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Abstract. In this work, we obtain an analog of Donoho-Stark theorem for the second Hankel-
Clifford transform for functions in f ∈ L1

µ ∩ L2
µ, using the properties of this transform.

1. Introduction and Preliminaries

The uncertainty principle is a fundamental principle of quantum mechanics which states that
the more precisely the position of a particle is known, the less precisely its momentum can be
known, and vice versa. This principle has far-reaching implications in the physical sciences and
beyond, and is a cornerstone of quantum mechanics.
The uncertainty principle was first formulated by German physicist Werner Heisenberg in 1927.
He was trying to understand the behavior of particles on the atomic scale and found a mathe-
matical equation that described the uncertainty of position and momentum of a particle. Heisen-
berg’s equation would later be known as the uncertainty principle.
The uncertainty principle can be stated as follows: it is impossible to simultaneously measure
the exact position and momentum of a particle. This means that the more accurately a particle’s
position is known, the less accurately its momentum can be known, and vice versa.
The uncertainty principle has far-reaching implications in the physical sciences and beyond. It
is used in the study of chaotic systems, where a small uncertainty in the initial conditions of
a system can lead to large uncertainties in its future behavior. It also has implications in the
fields of cryptography and quantum computing.
In summary, the uncertainty principle is a fundamental principle of quantum mechanics which
states that the more precisely the position of a particle is known, the less precisely its momentum
can be known, and vice versa. It was first formulated by German physicist Werner Heisenberg in
1927 and is closely related to wave-particle duality. The uncertainty principle has far-reaching
implications in the physical sciences and beyond, and is a cornerstone of quantum mechanics.
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In mathematics, the uncertainty principle is a fundamental principle and also plays an important
role in signal processing. It states that a function f and its Fourier transform F(f) cannot be
simultaneously well concentrated, i.e if the supports of a function f ∈ L1(Rd) and its Fourier
transform { are contained in bounded rectangles, then f vanishes almost everywhere.
We say that f is ∆-concentrated on a measurable set E if:

‖f − χEf‖ < ∆.

In [11], Donoho and Stark that if f of unit L2-norm is ∆A concentrated on a measurable set A
and its Fourier transform F is ∆B concentrated on a measurable set B, then:

|A||B| ≥ (1−∆A −∆B)2.

Here, |A| denote the Lebesque measure of the set A.
There are various mathematical formulations for this principle as well as extensions to other
transforms, see for example [1], [2], [12], [14] and [15], we refer also to the book [16] and the
surveys [9], [13] for further references.
In this paper ,our objective will be to continue the work carried out by our research laboratory,
ie to prove that the theorem established by Donoho and Stark remains valid for other integral
transformation. More precisely, we will study the Donoho-Stark theorem for the second Hankel-
Clifford transform.
Let us we briefly collect the pertinent definitions and facts relevant for the second Hankel-Clifford
analysis, which can be founded in [7], [8], [17] and [18].
Let Lpµ denotes the classe of measurable functions of f such that the integral∫ +∞

0
|f(t)|ptµdt,

is finite, with µ ≥ 0. Also let L∞µ be the collection of almost every finite.
Hence, endowwed Lpµ with the norm

‖f‖Lpµ =
(∫ +∞

0
|f(t)|ptµdt

) 1
p

,

if 1 ≤ p < +∞ and
‖f‖L∞

µ
= ess sup |f(t)|,

if p =∞.
Betancor [4] and Méndez [5] introduced the first and the second Hankel-Clifford transformations
of the function f ∈ L1

µ of order µ by

H1,µ(λ) = λµ
∫ +∞

0
Cµ(tλ)f(t)dt,

and
H2,µ(λ) =

∫ +∞

0
Cµ(tλ)g(t)tµdt.
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such that λ ∈ R+ and Cµ defined by

Cµ(t) = t
µ
2 Jµ(2

√
t).

Where Jµ is the Bessel function of the first kind of order µ. If h1,µ and h2,µ in L1
µ, then the first

and second inverse Hankel-Clifford transformations are given by

f(t) = tµ
∫ +∞

0
Cµ(tλ)H1,µ(f)(λ)dλ,

and

g(t) =
∫ +∞

0
Cµ(tλ)H2,µ(f)(λ)λµdλ.

Theorem 1.1. If f, g ∈ L2
µ then we have the Parseval’s formula∫ +∞

0
f(y)g(y)yµdy =

∫ +∞

0
H2,µ(f)(t))H2,µ(f)(t))tµdt.

If f = g we get ∫ +∞

0
|f(y)|2yµdy =

∫ +∞

0
|H2,µ(f)(t)|2tµdt (1.1)

We have also the following relation which connect the Bessel-Clifford function and the nor-
malized spherical Bessel function:

Cµ(y) = 1
Γ(µ+ 1)jµ(2√y),

such that:

jµ(y) = Γ(µ+ 1)
+∞∑
k=0

(−1)k

k!(k + µ+ 1)
(y
2)2k,

for every y ∈ C.
From [6] , we have the following lemma:

Lemma 1.2. Let µ ≥ −1
2 . The following inequalities are fulfilled:

(1) |Jµ(y)| ≤ 1 for every y ∈ R;

(2) 1− jµ(y) = O(x2) if 0 ≤ y ≤ 1;

(3) 1− jµ(y) = O(1) if y ≥ 1.

We have the following relation which connect the Bessel-Clifford function and the normalized
spherical Bessel function:

Cµ(y) = 1
Γ(µ+ 1)jµ(2√y).
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2. Auxiliary results

We will start by this definition.

Definition 2.1. Let f ∈ Lpµ, we say that f is ∆E-concentrated on a measurable set E if there
is a function g vanishing outside E such that

‖f − g‖Lpµ ≤ ∆E‖f‖Lpµ .

We defined the orthogonal projection operator as follow:

PE(f(y)) =

 f(y), y ∈ E,
0, otherwise.

We defined the frequency-limiting operator as follow:

H2,µ(QEf) = PEH2,µ(f).

Now, we are going to state and prove two results that will characterize the mapping ∆E-
concentrated on a measurable set E.

Lemma 2.2. Let f ∈ L2
µ and E is a mesurable set of R+. Then f is ∆E-concentrated on E if

and only if
‖f − PEf‖Lpµ ≤ ∆E‖f‖Lpµ .

Proof. If we have that
‖f − PEf‖Lpµ ≤ ∆E‖f‖Lpµ ,

and since that PEf vanishing outside E we get that f is ∆E-concentrated on E.
Conversely, if f is ∆E-concentrated on E, then there is a function g vanishing outside E such
that:

‖f − g‖Lpµ ≤ ∆E‖f‖Lpµ
Then:

‖f − PEf‖Lpµ =
(∫
{R+}−E

|f(y)|pyµdy
) 1
p

=
(∫
{R+}−E

|f(y)− g(y)|pyµdy
) 1
p

≤
(∫

R+
|f(y)− g(y)|pyµdy

) 1
p

= ‖f − g‖Lpµ
≤ ∆E‖f‖Lpµ .
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Lemma 2.3. Let f ∈ L2
µ and F is a mesurable set of R+. Then H2,µf is ∆F -concentrated on

F if and only if

‖H2,µ(f)−H2,µ(QF f)‖L2
µ
≤ ∆F ‖f‖L2

µ
.

Proof. If we have that:

‖H2,µ(f)−H2,µ(QF f)‖L2
µ
≤ ∆F ‖f‖L2

µ
,

by Parseval identity (1.1) we get

‖H2,µ(f)−H2,µ(QF f)‖L2
µ
≤ ∆F ‖H2,µ(f)‖L2

µ
,

and we have that:

H2,µ(QF f) = PFH2,µ(f).

So H2,µ(QF f) is vanishing outside F , which show that H2,µ(f) is ∆F -concentrated on F .
Now if H2,µ(f) is ∆F -concentrated on F , there is a function g vanishing outside F such that:

‖H2,µ(f)− g‖L2
µ
≤ ∆F ‖H2,µ(f)‖L2

µ
.

Then

‖H2,µ(f)−H2,µ(QF f)‖L2
µ

= ‖H2,µ(f)− PFH2,µ(f)‖L2
µ

=
(∫
{R+}−F

∣∣∣H2,µ(f)(t)
∣∣∣2tµdt) 1

2

≤
(∫
{R+}−F

|H2,µ(f)(t)− g(t)|2tµdt
) 1

2

≤
(∫

R+
|H2,µ(f)(t)− g(t)|2tµdt

) 1
2

= ‖H2,µ(f)− g‖L2
µ

≤ ∆F ‖H2,µ(f)‖L2
µ
.

By Parseval relation (1.1) we get

‖H2,µ(f)−H2,µ(QF f)‖L2
µ
≤ ∆F ‖f‖L2

µ
.

Now we will move on to see a result that will be useful later.

Lemma 2.4. Let E and F be a measurable subset of R+. If f ∈ L2
µ then:

‖H2,µ(QFPEf)‖L2
µ
≤ A

µ
4M

µ
2 |E|

1
2 |F |

1
2 ‖f‖L2

µ

such that M and A is a constant to be defined.
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Proof. We have that:

H2,µ(QFPEf) = PFH2,µ(PEf).

So

‖H2,µ(QFPEf)‖L2
µ

=
(∫

F
|H2,µ(PEf)(λ)|2λµdt

) 1
2

.

We have that:

H2,µ(PEf)(λ) =
∫
E
Cµ(tλ)f(t)tµdt.

Then

H2,µ(PEf)(λ) = 1
Γ(µ+ 1)

∫
E
ju(2
√
tλ)f(t)tµdt.

So

|H2,µ(PEf)(λ)| ≤ 1
|Γ(µ+ 1)|

∫
E
tµf(t)dt.

Then by using Hölder’s inequality we get:

|H2,µ(PEf)(λ)| ≤ 1
|Γ(µ+ 1)|

(∫
E

(
t
µ
2 f(t)

)2
dt

) 1
2
(∫

E
t
µ
2 dt

) 1
2
.

Since E is measurable on R+, then there exists A > 0 such that for every t ∈ E we have that
t ≤ A So

|H2,µ(PEf)(λ)| ≤ 1
|Γ(µ+ 1)|A

µ
4 ‖f‖L2

µ
|E|

1
2 .

Then

‖H2,µ(QFPEf)‖L2
µ
≤
(∫

F

( 1
|Γ(µ+ 1)|A

µ
4 ‖f‖L2

µ
|E|

1
2
)2
λµdλ

) 1
2

.

So

‖H2,µ(QFPEf)‖L2
µ
≤ 1
|Γ(µ+ 1)|A

µ
4 ‖f‖L2

µ
|E|

1
2

(∫
F
λµdλ

) 1
2

.

Since F is mesurable on R+, then F is bounded. So, there exists M > 0 such that

∀λ ∈ F : λ ≤M.

Which shows that

‖H2,µ(QFPEf)‖L2
µ
≤M

µ
2A

µ
4 |E|

1
2 |F |

1
2 ‖f‖L2

µ
.
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3. Main results

We now proceed to establish analogous results of the Donoho-Stark theorem for the second
Hankel-Clifford transformation.

Theorem 3.1. Let E and F be a measurable subset of R+and f ∈ L2
µ. If f is ∆E-concentrated

on E in L2
µ and h2,µ(f) is ∆F -concentrated on F in L2

µ, then:(
1− (∆E + ∆F )

)2
≤ A

µ
2Mµ|E||F |.

Such that M and A is defined in Lemma 2.4.

Proof. Let f ∈ L2
µ, using the triangle inequality we have:

‖H2,µ(f)−H2,µ(QFPEf)‖L2
µ
≤ ‖H2,µ(f)−H2,µ(QF f)‖L2

µ
+ ‖H2,µ(QF f)−H2,µ(QFPEf)‖L2

µ
.

Since H2,µ(f) is ∆F -concentrated on F in L2
µ, then by Lemma 2.3

‖H2,µ(f)−H2,µ(QF f)‖L2
µ
≤ ∆F ‖H2,µ(f)‖L2

µ
,

and we have that:

‖H2,µ(QF f)−H2,µ(QFPEf)‖L2
µ

= ‖H2,µ
(
QF (f − PEf)

)
‖L2

µ

=
(∫

F

∣∣∣∣H2,µ(f − PEf)(t)
∣∣∣∣2tµdt)

1
2

≤
(∫

R+

∣∣∣∣H2,µ(f − PEf)(t)
∣∣∣∣2tµdt)

1
2

≤ ‖H2,µ(f)−H2,µ(PEf)‖L2
µ
.

By using Parseval ineaquality (1.1) we get that:

‖H2,µ(QF f)−H2,µ(QFPEf)‖L2
µ
≤ ‖f − PEf‖L2

µ
.

Since f is ∆E-concentrated on E in L2
µ, then

‖f − PEf‖L2
µ
≤ ∆E‖f‖L2

µ
.

So by using Parseval inequality (1.1) we get

‖H2,µ(f)−H2,µ(QFPEf)‖L2
µ
≤
(
∆E + ∆F

)
‖H2,µ(f)‖L2

µ
.

On the other hand by the triangular inequality

‖H2,µ(f)‖L2
µ
≤ ‖H2,µ(QFPEf)‖L2

µ
+ ‖H2,µ(f)−H2,µ(QFPEf)‖L2

µ
.

By using Lemma 2.4 we get:

‖H2,µ(QFPEf)‖L2
µ
≤ A

µ
4M

µ
2 |E|

1
2 |F |

1
2 ‖f‖L2

µ
.
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So:
‖H2,µ(f)‖L2

µ
≤ A

µ
4M

µ
2 |E|

1
2 |F |

1
2 ‖f‖L2

µ
+
(
∆E + ∆F

)
‖H2,µ(f)‖L2

µ
.

By using Parseval equality we get

‖H2,µ(f)‖L2
µ
≤ A

µ
4M

µ
2 |E|

1
2 |F |

1
2 ‖H2,µ(f)‖L2

µ
+
(
∆E + ∆F

)
‖H2,µ(f)‖L2

µ
.

Then:
1 ≤ A

µ
4M

µ
2 |E|

1
2 |F |

1
2 +

(
∆E + ∆F

)
.

Which shows that: (
1− (∆E + ∆F )

)2
≤ A

µ
2Mµ|E||F |.

Theorem 3.2. Let E and F be a measurable subset of R+and f ∈ L1
µ ∩ L2

µ. If f is ∆E-
concentrated on E in L1

µ and H2,µ(f) is ∆F -concentrated on F in L2
µ norm, then:

(1−∆E)2(1−∆F )2 ≤ AµMµ

|Γ(µ+ 1)|2 |E||F |.

Such that A and M is defined in Lemma 2.4.

Proof. Using the triangular inequality we get:

‖H2,µ(f)‖L2
µ
≤ ‖H2,µ(f)− PFH2,µ(f)‖L2

µ
+ ‖PFH2,µ(f)‖L2

µ
,

and we have:

‖PFH2,µ(f)‖L2
µ

=
(∫

F
|H2,µ(f)(t)|2tµdt

) 1
2
.

We have that H2,µ(f) is ∆F -concentrated on F in L2
µ norm, then:

‖H2,µ(f)− PFH2,µ(f)‖L2
µ
≤ ∆F ‖H2,µ(f)‖L2

µ
.

So
‖H2,µ(f)‖L2

µ
≤ ∆F ‖H2,µ(f)‖L2

µ
+M

µ
2 |F |

1
2 ‖H2,µ(f)‖∞.

We have that:
‖H2,µ(f)‖∞ = sup

ω∈R+

∣∣∣∣ ∫ +∞

0
f(t)Cµ(tω)tµdt

∣∣∣∣.
So ∣∣∣∣ ∫ +∞

0
f(t)Cµ(tω)tµdt

∣∣∣∣ ≤ ∫ +∞

0
|f(t)||Cµ(tω)|tµdt.

Then: ∣∣∣∣ ∫ +∞

0
f(t)Cµ(tω)tµdt

∣∣∣∣ ≤ 1
|Γ(µ+ 1)|‖f‖L1

µ
.

It follows that:
‖H2,µ(f)‖∞ ≤

1
|Γ(µ+ 1)|‖f‖L1

µ
.

Which shows that:

‖H2,µ(f)‖L2
µ
≤ ∆F ‖H2,µ(f)‖L2

µ
+ M

µ
2

|Γ(µ+ 1)| |F |
1
2 ‖f‖L1

µ
.
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Then:

‖H2,µ(f)‖L2
µ
≤ M

µ
2

(1−∆F )|Γ(µ+ 1)| |F |
1
2 ‖f‖L1

µ
.

On the other hand by using the triangular inequality we get:

‖f‖L1
µ
≤ ‖f − PEf‖L1

µ
+ ‖PEf‖L1

µ
.

We have that

‖PEf‖L1
µ

=
∫
E
|f(y)|yµdy.

Since f is ∆E-concentrated on E in L1
µ norm we have that:

‖f − PEf‖L1
µ
≤ ∆E‖f‖L1

µ
.

By using Hölder inequality we get

‖PEf‖L1
µ
≤
(∫

E
ydy

) 1
2
(∫

E
|f(y)|2yµdy

) 1
2
.

It follows that

‖PEf‖L1
µ
≤ |E|

1
2A

µ
2 ‖f‖L2

µ
.

Then

‖f‖L1
µ
≤ ∆E‖f‖L1

µ
+A

µ
2 |E|

1
2 ‖f‖L2

µ
.

So

‖f‖L1
µ
≤ ∆E‖f‖L1

µ
+A

µ
2 |E|

1
2 ‖H2,µ(f)‖L2

µ
.

Then

‖f‖L1
µ
≤ A

µ
2

(1−∆E) |E|
1
2 ‖H2,µ(f)‖L2

µ
.

By using this inequality , we get

‖f‖L1
µ
≤ A

µ
2 |E|

1
2

(1−∆E)
M

µ
2

(1−∆F )|Γ(µ+ 1)| |F |
1
2 ‖f‖L1

µ
.

So

(1−∆E)(1−∆F ) ≤ A
µ
2M

µ
2

|Γ(µ+ 1)| |E|
1
2 |F |

1
2 .

Which show that:

(1−∆E)2(1−∆F )2 ≤ AµMµ

|Γ(µ+ 1)|2 |E||F |.
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