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Abstract. The Gauss-Newton method has been used to generate a sequence to approximate
a zero of a vector field defined on a Riemannian manifold. The sufficient convergence conditions
are based on L-average continuity conditions on the covariant derivative. In this work, the
convergence conditions are weakened with advantages: tighter error distances and more precise
information about the zero. These improvements are realized since tighter majorizing sequences
are generated than in earlier studies. The scalar functions controlling the derivative are at least
as tight as the specializations of earlier ones. Therefore, the new results are obtained without
additional computational effort. Numerical applications are utilized to verify the convergence
conditions.

1. Introduction

Let h be a real-valued convex function on Rn and F stands for Fréchet differentiable mapping
from Rj into Ri. A plethora of mathematical programming applications, such as minimax
problems, goal programming, and convex inclusion problems [5,10,11,14–18,26,27,29,30,34,35,
37], are related to the composite optimization problem on Rj :

min
x∈Rj

f(x) := h(F (x)). (1)

Let K := arg min h be the set of minimum points of the function h. Then, the problem (1) is
connected to the convex inclusion

F (x) ∈ K. (2)
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A solution x∗ of (2) is such that F (x∗) ∈ K and also solves (1). However, the solution x∗ can be
found in analytical form only in special cases. That explains why most solution methods for (1) or
(2) are iterative. The most popular iterative method is the Gauss-Newton method [7,20,21,24].

Algorithm 1 : Algorithm GN (Ω, δ, x0)
1: Let Ω ≥ 1, δ ∈ (0,∞).
2: Define for x ∈ Rj the set

Φ(x) = Φδ(x) := {d ∈ Rj : ‖d‖ ≤ δ, h(F (xn) + F ′(xn)d) ≤ h(F (xn) + F ′(xn)d1

for each d1 ∈ Rj with ‖d1‖ ≤ δ}.

3: Pick x0 ∈ Rj .
4: For each n = 0, 1, . . ., having x0, x1, . . . , xn, determine xn+1 as follows:
5: If 0 ∈ Φ(xn), then STOP;
6: If 0 /∈ Φ(xn), choose dk such that

dn ∈ Φ(xn) and ‖dn‖ ≤ Ωd(0,Φ(xn)).

7: Set xn+1 = xn + dn, where d(x,S) stands for the distance from x to S in Rj .

Notice that Φ(x) 6= ∅, and solve the convex optimization problem

min
d∈Rj ,‖d‖≤δ

h(F (x) + F ′(x)d).

Such a problem can be solved by standard methods such as the bundle method, the cutting
plane, and the subgradient method [17]. The sequence {xn} generated by the Algorithm
GN (Ω, δ, x0) converges at a quadratic rate to x∗ [7, 18, 24, 37]. Numerous problems in
robot manipulation [15], system balancing [16], computer vision [25], electronic structure
computation [11], machine learning [27], and maximum likelihood estimation can be expressed
using numerical linear algebra as optimizing a smooth function defined on a Riemannian
manifold [1–3, 6, 8, 9, 12, 13, 20, 22, 36]. The trust-region method, the conjugate gradient
method, the steepest descent method, and other methods have been extended on Riemannian
manifolds [1–3,6, 8, 9, 12,13,20,22,36].

Let us extend the problem (1) on a Riemannian manifold M as:

min
q∈M

f(q) : h(F (q)), (3)

where F : M → Ri is a differentiable mapping. Then, the convex inclusion problem (2) reads
as:

F (q) ∈ K. (4)

Then, the extended Gauss-Newton algorithm for the convex composite optimization problem
(3) [36] is defined as:
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Algorithm 2 : Algorithm GNR (Ω, δ, q0)
1: Let Ω ≥ 1, δ ∈ (0,∞), and q0 ∈M .
2: For each n = 0, 1, . . ., having q0, q1, . . . , qn, determine qn+1 as follows:
3: If 0 ∈ A(qn), then STOP;
4: If 0 /∈ A(qn), choose un such that un ∈ A(qn) and ‖un‖ ≤ Ωd(0, A(qn)) and

take qn+1 = expun
qn

where for q ∈M , Aδ(q) = A(q) is defined by:
A(q) = {u ∈ TqM : ‖u‖ ≤ δ, h(F (q) + F ′(q)u) ≤ h(F (q) + F ′(q)u1),

for each u1 ∈ TqM with ‖u1‖ ≤ δ}

The local convergence analysis of the sequence {qn} generated by Algorithm GNR (Ω, δ, q0)
is our concern in this paper. In particular, we develop a technique that without additional
convergence than in [36] we provide

(1) A larger radius of convergence.
(2) Tighter error estimates on ‖qn − x∗‖.

1.1. Related Work. Let us introduce L−average Lipschitz conditions required for the local
convergence of Algorithm GNR (Ω, δ, q0). From now on, we denote a positive value,
increasing integrable function on [0,∞) by “L”.

Definition 1.1: Let R > 0 and q0 ∈ M . The operator F ′ is said to satisfy the center
L−average Lipschitz condition on B(q0, R), if for each point q ∈ B(q0, R) and any geodesic γ
connecting q0, q with `(γ) < R, the following holds:

(C1) ‖F ′(q)Pγ,q,q0 − F ′(q0)‖ ≤
∫ `(γ)

0
L0(v)dv.

(C2) a
∫ s

0
L0(v)dv − 1 = 0, s ≥ 0.

Let a > 0 be such that, the equation has positive solutions. Denote the least such solution
by Ra. Define the region B0 = B(q0, R0), where R0 = min{R,R0}.

Definition 1.2: The operator F ′ is said to satisfy L−average Lipschitz condition on
B(q0, Ra), if for any two points q1, q2 ∈ B(q0, R0) and any geodesic connecting q1, q2 with
d(q0, q1) + `(γ) < R0, the following holds:

(C3) ‖F ′(q2)Pγ,q1,q2 − F ′(q1)‖ ≤
∫ d(q0,q1)+`(γ)

d(q0,q1)
L(v)dv.

Defintion 1.3: The operator F ′ is said to satisfy the L1-average Lipschitz conditions on
B(q0, R), if for any two points q1, q2 ∈ B(q0, R) and any geodesic connecting q1, q2 with d(q0, q1)+
`(γ) < R, the following holds:

(C4) ‖F ′(q2)Pγ,q1,q2 − F ′(q1)‖ ≤
∫ d(q0,q1)+`(γ)

d(q0,q1)
L1(v)dv.
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Remark 1.4: It follows by these definitions that since R0 ≤ R, the following estimates hold:

L0(v) ≤ L1(v), (5)

and
L(v) ≤ L1(v), (6)

for each v ∈ [0, R0]. It is worth noting that L0 = L0(q0, R) i.e., depends on q0 and R,L1 =
L1(q0, R) but L = L(q0, R0). In the local convergence analysis of the Algorithm GNR(Ω, δ, q0)
[36], the condition (C4) is used.

1.2. Contributions. In view of the estimates (5) and (6), the benefits 1. and 2. stated in the
introduction can be obtained if the function L1 is replaced by at least as tight L0 and L in the
proof of the main Theorem 3.1 in [36]. Indeed, let us look at the functions g0, g and g1 defined
on the interval [0,∞) for some µ ≥ 0:

g0(t) = µ− t+ a

∫ t

0
L0(v)(t− v)dv, (7)

g(t) = µ− t+ a

∫ t

0
L(v)(t− v)dv, (8)

and
g1(t) = µ− t+ a

∫ t

0
L1(v)(t− v)dv. (9)

Then, in view of (5) - (9), we see that for each t ∈ [0, R0]

g0(t) ≤ g1(t), (10)

and
g(t) ≤ g1(t). (11)

Moreover, define the scalar sequences {si}, {ti} for s0 = t0 = 0, s1 = t1 = µ by

s2 = s1 −
a
∫ s1−s0

0 L0(s0 + v)(s1 − s0 − v)dv
g′0(s1) ,

si+1 = si −
a
∫ si−si−1

0 L0(si−1 + v)(si − si−1 − v)dv
g′0(si)

,

(12)

t2 = t1 −
a
∫ t1−t0

0 L1(t0 + v)(t1 − t0 − v)dv
g′1(t1) ,

ti+1 = ti −
a
∫ ti−ti−1

0 L1(ti−1 + v)(ti − ti−1 − v)dv
g′1(ti)

.

(13)

The sequence {ti} can also be given in a more condensed form than (13):

ti+1 = ti −
g1(ti)
g′1(ti)

. (14)

Then, in view of (10 - (13), a simple inductive argument shows that

0 ≤ si ≤ ti, (15)

0 ≤ si+1 − si ≤ ti+1 − ti, (16)
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and
s∗ = lim

i→∞
si ≤ t∗ = lim

i→∞
ti. (17)

Provided that s∗ and t∗ exist (see also Section 4). It follows by (15) - (17) that the advantages
(1) and (2) hold. Note that the new functions L0 and L replacing L1 used in [36] (see Section
3) are specializations (of L1). Hence, in practice, the computational cost is the same, i.e., no
additional conditions are required.

1.3. Limitations. The convergence conditions for GNR (Ω, δ, q0) are sufficient conditions. It is
interesting to see if necessary conditions can also be found.

The rest of the work is structured as follows: Section 2 contains the mathematical background.
The semi-local analysis of convergence can be found in Section 3 and the numerical examples in
Section 4. The conclusions appear in Section 5. Finally, we have included the code used in the
numerical section after the references in the Appendix.

2. Mathematical Background

The definitions and notations on manifolds are standard [10, 14]. But we reproduce some of
them in this section to make the chapter as self-contained as possible. More details can be found
in [10,14]. Let us consider M to stand for a completely connected m−dimensional Riemannian
manifold equipped with the Levi-Civita relation δ on M . Take q ∈ M , and let TqM be the
tangent space at q to M . The scalar product < ·, · > on TqM with related norm ‖ · ‖q = ‖ · ‖.
Let q1, q2 ∈M with q1 6= q2 and γ : [0, 1]→M be a piecewise smooth curve connecting q1 to q2.
Then, the arc-length of γ is defined by `(γ) =

∫ 1
0 ‖γ′(t)‖dt. Moreover, the Riemannian distance

from q1 to q2 is defined by d(q1, q2) = inf
γ
`(γ). The infimum is taken over all piecewise smooth

curves γ : [0, 1] → M connecting the exponential map at q. That is exp : TqM → M exists on
TqM .

A geodesic γ in M connecting q1 and q2 is called minimizing, provided its arc length equals
the Riemannian distance between q1 and q2. Then, clearly the curve γ : [0, 1] → M is a
minimizing geodesic connecting q1 and q2 if and only if there exists a vector u ∈ TqM such that
‖u‖ = d(q1, q2) and γ(t) = expq(tu) for each t ∈ [0, 1].

Let γ : R→M be a C∞ curve. Then, the parallel transport P is defined by

Pγ,γ(β),γ(α)(u) = W (γ(β))

for each α, β ∈ R and u ∈ Tγ(α)M , where W is the unique C∞ vector such that δγ′(t)=0 and
W (γ(α) = u. It follows that Pγ,γ(β),γ(α) is an isometry mapping Tγ(α)M into Tγ(β)M and for
α, β, β1, β2 ∈ R,

Pγ,γ(β2),γ(β1) ◦ Pγ,γ(β1),γ(α) = Pγ,γ(β2),γ(α),

and

P−1
γ,γ(β),γ(α) = Pγ,γ(α),γ(β).
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If γ is a minimizing geodesic relating q1 to q2, we abbreviate Pγ,q1,q2 as Pq1,q2 . By C1(TM) we
denote the set of all C1-vector fields on M and Cp(M)(p = 0, 1) the set of all Cp-functions from
M into R, with C0 standing for continuous mappings.

Let Fp ∈ C1(M), p = 1, 2, . . . , i and F : M → Ri be a C1 function so that F = (F1, F2, . . . , Fi).
Then, the derivative of the mapping F along the vector field V is defined by [9, 22]

δV F = (δV F1, δV F2, . . . , δV Fi) = (V (F1), V (F2), . . . , V (Fi)).

Consequently, F ′ : C1(TM)→ (C0(M))i is given by

F ′(V ) = δV F for each V ∈ C1(TM). (18)

Let q ∈ M . Then, the notation F ′(q) stands for the derivative of F at q. Let u ∈ C1(TM) be
such that V (q) = u. Moreover, consider any non-trivial smooth curve γ : (−λ, λ) → M(λ > 0)
with (γ(0) = q) and γ′(0) = u. Then, it follows that

F ′(q)u = F ′(V )(q)

= δV F (q) =
( d
dt

(F ◦ γ)(t)
)
t=0

.
(19)

The definition of quasi-regular point was initiated in [21] for the study of (1). Then, in [36], this
notion is extended to Riemannian manifolds. Let K be a closed convex set in Ri, and consider
the inclusion

F (q) ∈ K. (20)

Then, for q ∈M
A(q) := {u ∈ TqM : F (q) + F ′(q)u ∈ K}. (21)

If K is the set of all minimum points of h and there exists u0 ∈ TqM with ‖u0‖ ≤ δ such that
u0 ∈ A(q). Then, for each u ∈ TqM with ‖u‖ ∈ δ, we have

u ∈ Aδ(q) ⇐⇒ u ∈ A(q) ⇐⇒ u ∈ A∞(q). (22)

Definition 2.1: A point q0 ∈ M is called quasi-regular for the inclusion (18) if there exists
R > 0 and an increasing positive-valued function b on [0, R) such that

A(q) 6= ∅ and d(0, A(q)) ≤ b(d(q0, q))d(F (q),K) for each q ∈ B(q0, R). (23)

As in [21], let Rq0 be the supremum of R such that (23) holds for some increasing positive-
valued function b on the interval [0, R). Let R ∈ [0, Rq0 ] and let S(qo, R) stand for the set of all
increasing positive-valued function b on [0, R) such that (23) holds. Define

bq0(t) = infimum{b(t) : b ∈ SRq0
(q0) for each t ∈ [0, Rq0)}. (24)

Note that, each b ∈ SR(q0) can be extended to an element of S(q0, Rq0) provided that
limt→R− b(t) <∞. So,

bq0(t) = infimum{b(t) : b ∈ S(q0, R)} for each t ∈ [0, R). (25)
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From now on, we denote Rq0 as the quasi-regular radius and bq0 as the quasi-regular bound
function of the quasi-regular point q0.

3. Semi-local Convergence Analysis

Let q ∈M be a quasi-regular point of the inclusion (2) with quasi-regular radius Rq0 and the
quasi-regular bound function bq0 . Let Ω ∈ [1,∞) be fixed. Define

µ := Ωbq0d(F (q0),K). (26)

Moreover, for R ∈ (0, Rq0 ], we define

a0(R) := sup
{ Ωbq0(t)

Ωbq0(t)
∫ 1

0 L0(v)dv + 1
: µ ≤ t ≤ R

}
. (27)

By convention, we set sup ∅ = −∞.
Next, we present a general convergence condition for the sequence {si} given by the formula

(12).

Proposition 3.1. Suppose (C2) and the following conditions hold:

(C5) There exists s̄ ∈ [0, R0) such that for each i = 0, 1, 2, . . .

a
∫ si

0 L0(v)dv < 1 and si ≤ s̄0.

(C6) µ ≤ min{ba, δ}.

Then, the following assertions hold:

0 ≤ si ≤ si+1 ≤ s̄,

and there exists s∗ ∈ [0, s̄] such that lim
i→∞

si = s∗.

Proof. It is well known that s∗ is the unique least upper bound of the sequence {si}. It follows
by the definition of {si} and the condition (C5) that the first assertion holds. So, the sequence
{si} is nondecreasing and bounded from above by s̄. Thus, it converges to s∗. �

Next, we present the semi-local convergence analysis of the sequence {qn} generated by the
Algorithm R (Ω, δ, q0). In particular, we show that the sequence {si} majorizes {qi}.

Theorem 3.1. Suppose that the conditions (C1), (C2), (C3) and (C5) hold. Then, the sequence
{qi} generated by the Algorithm R (Ω, δ, q0) is well defined in B(q0, s∗), remains in B(q0, s∗) for
each i = 0, 1, 2, . . ., and converges to some q∗ such that F (q∗) ∈ K.

Moreover, the following assertions hold

d(qi, q∗) ≤ s∗ − si (28)

and
F (qi) + F ′(qi)qi ∈ K. (29)
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Proof. Mathematical induction is used to show that for each i = 0, 1, 2, . . .

‖qi+1 − qi‖ ≤ si+1 − si. (30)

Notice that by (12), we have

µ ≤ si ≤ s∗ ≤ R0 ≤ Rq0 . (31)

It follows by the quasi-regularity condition that

A(q) 6= 0 and d(0, A(q) ≤ bq0(d(q0, q))d(F (q),K) for each q ∈ B(q0, R). (32)

So,
A(q0) 6= 0 and Ωd(0, A(q0) ≤ Ωbq0(d(q0, q0))d(F (q0),K)

= Ωbq0(0)d(F (q0),K) = µ = δ.
(33)

But from d(0, A(q0) ≤ δ, since Ω ≥ 1 there exists u ∈ TqM with ‖u‖ ≤ δ so that F (q0) +
F ′(q0)u ∈ K. Hence, we get

Aδ(q0) = {u ∈ Tq0M : ‖u‖ ≤ δ, F (q0) + F ′(q0)u ∈ K}

and

d(0, Aδ(q0)) = d(0, A(q0)).

Hence, by the Algorithm R(Ω, δ, q0) and (32), there exists u0 ∈ Aδ(q0) so that

‖u0‖ ≤ Ωd(0, Aδ(q0)) = Ωd(0, A(q0)

≤ Ωbq0(0)(F (q0),K) = µ = s1 − s0,

showing (30) and (31) for i = 0. Suppose that (30) and (31) hold for each i = 0, 1, 2, . . . , j − 1.
Define the geodesic γ : [0, 1]→M as

γ(θ) = expq θuj−1 for each θ ∈ [0, 1]. (34)

Moreover, we have by the inductive hypothesis that

d(q0, qj) ≤ ‖qj − qj−1‖+ ‖qj−1 − qj−2‖+ . . .+ ‖q1 − q0‖

≤ sj − sj−1 + sj−1 − sj−2 + . . .+ s1 − s0 = sj ,
(35)

and

d(qj−1, q0) ≤ sj−1 ≤ sj . (36)

Then, by (34) γ(θ) ∈ B(q0, s∗) ⊆ B(q0, R), so we obtain

A(qj) 6= 0 and d(0, A(qj)) ≤ bq0(d(qj , q0))d(F (qj),K). (37)

Hence, (32) holds for q = qj .
Next, we shall show that

Ωd(0, A(qj)) ≤ sj+1 − sj , (38)
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using the conditions (C1) and (C2) on B(q0, s∗). Indeed, it also follows by (37) in turn that

Ωd(0, A(qj)) ≤ Ωbq0(d(q0, qj))d(F (qj),K)

≤ Ωbq0(d(q0, qj))‖F (qj)− F (qj−1 − F ′(qj−1uj−1‖

≤ Ωbq0(d(q0, qj))‖
∫ 1

0
(F ′(γ(θ))Pγ,γ(θ),qj−1 − F

′(qj−1)uj−1dθ‖

≤ Ωbq0(d(q0, qj))
∫ 1

0

( ∫ θ‖uj−1‖+d(qj−1,q0)

d(qj−1,qj)
L(v)dv

)
‖uj−1‖dθ

≤ Ωbq0(d(q0, qj))
∫ ‖uj−1‖

0
L(d(qj−1, q0) + v)(‖uj−1‖ − v)dv

≤ Ωbq0(sj)
∫ ‖uj−1‖

0
L(sj−1 + v)(‖uj−1‖ − v)dv

≤ Ωbq0(sj)
∫ sj−sj−1

0
L(sj−1 + v)(sj − sj−1 − v)dv.

(39)

Furthermore, by the conditions (C1), (26), and (27), we have

Ωbq0(sj)
a0(R) ≤ (1− a0(R)

∫ sj

0
L0(v)dv)−1

and since a ≥ a0(R), we get

Ωbq0(sj)
a

≤ (1− a0(R)
∫ sj

0
L0(v)dv)−1

= −(q′0(sj))−1.

(40)

Thus, the assertion (38) holds, and by (12), (38) - (40), we get sj+1−sj ≤ µ ≤ δ, so d(0, A(qj)) ≤
δ. It follows that there exists u ∈ TqjM so that

F (qj) + F ′(qj)u ∈ K for ‖u‖ ≤ δ,

Aδ(qj) = {u ∈ TqjM : ‖u‖ ≤ δ, F (qj) + F ′(qj)u ∈ K},

and

d(0, Aδ(qj)) = d(0, A(qj)).

Select uj ∈ Aδ(qj). It follows by the Algorithm R (Ω, δ, q0) that (29) holds if i = j, ‖uj‖ ≤
Ωd(0, Aδ(qj)) = Ωd(0, A(qj)) and (38) that (30) holds. Therefore, the sequence {sj} majorizing
for {qj} and is Cauchy. It follows that the sequence {qj} is Cauchy too and it converges to some
q∗ such that F (q∗) ∈ K. Finally, by (40) and the triangle inequality, we have

‖qi+n − qi‖ ≤ si+n − si.

By letting n→∞ in (40), we show (28). �

Remark: The limit point s∗ can be replaced by R0 or s̄ in the Theorem 3.1.
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4. Comparisons and Examples

In this section, we compare the scalar sequences (12) and (13). First, we list the result related
to the condition (C4) and the sequence {ti} (see Theorem 3.1 in [36]).

(H1) The condition (C4) holds on B(q0, s∗).
(H2) The equation g1(t) = 0 has a smallest positive solution denoted by ρ∗.
(H3) µ = minimum {ba, δ} and ρ∗ ≤ R.

Theorem 4.1. Suppose the conditions (H1)− (H3) hold. Then, the sequence {qi} generated by
the Algorithm R (Ω, δ, q0) is well defined in B(q0, ρ∗), remains in B(q0, ρ∗) for each i = 0, 1, 2, . . .
and converges to some q∗ such that F (q∗) ∈ K.

Moreover, the following assertions hold for each i = 0, 1, 2, . . .

d(qi+1, qi) ≤ ti+1 − ti (41)

d(qi, q∗) ≤ ρ∗ − ti (42)

and
F (qi) + F ′(qi)ui ∈ K, (43)

where ρ∗ = lim
i→∞

ti and the sequence {ti} is given by (13).
Next, we compare the sequence {si} to {ti}.

Proposition 4.1. Suppose that the conditions of Theorem 4.1 hold. Then, the sequences
{si}, {ti} and {qi} exist and the following error estimates hold

0 ≤ si ≤ ti, (44)

‖qi+1 − qi‖ ≤ si+1 − si ≤ ti+1 − ti, (45)

and
0 ≤ s∗ ≤ ρ∗. (46)

Proof. By Theorem 4.1, the conditions of Theorem 3.1 hold for s̄ = ρ∗, so the sequences {si}, {ti}
and {qi} exist and

‖qi+1 − qi‖ ≤ si+1 − si (47)

and
‖qi+1 − qi‖ ≤ si+1 − si ≤ ti+1 − ti, (48)

Moreover, by (5), (6), (12), and (13) assertions (44) and (45) hold. Finally by letting i→∞ in
(44), estimate (46) follows. �

Remark A: In Proposition 4.1, we showed that Conditions of Theorem 4.1 =⇒ Conditions
of Theorem 3.1. But this implication does not necessarily hold vice versa. Hence, the new
results are heavier and with advantages as stated in the introduction (see also (41) - (47)). It is
also worth noting that these advantages are obtained under the same computational cost, since
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in practice the computation of the function L1 used in the old Theorem 4.1 requires that of L0

and L used in our Theorem 3.1 as special cases.
Next, we complete this section by using three concrete examples on the vector fields from

R→ R,R2 → R2 and R3 → R3, respectively provided thatK = {0}. The convergence conditions
are validated in these examples for the Gauss-Newton method.

Example 4.1. Let us consider the vector field F from R to R defined by

F (p) = p3 − d,

where F : D ⊂ R→ R, d ∈ (0, 1
2

)
and D = B (p0, 1− d) for p0 = 1. Then, it follows by the

Definitions 1.1, 1.2, 1.3, and majorizing functions g0, g and g1 given, respectively by (7) - (9)
that since ‖F ′(p0)−1‖ = 1

3 = a, ‖F ′(p0)−1F (p0)‖ = 1−d
3 = µ, for l0 = 3− d, l = 2

(
1 + 1

3−d

)
and

l1 = 2(2− d), we can choose L0(t) = l0, L(t) = land L1(t) = l1. Moreover, we have

g0(t) = µ− t+ L0
2 t2 (49)

g(t) = µ− t+ L

2 t
2 (50)

g1(t) = µ− t+ L1
2 t2. (51)

Furthermore the majorizing sequences corresponding to the functions g and g1 are (see (12) -
(14).

s0 = 0, s1 = µ, s2 = s1 + l0 (s1 − s0)2

2 (1− l0 − s1) ,

si+1 = si + l (si − si−1)2

2 (1− l0si)
, i = 2, 3, . . . ,

(52)

t0 = 0, t1 = µ, ti+1 − ti = l1 (ti − ti−1)2

2 (1− l1ti)
= −g1 (ti)

g′1 (ti)
, i = 1, 2, . . . . (53)

The sequence {ti} appears as majorizing in the study of Newton-type methods [1]. The con-
vergence condition for it is given by the celebrated Newton-Kantorovich semi-local convergence
condition [1]

2l1µ ≤ 1. (54)

But this condition is not satisfied, since

2l1µ = 4
3(2− d)(1− d) > 1 for each d ∈ (0, 1

2).

Thus, the results in [1, 36] cannot assure the convergence of the method to the singularity
p∗ = 3√d. But the method converges to p∗ say if d = 0.47. This is happening, since (54) is
only a sufficient condition. These observations indicate that (54) can be weakened and this is
achieved by switching (53) by (52). The convergence of (52) depends on the corresponding to
(54) sufficient convergence condition which is

2lµ ≤ 1. (55)
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Notice that this condition is satisfied since

2lµ ≤ 1 for each d ∈ [0.461983, 0.5).

It is worth noticing that (5) and (6) hold as strict inequalities, since

l0 < l1 (56)

and
l < l1 for each d ∈ (0, 1). (57)

Hence, the applicability of the method is extended under the same computational effort, since
the computation of l1 requires that of l0 and l as specializations. Moreover, the sequences {si}
and {si − si−1} are tighter than {ti} , {ti − ti−1}, respectively (see (15)-(17), (56) and (57)). Let
us demonstrate this further, say for d = 0.6, when both (54) and (55)) are satisfied.

i si ti si − si−1 ti − ti−1

0 0 0
1 0.1333333333 0.1333333333 0.1333333333 0.1333333333
2 0.1703703703 0.1730496453 0.0370370370 0.0397163120
3 0.1736579102 0.1773338485 0.0032875398 0.0042842031
4 0.1736841630 0.1773848871 0.0000262528 0.0000510385
5 0.1736841647 0.1773848943 0.0000000016 0.0000000072
6 0.1736841647 0.1773848943 0 0

Table 1. Comparison of majorizing sequences.

Python programming language was used for the computation above. The code could be
run in any Python compiler, in particular, Visual Studio Code application was used to run
the given Python code (Python version 3.13.1), which took less than a second to execute the code.

The table justifies the claims made above. Notice also that

s∗ = lim
i→∞

si ≤ t∗ = lim
i→∞

ti,

where

s∗ = 1−
√

1− 2lµ
l

= 0.1736841647,

and

t∗ = 1−
√

1− 2l1µ
l1

= 0.1773848943,

so

s∗ < t∗

as expected.
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Example 4.2. Let us select the vector field F from R2 to R2 defined by

F (q) = F (q1, q2)tr =
(cos(q1) + 20q1

20 , q2
)tr

(58)

and equipped with the norm ‖ · ‖∞. Then, by (58), we have

F ′(q) =

 − sin q1 + 20
20 0

0 1


and

F ′′(q) =

 − cos q1
20 0 0 0

0 0 0 0

 .
Select q0 = (0, 0)tr. Then, as in Example 4.1, we have

‖F ′ (q0)−1 ‖ = 1 = a, ‖F ′ (q0)−1 F (q0) ‖ = 0.05 = µ

and ∥∥F ′′(q)∥∥ = max
(∣∣∣∣− cos q1

20

∣∣∣∣ , 0) =
∣∣∣∣cos q1

20

∣∣∣∣ ≤ 1
20

= l1.

We can also take l0 = l = 1
20 . Clearly, with these values 2l1µ ≤ 1 and 2lµ ≤ 1 hold as strict

inequalities. Hence, there exists a p∗ ∈ B(p0, t
∗) solving (4).

Example 4.3. Let us choose the vector field, V from R3 → R3 as

V (q) = V


q1

q2

q3

 =


−q2

q1 − q2q3

q1q2q3


equipped with the Frobenius norm. Set F = V/S2. Clearly, we have V/S2(q) ∈ TqS2 for each
q ∈ S2. Then F ′(q) in the basis

B =



−q3

0
q1

 ,


0
−q3

q2




is defined for q3 6= 0 by

F ′(q) = − 1
q3

 γ1,1(q) γ1,2(q)
γ2,1(q) γ2,2(q)

 ,

where

γij(q) = qj

(
Fi,q3(q)−

3∑
k=1

qkFk,q3(q)qi

)
− q3

(
Fi, qj(q)−

3∑
k=1

qkFk,qj
(q)qi

)
, i, j = 1, 2

and Fi,qj is the partial derivative of Fi with respect to qj . Thus, we get

F ′(q) = −

 q1q2
(
q2

1 + 1
)

1 + q2
1
(
q2

2 + q2
3 − 1

)
q2

2 + q2
1
(
q2

2 − 2
)

+ q2
3 − 1 q1q2

(
q2

2 + q2
3 − 3

)
 .
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Hence, by Lagrange’s multiplier method, we obtain that the Definitions 1.1, 1.2,1.3 hold if
L0(t) = L(t) = L1(t) = l, where

l = sup
{
F ′(q) : q2

1 + q2
2 + q2

s = 5
}

= 11.

Choose q0 = (2,−0.0013091)tr to obtain

‖F ′ (q0)−1 ‖ = 1.00779 = a,

and
‖F ′ (q0)−1 F (q0) ‖ = 0.0013193 = µ.

So, again 2l1µ ≤ 1 and 2lµ ≤ 1 hold as strict inequalities. Therefore, there exists p∗ ∈ B (q0, t
∗)

solving (4).

5. Conclusion

A new semi-local convergence analysis is presented for the Gauss-Newton method defined on
Riemannian manifolds to approximate a zero of a vector field. The analysis is based on more
accurate majorant functions which are used to control the covariant derivative. The sufficient
convergence conditions are weaker than before [36]. This way the resulting majorizing sequences
are tighter resulting in at least as few iterations to reach a predetermined error tolerance.
The information on the location of the zero is more accurate. The majorant functions used are
specializations of earlier ones. Hence, the advantages are obtained without additional conditions
or computational effort. The same technique can be used to extend the applicability of other
methods in an analogous way [1, 6-28, 30-35, 37]. This is the direction of future research.

Competing interests: The authors declare that there is no conflict of interest regarding the
publication of this paper.
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Appendix

The Python code used for the computation is given below.

1 # %%

2 def compute_s_next(s_prev , s_curr , l0 , l):

3 # Compute s_{i+1} based on the given recurrence relation.

4 print(f"s_curr␣-␣s_prev:␣{s_curr␣-␣s_prev}")

5 numerator = l * (s_curr - s_prev) ** 2

6 denominator = 2 * (1 - l0 * s_curr)

7 s_next = s_curr + numerator / denominator

8 return s_next

9

10 def compute_t_next(t_prev , t_curr , l1):

11 # Compute t_{i+1} based on the given recurrence relation.

12 print(f"t_curr␣-␣t_prev:␣{t_curr␣-␣t_prev}")

13 numerator = l1 * (t_curr - t_prev) ** 2

14 denominator = 2 * (1 - l1 * t_curr)

15 t_next = t_curr + numerator / denominator

16 return t_next

17

18 # Define the constants based on the given equations

19 def constants(d):

20 # Compute l0, l, l1, and mu based on parameter d.

21

22 l0 = 3 - d

23 l = 2 * (1 + 1 / (3 - d))

24 l1 = 2 * (2 - d)

25 mu = (1 - d) / 3

26 return l0 , l, l1 , mu

27

28 # Example usage

29 # Define the parameter d

30 d = 0.6

31

32 # Get constants

33 l0 , l, l1 , mu = constants(d)

34

35 # Initial values for s and t

36 s0 , s1 = 0, mu

37 t0 , t1 = 0, mu

38

39 # Iteratively compute s_{i+1} and t_{i+1}

40 iterations = 10

41 s_values = [s0, s1]

42 t_values = [t0, t1]

43

44 for i in range(2, iterations):

45 s_next = compute_s_next(s_values [-2], s_values [-1], l0 , l)

46 t_next = compute_t_next(t_values [-2], t_values [-1], l1)

47 s_values.append(s_next)

48 t_values.append(t_next)

49

50 print(f"s␣values:␣{s_values}")

51 print(f"t␣values:␣{t_values}")

52

53 # Print differences s_i - s_{i-1} and t_i - t_{i-1}

54 for i in range(1, len(s_values)):

55 print(f"s_{i}␣-␣s_{i-1}:␣{s_values[i]␣-␣s_values[i-1]}")

56

57 for i in range(1, len(t_values)):

58 print(f"t_{i}␣-␣t_{i-1}:␣{t_values[i]␣-␣t_values[i-1]}")

59

60 # Compute s* and t* using the given expressions

61 s_star = (1 - (1 - 2 * l * mu) ** 0.5) / l

62 t_star = (1 - (1 - 2 * l1 * mu) ** 0.5) / l1

63

64 print(f"s*␣(s_star):␣{s_star}")

65 print(f"t*␣(t_star):␣{t_star}")
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