s;i—1 s;+k—2 s;+k—2
Cfi,l: Z (AJAJ-H + Z q + Z AJ
j=—1 Jj=-1 J=1-l
Spn—2
B = (1) A 2 A2 T (A
j=—1
Sn—3 sn+k—4 sn+k—4
chi = Sty gy )
j=—1 j=-—1 j=1-1

Proof. By direct calculation, it is seen that the formulae are satisfied when s; = 0. Now, let us

assume that they also hold for s; = p and check it for s; = p+ 1 as follows:
p+1 p+1
Bpi1 = aler 0‘1§+ BplL, 1] Bp[L,2]
p = 1 1
ag?tt agpt Bpl2,1] Bp[2,2]
or equivalently

5p+1 k l Z Oép—HBp ]7

Calculating this for the first element of 5,11 gives that

Bpa[L1] = Bpl1, 1]+ AT 5y [2,1]
+1 52,1 2 21 Bll 1
— ) + ) +
By
1,1
= p+1 [)\p+2 Cp+1)\p+1 _,_O()\p)]’
since
1 1 ans BLl
Af—'— Bg’l — (_1)(p+1)+172(A?) (Ap-i- -1 H A] p+17
j=—1
1,1 1,1
02,1 _ Bp — 02,1 o Bp
P 1 2,1 P 1,1
AT B, B,
(p+1)—1 -l (p+1)+1-2 (p+1)+1-2 o
= > (W) X de > (4)
j=—1 j=0 j=1-1
1,1
= G
Other parts of the matrix can be calculated similarly. O

From (8) and Lemma (3.1), fori =1,n —1

Plsz(A) = /851'[171] (bi)+/85i[1 2] A(bl)
= (By'y(b) + B (b)) A+ + 0] 9)
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and similarly
BN = (BIy(bi) + B2 (5) [N + o)
— —AN(BYY) + BLA (6) [+ o) (10)

In particular,

PR = (B KB x0Tt 0002

RP(\) = (BE'+hBZ2) x4+ 0071
We show that these functions do not vanish together at the same time.
Lemma 3.2. The functions P;',j = 0,1 have no common zeros for each i =0,n —1.
Proof. By computing directly from (8), we see for i = 0,n — 1 that

PN = PP )+ AT, (11)
PEOY = AT — NPT+ (A9 — 0+ DRI
= A - NET )+ ATBT )+ B

= AN (g = NPY(N)+ Py (N, (12)

where P H(\) == y(b;) and P5i~t(X\) := y2(b;) when S; = 0. Assume that P;'()\) and P§i(\)

have at least one common zero . In the other words,

Py (no) = By (no) = 0.

Thus, it is seen from (11) and (12) that the py must satisfy the following equalities:

Py o) = PP (uo) = -+ = P (o),
Py o) = Py (o) == Py (mo),
which contradicts the uniqueness. O

One can show that Rj'(A\) and Rj'(\) are have no common zeros for each 1.
Let the functions Cj(z, \), S;(z, A), and ¢;(z, A) for i = I, n be solutions to

y"'(z) + (q(z) = Ny(z) =0, z € (ai, b;)
with the following initial conditions:
Ci(ai,)\) -1 = Czl(al,)\) = S{(al,)\) —1= Si(ai,)\)

= ¢i(ai, \) — Py (N) = ¢h(ai, A) — Py (N) = 0.

(2
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It is well-known from the literature that C; and S; satisfy the following asymptotic formulas

independently of = € (a;, b;):

Ci(z,\) = cosp(zr—a;)+ O [|p|_leajp(7(:c — ai))} ,

Sten) = TEZ L0 [l 2enp(r(e - a)]
Ci(z,\) = —psinp(z —a;)+ O [exp(T(z — a;))],
Si(@,A) = cospla —a;) + O [|p| " eap(r(z — a)],

where A = p2, 7 = |Imp|. We can obtain the function ¢ as

o(x,\) = pi(z,\) , x € (aji, b

by solving successive initial value problems for ¢ = 1, n. For z € S;U{a;+1}, the function ¢(z, A)

can be determined by using ¢; and (6).

Lemma 3.3. The following asymptotic formulaes for |p| — oo hold:

1—1
bilx,N) = (BG4 B22h) [ cos plbi — ag) BX20" 25 sin p(w — a)
k=1

i—1
+ 0 [I,OI“i”i‘ﬁefw(f[(frj —ai)+ ) (by — ak)])] ,
k=1

i—1
SiaN) = (BE+BEh) [ cosplbe - ) BApH 4 cos pla o)
k=1

i—1
+ O [Iplui+2i_5€fvp(7[(fv —ai)+ ) (bx — akz)])] :
k=1

where u; = 2 Z;;lo(sk +1) and i = 1,n. We do not consider the part HZ_:11 cos p(by — ak)Bg;f if
i=1.

Proof. By using fundamental solutions for ¢ = 1, (9), and (10), we have

d1(z,A) = P°(A)Ci(z,A) + F°(A)Si(z, A)
(B;(’)1 + B;(’)Qh)()\so_l + O()\SO_Q)) cos p(x — ay)
sin p(x — ay)

p

2,1 227\ (\s so—1
(Bs; + B3"h)(X + 0(A*7))

Ollp[*~2exp(r(z — a1))]
= (BE'+ B22h)p* sin p(z — a1) + O [|p** 2eap(r(z — a1))]

+ o+

(35261 + Bffh)p““?’ sin p(z —a1) + O {|p\“1*4exp(7'(a: — al))} )
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and similarly

@) = PN + B (NS @. )
= (B BN cos pla —ar) + 0 [|p*0 eap(r(o = 1))

= (B4 B2 cos ple — ar) + O [Jo] Peap(r(z — ar))] .
Assume that the formulaes are hold for ¢ = n— 1. We show that they also are satisfied for i = n.

On(w,A) = Py (N)Cnla, A) + Pt (A)Sn(, A)

= (BY' ¢n-1(ba-1,N) + B ¢, 1 (b1, )

X (AT O 1)) (cos p( — an) + Ollp| ™ eap(r(z — an))])
+ (B2 bnoa(ba1, A) + B2 i (b1, V)

Sn—1

X (Anit? g O(As"-l“))(w + Ollp|exp(r(z — an))])

n—1
= (B?él + Bgfh)( H cos p(by, — ak)Bgf)p””H”*E’ sin p(z — ay)

k=1
n—1
+ O |lpl" 2 Seap(r((z — an) + Y (b — ar)]) | -
k=1
The formula for ¢/, (z, \) can be derived by following similar steps. O

From the above calculations, it can also be seen that the following formulas are valid for

1 =0,n—1.

i

Pyt o= (Bt + BEth) (= AT ] cos plbx — ai) BE?) et
k=1
+ O l\ﬂ!u”ﬁ%_%xl)ﬁ Zi:(bk - ak))] :
' k=1
By = (B + B20)([] cosplb — ag) BE2) e +2i-2
k=1
+ 0 l\p!“m“i_?’eJJP(T Zi:(bk - ak))] :
k=1

Theorem 3.4. Assume that for each i the functions Rji()\),j = 0,1 are polynomials. Then, the
Weyl function of (1)-(3), h, and the information about q(x) on isolated points determine H and
the potential q(z) on the T uniquely.

Proof. Let M(X) be the Weyl functions of the problem (1)-(3). For ¢ = 0, Pj°()\) and Py°(\) are
polynomials which can be obtained directly from (2)-(6) by using the information about ¢(af),
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sp and h. So, we see from the reference [10] that the hypotheses are enough to determine

1 =0,
R (X), Ri* () and ¢(x) on the interval (a1, b;) uniquely. Taking (8) into account, we have

Pt R}
POSI =P RSI
Thus, Py and Py* are polynomials and determined uniquely. The Weyl function carries infor-

mation about the potential on the entire time-scale. By applying these steps successively, we

conclude that the potential and H are determined uniquely. O

The above theorem can be easily generalized to the problem involving polynomials of the
spectral parameter in the boundary condition.

We give also another classic uniqueness theorem for bounded time scales.

Theorem 3.5. Let {\,(qi,3)},i = 1,2 be eigenvalues of problems (1)-(3) with h = 8 and
H =00 onT. Let us fix j as a positive integer and suppose that By for k = 1,2, ... are distinct

real numbers. If
Aj(ar, Br) = Aj(az, Br),

then g1 = g2 on T.

Proof. Consider the function

F(\) = 1 (ad, Ny (ad, A) — wa(ad, Nt (ad, A).

where ;(x,\), i=1,2 are the solutions of Eq.1 for the potentials ¢; and g2 under the initial
conditions ¥;(aj, A) = 0, zpiA(af{L, A) = 1. By adding the terms Bgtb1 (ad)wa(ad) — Brbr (adip2(ad)
to the function F' it can be seen F'(\;(g;, Br)) = 0. Moreover, under assumption of the theorem
we have F'(\) = 0. The result is obtained from the uniqueness for regressive equations and the
references ( [8], [12]). O
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