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ABSTRACT. We present new fixed points algorithms called multistep H-iterative scheme and multistep
SH-iterative scheme. Under certain contractive-type condition, convergence and stability results were
established without any imposition of the 'sum conditions’, which to a large extent make some existing
iterative schemes so far studied by other authors in this direction practically inefficient. Our results

complement and improve some recent results in literature.

1. INTRODUCTION

There is an intimate connection existing between nonlinear problems and fixed point problems
of related contractive-type operators. As a result, researchers have focused more attention on
finding approximate fixed points of different contractive-type mappings in recent times; see, for
example, [5], [6], [7] [8] [9], [10], [11], [18], [25], [28], etc. and the reference contained in them. Let X
be a normed linear space and ' : X — X a given of X. We represent the set of fixed points of I
by F(MN={qeX:q=T(a)}

For the past forty years or so, some investigation of fixed points via iterative schemes have been
a flourishing area of research for many mathematicians. Mann [21], Ishikawa [22] and Noor [19]
iterative schemes, with their modifications, have been studied by different authors and different
interesting results were obtained. However, to meet up with the demand of the modern fixed
point theory, researchers have continually renewed their efforts toward constructing more efficient
iterative schemes. In this direction, following Kirk’s introduction of his remarkable iterative scheme
in 1971, the results below have found thier place in the current literature.

Let X and [ be as earlier stated.
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(a) For arbitrarily yp € X, let the sequence {y,}°, be defined iteratively as follows:

Z Z
Va1 =Y oy, Y o;=1,n>0. (1.1)
J=0 J=0

The iteration method defined by (1.1) is due to Kirk [20].
(b) In [17], Olatinwo presented the algorithms below:
(i) for an arbitrary point yp € X and for apt > 0,an0 # 0, apt € [0, 1] and £ as a fixed

integer, define the sequence {y,}52, by

4 Y/
Va1 =) 0nelyp Y one=1,n>0 (1.2)
t=0 t=0

(i) for an arbitrary point yp € X and for £ > m,an+Bnt > 0,010,800 # 0, @nt,Bnt €
[0,1] and £, m as fixed integers, define the sequence {y,}, by

y/ Z
Ynt1 = OpoYnt Z an,trJZny Z ont =1,
t=0 t=0
m l
Zn = Zﬁn,trtYn: Zﬁn,t =1,n=>0, (13)
t=0 t=0

and called them Kirk-Mann and Kirk-Ishikawa algorithms, respectively.
(¢) Chugh and Kumar [25] presented the following iterative scheme: for an arbitrary point

Yo € X and for £ > m > p:an,s:'Yn,rxﬁn,t > O:'Yn,O:an,Ouﬁn,O 7’é Ovan,Sy’Yn,r:,Bn,t S
[0,1] and £, m, p as fixed integers, define the sequence {y,}°, by

¢l )2
Yot1 = Yo+ ) Yol zn ) Anr=1;
r=1 r=0

m m
E s E .

Zn = Op,0Yn + Oln,sr Zn, Qps = 1,
s=1 s=0

p p
Zn = Zﬁn,trt)/nu Zﬁn,t =1,n2>0, (1.4)
t=0 t=0

(d) Very recently, Akewe, Okeke and Olayiwola [26] presented the following general iterative
scheme in the sense of Kirk [20]:
(i) for an arbitrary point yo € X, for 41 > €, > 43 > --- > 4, for each i, af , vp:t >

0,%n.0.@no0,# O, for each i, ocfﬂ,'s,fy,,,t € [0,1] and 41,4, as fixed integers for each v,
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define the sequence {y,}52, by

ll el
Yn+t1 = YnoYn T Z'Yn,rrrzrl,: Z anpr =1,
r=1 k=0

Liy1 Lri1
zt = aloyn+ Zaﬁlsrjz,fﬂ, Zafhs =1,t=1,2-,u—2;
s=1 s=0
Ly L,
Zi7t = Zaﬁ’}lrsyn, Za,‘j;l =1lu>2,n>0, (1.5)
s=0 s=0

(i) for an arbitrary point yp € X, retaining the conditions in (i), define the sequence
{vn}iZo by

131 Z1

1 1 .

Yn+1 = YnoZ, t+ Z'Yn,krrznx Z anpr =1,
r=1 r=0

Liyq L1
zt = alyzttt + Zaﬁysrsz,fﬂ, Zafms =1,t=12-,u—2;
s=1 s=0
Ly Ly
Zi7t = Zaﬁ}lrsyn,Za;”}l =1u>2,n>0, (1.6)
s=0 s=0

It is worthy to mention that in application, the stability of the iterative schemes studied above
is quite invaluable. The first researcher to demonstrate this respecting the Banach contraction
conditions is Ostrowski [13]. Afterwards, several authors have developed this subject basically
because of its indispensable position in the current trend of computer programing. Some recent
works in this direction could be seen in [1], [2], [3] [4], [12], [13] [14],

[23], [24], [26] and the references therein.

Remark 1.1. The stability and the convergence results in the papers studied were made possible
due to the sum conditions imposed on the control parameters; see, for example, [20] [17], [25] [26],
etc and the references therein. But in application, especially for N large enough, the iterative
schemes defined by (1.1),(1.2), (1.3), (1.4) (1.5) and (1.6) become practically inefficient due to the
difficulties involved in generating a family of such control parameters, the windy process involved

for each sum and the computational cost.

Base on the problems mentioned in Remark 1.1, it becomes necessary to ask the following

questions:

Question 1.1. Is it possible to construct an alternative iterative scheme that would address the
problems generated by the sum conditions imposed on the control parameters while maintaining,
in particular, the results in [26], which in a larger sense contains the results of the other papers
studied?
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Following the same argument as in [27] regarding the linear combination of the products of
countably finite family of control parameters and the problems mentioned in Remark 1.1, in this

paper, we provide an affirmative answer to Question 1.1.

2. PRELIMINARY

Throughout the remaining sections, ¢ : Rt — R*, R™ N and H will denote monotone in-
creasing subadditive function, the set of positive integers, the set of natural numbers and a real
Hilbert space, respectively. Also, the following definition, lemmas and propositions will be needed

establish our results.

Definition 2.1. ( [713]) Suppose Y is a metric space and letT .Y — Y be a self-map of Y. Let

{xn}22y C Y be a sequence generated by an iteration scheme

Xnr1 = 9(I", xn), (2.1)

where xg € Y is the initial approximation and g is some function. Suppeose {x,}°°, converges to
a fixed point q of I'. Let {t,}?2, C Y be an arbitrary sequence and set €, = d(t,, g(I', tp)), n =
1,2,--- Then, (2.1) is said to be I'-stable if and only if limp_o €, = 0 implies limp—o0 Yn = q.

Note that in practice, the sequence {t,}72, could be obtained using the following approach: let
xo €Y. Set x,41 = g(I, xp) and let to = xp. Since, x; = g(I', xp) following the rounding in the
function T, the value t; (which is estimated to be equal to x1) could be calculated to give t, an
approximate value of g(I', t;). The procedure is continued to yield the sequence {t,}°,, which is

approximately tha same as the sequence {x,}%2.

Lemma 2.1. (see, e.q, [20]) Let {T,}5°, € RT : 7, - 0asn— oo. For0 <4 <1, let{wp}>2, bea

sequence of positive numbers satisfying wpy1 < dwp+7,,n=0,1,2,--- Then, w, = 0 as n — oco.

Lemma 2.2. (see, e.g., [17]) Let (Y, || .||) be a normed space, the self-map T : Y — Y satisfies (1.13)
and ¢ : Rt — R™T (retaining its usual meaning) be such that (0) = 0, p(Mt) = M¢p(t), M >
0,t € R". Then, Vi € N and Vs, t € Y, we have

IFs — it < plfls — ¢l +Z ( ) o 1(ls - Ts). 22)

Proposition 2.3. (seee.q, [27]) Let {a;}?2; C N, where k € [0,R"] is fixed and N € N is any
integer with k +1 < N. Then, the following holds:

i—1 N
ak+Za,|_|1~aJ [ @—a) = (2.3)

i=k+1 Jj=k Jj=k
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Proposition 2.4. (seee.g., [27]) Let t,u,v € H. Let k € [0,R"] be fixed and N € N be such that
k+1<N. Let {v;}"7* € H and {o;}, C[0,1]. Define

y = okt + Z a,l_l(l—ocj)v, 1+|_|(1—aj)v

i=k+1  j=k
Then,
N
ly —ul® = axlt—ul’+ > « |_|(1—aj)||v, 1—u||2+|_|(1—aj)||v—u||2
i=k+1  j=k
—aou Z a,|_|<1faj>|rtfv, 1H2+|_| 1 ay)l[t = vIP?]
i=k+1 Jj=k
N i—1
~1 - Y e[ )= alvio — (e + wign)?
i=k+1  j=k

i—1
an [ = apllv = v,

J=k

where wy = Z,N:kﬂ a; |_|J’;i(1 —o)Vi—1 + ﬂj;i(l —oj)v,k=1,2,---,Nand w, = (1 - cy)v.

3. MaIN ResuLts |

Let H be a Hilbert space and let [ : H — H be a self-map of X. For arbitrary xg € H define

the sequence {x,4+1}72, iteratively, for s =1,2,---, k — 2, as follows:

X1 = On 1% + Y1y Ony [HZ1(1 = 8n, )yt + [T, (1 — 6, ,)rfly,%;

yn _ an 1Xn+Zes+1 s _|—|j:1 a )rJ 1 s+1 _|_|—|ls+1 |-€1ys+1 (3.1)
yf 1= kalakl (1—oc D 1x, + [T ((1—akt )I_kan,k22,n21,
where &1 > 4o > 43 > --- > 4y, for each s, {{0,}52, J L Hani} e, J 1 €[0,1] for each k and

£1,4o,--- 4y are fixed integers (for each k). We shall call the iteration scheme defined by (3.1)
the multistep |H-iteration scheme.

Again, for any xp € X, we shall call the sequence {x,}52, defined recursively, for s =
1,2, k—2, by

Xn+1 —5n 1yn +Z 26nj|—| (1_5n,i)rjilyl+|—|e1: (1_5n/)|'11y%;
ys = O‘n 1yn+1 + Z€s+1 i;l(l _ a )rj 1 s+1 + |—|ls+1( a;/)[—llyg—&-l; (3.2)
= ijl an; ,-:1(1 — aﬁ;l)rf_lxn + |—|,-;1(1 — aﬁ;l)rekxn, k>2n>1,

where £; > o > 43 > -+ > 4y, for each s, {{0,,}72 } o Haniboe }fk:l € [0, 1] for each k and

£1,45,--- 4 are fixed integers (for each k), the multistep Dl-iteration scheme.
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Theorem 3.1. Let H be a Hilbert space, I : H — H be a self-map of H satisfying the contractive

condition
. _ . L\
I = Pyl < D=yl + 3 (1) 01x = Tl 33
i=0

where x,y € H,0 < ¢/ < 1, and let ¢ retain its usual meaning with $(0) = 0 and p(Mt) =
M¢(t),M > 0,t € R*. For arbitrary xo € H, let {w,}>2, be the multistep H-iteration scheme
defined by (3.1). Then,

(i) T defined by (3.3) has a fixed point q;

(ii) the multistep | H-iteration scheme converges strongly to g € T

Proof. Firstly, we show that I satisfying condition of (3.3) has a fixed point. Assume there exists

two points g1, g2 € F(I') with 0 < ||g1 — g2||. Then, we have

0<llor— @l =Fa—Fal < dla-qgl+

I\/]“'

(7)o tavi-ra)

!

I
o

I\/I"

plas el +3_ (1) o60)

1

Il
o

= (1 - 0)P|lg1 — q2|| < 0. Using the fact that o/ € [[0,1), we get 0 < 1 — ¢/ and ||q1 — g2|| < 0.
Since the norm is a nonnegative function, we get ||g1 — ¢z = 0; g1 = g2 = q(say). Therefore, I
converges uniquely to a point of F(I").

Now, we show that the sequence defined by (3.1) converges strongly to g € F(I'). Using (3.3)
and Proposition 2.4 with x, 11 =y, u=q,x, =t,j =i, k= 1,771yl = v;_; and Ty} = v, we

have

I J—1
i1 = all> < Snalxn = ali> + > ns[ | =8P tyy = 2|2
j= =1

12
+[ ] =8 )lry; — Mg (3.4)
=1

But from (3.3), with y = y,}, we have

J .
Pyt = rital < Plsk - all+ Y ()0 el ral)
i=0

= dlyt—al (35)
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Proposition 2.3, (3.4) and (3.5) imply

A1 Jj—1
o1 = all> < Snallxa—all> + ) 8n(@)?[ ] = 6ni)llys — all®
Jj=2 i=1

£y
+[ )@= 6002 lyi — al®
=1
I ‘
= ol —alP+ {1=851 = [ [ =6, | llya — all?

i=1

41
+[ 1@ =600 llys — all?

i=1
= nallxe —all? + (1= 651) llya — al® (3.6)

Since {1, 4y are fixed integers and a3 . € [0, 1] for each s, we have, using Proposition 2.3, the

n,i

following estimates forn=1,2,--- and 1 <s< k—1:

2]
anillxn = all? + )Y ans[ (1= an )P 1y = 2|2

vk —al? <
2
1@ = anIM2y7 — rql?
1) Jj—1
< abalxn = alP +Y_eny (0[]0 = an)llyi - gl
Jj=2 i=1
£
#1101 = ) (0?13 — all?
i=1
12 Jj—1
< bl —alP+Y_ab (02 )1 - ah)]ad sl - al?
Jj=2 =1

L3 Jj—1 43
+Y_ a2 (2] -2 )i - al?+ [ ] - a2 (@) lyi - al?]
Jj=2 i=1 i=1

o3 Jj—1
+H oh NP [ad 1l — alP +Y_ad ()2 [ ] = a2 )lyi = al?
Jj=2 i=1

10— a2 )12 - al?]
i=1
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123

J—1
2 1\2 2 2
= apile—al®+)_an; ()] ] —af)ad 1 lx — all
Jj=2 =

Lo J—1 L3 Jj-1
+ Zarlv,j(f?j)z |_|(1 - O‘flv,/)) (Z O‘r%,j(ﬂj)z |_|(1 - O‘r27,,)> ||J/3 - <7||2
Jj=2 i=1 j=2 i=1

Lo Jj-1 L3
+( D _an ()P - aflq,/)) (|_|(1 - a%,/)(pj)z) lys — all?
Jj=2 i=1 i=1

%)
+[ ] = ah )00l 1l — all?
i=1
L3 ol 2 _
+ (Z ol ()2 - 06%,,)) (|_|(1 - a%,/)(P’)z) lys —all?
j=2 i=1 i=1
43 4 1) .
+([]a- a%,/)(ﬂ’)Q) (|_|(1 - 04,17,/)(P’)2) Ilys — qll?
i=1 =1

12 Jj—1
< apqlle —all* + Z ap (@[ ] —ahNanlx — all?
j=2 i=1

+|_| D(P)2ag 1 xn = all?

Zanj(p] I_l ) (Zam pj)2|_| (1-aj )) [ai,l\lxn* qll?

3 @0 @l — gl + [ et )Pl alP]
j=2 i=1

i=1

z2 j—l e3
+{ X ab 02 —a%,o) (|_|<1 - a%,,-><fﬂ'>2) [ 1110 — al?
Jj=2 i=1 i=1

Ly J—1 Ly
+Y e (P[] = ad)lva = al? + ] = o )02 lva - al?]
Jj=2 i=1 =1
43 . Jj—-1 £ _
+ (Z of (@[] - a%,») (|_|<1 - amw) |3 1l1%0 — all?
j=2 i=1

i=1

44 Jj—1 4y
o |_| 1—ad )l —al?+ ] = i )02 v — al?]
Jj=2 = i=1

(o —a,%,,-w) (170~ o007 [ohats - ar

7
+Zam<m2|_|<1 a2l — al + [ - et ))RIvE - al?]
=1

Jj=2
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= aplx—all® + Zam(p’)2 |_|(1 —ap ) llx = ql®

Jj=2

+ |_|(1 —ap)(0")?ag 11X — all?

i=1
4> Jj—1
Z nJ )2|_|(1_ Qi ) (Zaru 2|_| ) n1||Xn_CIH2
Jj=2 = i=1

Zanj(p])2|_|(1_anl) (Zanj(pl)zl_l(l_a%/ )

(Z an,<¢>2|_|<1 —an,>> Iyt —all? + Zamwrla —an,>)

( - n/) ) Hy;l - qH2

X
~—
.Mgﬁ

Q
T H:|\

Jj=2
) L3
+[ D _ani (@) H(lfaﬁ,f) [ (1 =220 | I — all?
=2 i=1 i=1
£ ot L3 _
+{ D _ar @[ Ja =) | {[ ] —a))? (Z a5 ;(0)? |_|(1 — o) ) lys = all?
j=2 i=1 i=1
& X J-1 & . .
+ D _an @[ |a—ah ] ([ ] —a2)@)? (l_l(l - Oéﬁ,,-)(/)’)2) lys —all?
Jj=2 i=1 i=1 =1

43 Jj-1 £
+ (Z oz (@) Ja- 0‘%,/)) [ 10—t (@) | @b llx, — all®
Jj=2 i=1 i=1
L3 _ J—1 12 _ I _ J—1
+ (Z an(0)?] |- a%,/)) [ 1 —ar)(0)? (Z a7 |- ai,i)) lys —all?
j ' =2 i=1

=1

43 J—1 & 4

+ (Z oz (@) Ja- OL%,/)> [ 1 —ah)()? (l_l(l - Oéﬁ,,-)(l?j)z) lys = all?
j=2 i=1 i=1 i=1
4 2]

1@ =ad )@ | ([ 10— on)(@)? ) edallx — al?

i=1 i=1

43 12 Ly Jj—1
F(Ma-ea2ner? | (e -akie)r? (Zai,juffl__la—az,,)) I = al?

43 2] Ly
+{[ Ja=a2 )] ([ ] —ah @) (l_l(l - aﬁ,f)(Pj)Q) vy —all?

i=1 i=1 i=1
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£
= oyl —al?+)
j=2

+[ )@= ab )
i=1
12 . jfl
+ Z O‘%,j(ﬁly
j=2 /:1
j—].
+ Z ap (o)
/=1
j—l
+ (Z odi(0)?
i=1

+

+

12 Jj—1
Z 0‘}7,1'(/0])2 |_|
Jj=2 i=1
X ((1 - o‘n 1 |_|(

43 . —
X (Z a%,j(PJ)Q |_|

_|_

12 J
> (o) |_|
Jj=2 i

X (1—01,71

I_I(

=

|

Jj—1
ab (0[] = b e llx, — qll?

i=1

nalxn —all?

n/)) (Zaﬂj )2 |_|(1_anl ) i,lHXn—QHQ
a#,)) (

L3

[ 1a

i=1

- a%,/)(ﬁ/)z) 1% — qll?

o~

2

(1- a%,/)(ﬂ)z) o 1l1x = all?

1

I_l(l - a%,i)(pj)2) (l_l(l - a%,/)(ﬁj)z) o 1% — qll?

43 Jj—1
(1- O‘rl;,/)) (Z O‘%,j(ﬁj)2 |_|(1 - O‘%,i))
j=2 i=1

1- n,/))(p’)2) lys —all* +

I Jj—1

ot [10- o)
2

- az,») (e ) i - ar

-1 &
(1- O‘}y,/)) (l_l(l - O‘%,/)(P/)Z)
1—a;))(e) )) lys = all?

/2 Jj—-1 43
+H Y a2 |- m) (l‘l( )(|_|<1 o ¢>2)||y;‘—q||2
=2 i=1 =1
43 . Jj—1 4> )
+ ( a%,j(#)2|_|(1—a%,,-)> (|‘|<1—az,,-><m2)
j=2 i=1 i=1
x ((1—% H<1 m-))(ﬁ)%) lys — qll?
{3 Jj—1 4 ' I _
+ (Zam(m?I—Iu—ai,,)) (l__l(l—a%,,,-><m2) (|__|<1—aﬁ,/><w>2) ly% — qll?
3 £
+ |__|(1—a%,,-><;ﬂ>2) (l_—l(l—a%,,')(Pj)Q) ((1—an1 |_|<1—ocn, )(0')? )|y;,‘—q|2
+ |__|<1—a%,,-><m2) (l__l(l—a%,,-xmz) (ﬂ(l—aﬁ,/)(ﬂ)2) lyt — qll?
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12 Jj—1
= opallxe—al?+ ) _ah (@) (1 —ah a1l — al?
Jj=2 i=1

£
+H[ )@= ab )2l 1l — all?
i=1

_l’_

1% Jj-1 43 Jj—1
> an @[ |- a%,») (Z o2 (02 - a%,») a1 1% — ql)?
Jj=2 i=1 Jj=2 i=1

2 J-1 L3
+[ 2 _en @ ] - arlm')) (|_|(1 - 04,27,/)(Pj)2) Ixn = qlI?
Jj=2 i=1 =1
43 gt %) _
+ <Z an ()] ] - Oé%,,)) (|_|(1 - a%,/)(lﬂ)z) a1 lxe — qll?
j=2 i=1 i=1
L3 ' £ ,
+([]a- a%,/)(ﬂ)z) (|_|(1 - a};,/)(P’)z) o 1 l1xa — qll?
i=1 =1

_l’_

123 Jj—1 L3 Jj—1
> (@) (- a%,») (Z a2 ()2 - a%,,,o) (1—ad )02yt - gl
Jj=2 i=1 j=2 i=1

123 Jj—1 43
+| Y on ()] Ja- 06,17,/)) (|_|(1 - Oé%,/)(/?j)z) (1—a3 )@))lyy —all?
J=2 i=1 =1
43 _ Jj—1 £> _ '
+ <Z o ()2 - Ot%,)) (|_|(1 - 01117,/)(/9/)2) (1= ) (@) —all?
Jj=2 i=1 i=1
4 . & . i
+([]a- a%,/)(ﬂ)z) (|_|(1 - a},,/)(P’)z) (1= )(@)llyn — all?
i=1 =1
2 _ J—1
< O‘rlv,1||Xn - qHz + Z O‘flw‘(/oj)z |_|(1 - a%,/)a%len - CIH2
Jj=2 =1

1%
+[ )@ = e (@) 1 10— all?
=1

_l’_

1% Jj—1 43 Jj—1
> _an (@] ]a- a%,,,)) (Z o2 (02— a%,») o3 1 Ixn — qll?
Jj=2 i=1 j=2 i=1

_l’_

22 _/'*1 23
S el (o) ] - a,l,,,») (I‘l(l - az,,aw) o al?
j=2 i=1

i=1

43 J—1 2
+ <Z ol ()2 - a%,)) ( (1- Ot,l,,/)(Pj)z) o 111%0 — qll?
j=2 i=1

=1
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(3 42

(M- a%,,)<;ﬂ')2) (ﬂ<1 : a},,,ow) o3l — al?
=1 =1
%3 . Jj-1 43 ' Jj—1 '

+( D _an (@) |- a%,») (Z a2 (0)?[ |a- a%,») ad1(1—ad )02 Ix — qll?
Jj=2 i=1 j=2 i=1
173 . Jj-1 43 . '

+H D ed (P2 ] - a%,,o) (|_|<1 - a%,,->(m2) ad1(1—ad1)(0)?)lIx — al?
j=2 i=1 i=1
43 _ Jj—1 £> _ _

+ Y a2 |- a%») (I_I(l —a%,,,-m?) a1 (1—a21)(0)?)lx — al?
Jj=2 =1 =1

43 £
+([]a- a%,i)(pj)z) (|_|(1 - a%,/)(p’)Q) oy (1 =05 ) () Ixa — qll* + -+
i=1 i=1
L Jj—1 L3 J-1
+ Z an (0)? |_|(1 - 0‘%,:)) (Z o (0)? |_|(1 - O‘%,,))
Jj=2 i=1 Jj=2 i=1
Ly Jj—1 £s—1 Jj-1
x| D_an (@[ ]a- a%,») XX (Z a2 (o) [ (1 - af,ff))
J=2 i=1 Jj=2 i=1

Ls Jj—1 4o
o[ Satwra- aﬁf,1)> b i+ 67 ([0 - b7
j=2 i=1 i=1
. 43 . . 54 . . 8571 .
x(p))? (H<1 - a%,,-><ff)2) ()2 (|_|<1 - a?,,,><;f>2) X e x ()2 (l‘l(l - aﬁff)(fﬂ)z)
=1 =1 =1
Ls
x(p')? (H<1 - af,if)(w) 10 — g2
=1
123 Jj—1
< apilxn = allP+>_ah;[ @ = o )adllx — al?
Jj=2 =1
4>
+[ )@= ez lx — all?
=1
12 Jj—1 43
oy et am) (1 a2 [ az,,->) 02 o — al?
Jj=2 =1 =1
12 Jj=1 43
+{ e[ ] —a,l,,,-)) (|_|<1 —a%,,-)) I = all®
j=2 =1 i=1
23 22
+11- O‘%,l - |_|(1 - O‘rzm)) (l—l(l - a,lm)) a?y,lHXn —q|?
=1 =1
43 22
+(a- a,%,,->) (l‘l(l . a%,») o2 o — P
=1 =1
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i=1 i=1

i=1 i=1

x |_|<1 bty )||xn—q||2

V2 Jj—1
Zaflw' |_|(1 - 0‘/11,/)) (1 - ar21,1 -
j=2 i=1

43 4
X |_|(1—O‘r27,/)) (l_l(l—a%,/)) X -
=1 i=1

L3

|_|(1—a

i=1

Ly
'es
X 1—a2y1—|_|(1—a?7’,)) X 2
i=1
Zs es
x| 1—opy' |_|(1 Y ) o 1 lIxn — gl +

€51

2
n,i)

) O‘?v,l(l - 0‘%,1)||Xn - q||2

£ Jj—1 43
Y ari[]a- a%,») (|_|(1 — a%,») ad (1 -a)x — ql)?
Jj=2 i=1 i=1

23 22
+—1—ﬁi—rm—aa»)UWu—amﬁaau—ammM—me

{3 V2
4—Fvl—ﬁﬁ)“Tu—ahﬁa%u—amm&—mﬁ+
1)
+ 1—04%,1—|_|(1—O‘%,/)) (1—05 |_|(1 %,))
=1

esl

I_l(l - aes 2

£
|_|(1 - O‘rly,/))
i=1

|_|(1 — aes 2

Jj—1
< n1||Xn_qH2+ZanJ|_| 1_an/)an1‘|xn_q||2
j=2 =1
12
+ |_|(1 — ap )an 1% — ql)?
i=1

12

i=1

+@Ju—aa>ﬁ1u—a 2 - ar

Zanjl_l(l_ nl)) ) nl(1

Zanjl_l(l_anl)) (1_an1)||xn_q||2

ay 1)llxn — all?

+(1-ad,) (I_I<1 %,») 031 (1— a3 )lxn — all® + -+

+(1—oapq)(1—a2i)(1—ady) x -

Ls—
< (1—a) @ik — all?

x(l—a

4572
n,1

)
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£
ol —dl? 4 el (1 et o[- am) o al?
=1
£
+ |_|(1 —a} oz lx, — ql?

i=1

%3
(1- O‘%,l - |_|(1 - a}?,/) ) a?v,l (1 - O‘%,l) llxn — Cl||2

+an1 (l_l(l n/)) |Xn—q||2

12

(1- Olr17,1 - |_|(1 - aflm)) (1 - ar27,l) a2’1(1 - ar37,1)||xn - Cl||2

i=1

1—01,71 (l_l(l_an/ )a%,l(l_ag,l)”Xn_qH2+"'+

+(1—ap) (1-ahy) (1 ai,l)x'“X(l—aﬁ?)
(1—of“) o5 11l — all?
< [an,l +O‘n,1 (1—a 1) +(1- arlv,l)a%,l (1- O‘r27,1) +(1- O‘r17,1) (1- ar27,l) 0‘2,1(1 - O‘r37,1)

T (1_O‘n1)(1—a,271)(1—a%’1)><...><(1_0(2572)

n,1
x (1 oy ) 1lixn — gl (38)
(3.6) and (3.8) imply that

Ixnr1 — gl < {8n1+ (L —=6n1)lap+oani (1—api)+ (1 —oapq)og, (1—ab)
+(1_an1)(1_an1)(1_anl)+ (1_an1)(1_a%1)(1_ar37,1)
xeeox (1-ali) x (1—0/351)]}||xn—q||2 (39)

Using Lemma 2.3, we obtain (from (3.9)) that the sequence {x,}72, converges strongly to g € F(I");
and this completes the proof. ]

Theorem 3.2. Let H be a Hilbert space, I : H — H be a self-map of H satisfying the contractive

condition
IMx =yl < dlix =yl + Z ( ) P o(lx = Tx]]), (3.10)

where x,y € H,0 < ¢/ < 1, and let ¢ retain its usual meaning with $(0) = 0 and p(Mt) =
M¢(t), M > 0,t € RT. For arbitrary xo € H, let {wp}>>, be the multistep D|-iteration scheme
defined by (3.2). Then,

(i) T defined by (3.10) has a fixed point q;
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(ii) the multistep SH-iteration scheme converges strongly tp q € T

Proof. We first show that I satisfying condition of (3.10) has a fixed point. Assume there exists
two points g1, g2 € F(I') with 0 < ||g1 — g2||. Then, we have

J
0 <l - aall =Py~ Faell < las—aell + 3 ()0 oV - Taul)
i=0

i
Pl -l +_ (1) 0 60)
=0

= (1 —p)P|lg1 — g2|| < 0. Using the fact that o/ € [[0,1), we get 0 < 1 — o/ and ||q1 — go|| < 0.
Since the norm is a nonnegative function, we get ||g1 — 2| = 0; g1 = g2 = q(say). Therefore, I
converges uniquely to a point of F(I").

Now, we show that the sequence defined by (3.1) converges strongly to g € F(I'). Using (3.2)

and Proposition 2.4 with x,01 =y, u=q,yt =t,j =i k=1T"1yl =v,_; and Tyl = v, we

get
12 Jj—1
IXnr1 = all® = Snallys —alP+>_ dns[ |@=8a)IP tys =7 1ql?
Jj=2 i=1
151
+[ @ =sa)lrty, —r4g)? (3.11)
=1

But from (3.10), with y = y,:}, we have

J .
Pk =Pl < gl - al+ 3 (1) o 6(la - ral)
i=0
= Yyl 312

Proposition 2.3, (3.11) and (3.12) imply

01 ' Jj—1
Ixner = all> < Sh1llya —al®+> a0 (X = 6ni)llya —all?
j=2

=1

41
+[ )@= 6,0 llys —all?

i=1

141
= oallys —alP+ [ 1=601 = [ ]2 = 6n.)@)? | lyva — all?
=1

4
+[ )@ =600 Ny — all?
i=1

= vy —qlf (3.13)
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Since £1, £ are fixed integers and a; ; € [0, 1] for each s, we have (using Proposition 2.3, (3.2)
and (3.12)) the following estimates for n =1,2,--- and 1 <s< k—1:

lyt = ql?

IN

IN

IN

IN

<

1) Jj—1
an vy —all® + ZO‘%J |_|(1 —ap )Py =P hg)?
j=2 i=1

12
+H[ )@= ap)lrteyz - rég)?
=1

12 Jj-1 12
an + Za,lu-(p’)2 |_|(1 —ap )+ |_|(1 —ap V@) | vy = all?
Jj=2 =1 =1
12 . Jj—1 £ ‘
ar +y a2 (@[ Ja—ab)+[ |@—ob))? [a%,lny,? —q?
Jj=2 =1 =1
43 Jj—1 . . I3
+y a2 [ |a=o2 Ity = gl ] |1 - a2 )Irys - r43q||2]
j=2 i=1 i=1

£ J—1 £
ap +Y_ar (@[ |- ) +[ |0 -ab))? [a%,lﬂyg —q|I?
Jj=2 i=1 =1

43 Jj-1 43
+Y a2 (0P | = andlyZ = al? +] |@ =2 )@)zllys - q||2]
j=2 i=1 i=1

123 Jj—1 12
ap1+) o (@[ |1 —ap)+] |1 —ap)@)
Jj=2 i=1 =1
43 _ Jj—1 L3 _
x| agy+ Z O‘%J(P/)z |_|(1 —api)+ I_l(l - a%,/)(ﬁj)z) lys —all>  (3.14)
j=2 i=1 i=1

£ Jj-1 12
an + Zalj:l,_j(pj)2 |_|(1 —ap )+ |_|(1 —ap )(P)?
=2 i=1 i=1

L3 Jj—1 L3
ey + 3 a2, 0TI - ann + [0 - az,»w) [aalnys e
j=2 i=1 i=1

Ly Jj—1 £y
+3 an [ |a=od I tys — gl ] |- el )Iryn — r%nz]
j=2 i=1 i=1

£ Jj—1 L
oy + Za},’j(pj)2 |_|(1 —ap )+ |_|(1 —ap ()
=2 i=1 i=1
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IN

IN

X

L3 J—1 L3
agy+Y_ani (@) | —an)+[ |- a%,/)(Pj)Z) [ai,lly,‘f —q|I?
j=2

i=1 i=1

Ly Jj-1 12
+Y b ([ |- )lys —alP +[ @ =3 )@)lys - q||2]
j=2 i=1 i=1

Jj—1 1)
( nl+ZanJ |_| 10(,1“)+|_|(1Ot,17',)(p])2>
i=1 i=1

X
=1

an1+ZanJ pj)zl_l(l_an/ +|—| 1_an/ pj)z)

X

an1+ZanJ fﬂ)2|_| 1-0a3)) +|_| ﬂ)z)nyn all?

(O‘rlw,l + Z arlv,j(pj)Q H(l —ap )+ H(l - O‘r17,/)(pj)2>
X|a 1+Zan1(pj)2|_|(1_anl)+|—|(1_an/)(pj) )
=1
_ 2
cfoda s 3 at P I et [ 10— a?,,,-)(d')2) laﬁ,llyﬁ P
j=2

=1 =1
Ls Jj=1 _ _ Ls

+Y o [ ]a—an P tys = glP + [ (@ = e DITeys — r¢5q||2]
Jj=2 =1

=1

%) Jj—1 12
(O‘rl;,l + Z allv,j(pj)2 H(l —ah )+ H(l — arlv,/)(Pj)2>
x Olnl'i‘ZOan(p/)zl_'(l—Oln,)—l-l—l(l n/)(pj)z)
=1
oty 3 e 0PN et [ - ai,mz) [aﬁ,llyﬁ’ P
j=2 ‘ i=1

Ls Jj-1 Ls
+Y o (@[ |@—am)lys —alP +[ @ —an)@)lys - q||2]
j=2 i=1 i=1
1% ‘ Jj—1 4 ‘
(%17,1 +Y ab (@[ |a—ar)+] - Otrlm)(P’)2>
Jj=2 =1 =1

X

23 J‘*]- 23
e L Ja-an [0 )07

X

an1+ZanJ ﬂ)2|_|<1—an, +|_| d)2)
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Jj—1

ls
ta+ Lat ] -at) +|_| )nyn e
Jj=2

i=

X

IN

12 - 2
(arlm + Z ar17,j(pj)2 |_|(1 —ap;)+ |—|(1 - arlv,,)(Pj)Z)
j=2 i=1 i=1
43 . Jj-1 43 .
x| apq+ Za%’j(pf)Q |_|(1 — o) + |_|(1 — a5 )(0)?
j=2 i=1 i=1

£y Jj—1 N
xlag+)Y ad (@[ |a—ad)+][ ] —al )W)
Jj=2 =1 =1

Ls Jj=1 43
x| apq+ Zaﬁ’j(p’)Z |_|(1 —ap )+ |_|(1
j=2 i=1 i=1

X oo X

£s—1 Jj—1 £s—1
oy + Z o2 (0) r|<1 —a )+ ] - a‘:,;z)(d')z)

i=1

x(anl +Za‘;f(fﬂ>2|_|<1—a >+|‘|(1—aﬁ,1>(m )

x|, — qll2 (3.15)

(3.13) and (3.15) imply that
Zz ] j_l 42 )
o1 —al® < [eni+ ) an (@) | —ap)+[ ] —an)@)?
j=2 i=1 i=1

L3 Jj—1 L3
xladi+) a2, (0] @ —an)+[ ](1- a2
j=2 i=1 i=1

£y J—1 Ly
x| an+ Za?w-(;ﬂ')z H<1 —ag) + |_|(1 —3)(P)

x n1—|—ZOanp/)2|_|1—Oén,+|_|

X

Jj—1 £s—1
"”+Zaf5ﬁ(¢ [ aﬁf72)+|_|<1—af;i;2>(d)2)
i=1

i=1

i=1

J—1
x (aﬁif +Zaff,;l<;ﬂ>2|_|<1 —ap; 1)+|‘|<1—af,,1><¢> )
Jj=2

X%, — ql? (3.16)
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Since p/ € [0, 1], we obtain using Proposition 2.3, for j = 1,2,3,--- , 5 — 1, that

RLP=1, (3.17)
where
Q = n1+ZanJ(ﬂ)2|_|(1—an,)+|_|(1 3,;)(ﬂ)2)
=1
oty 3t 0PN - at [ - a;*,,-xmz)
j=2 i=1 i—1
4s 1 £s 1
o 2+Zaes 2(¢>2|_|<1 o 2)+|‘|(1 o) (p) )
% (aﬁsll +Za€5 1(,0’)2 |—|(1 Zs 1)+|_|(1 es 1)(p/) )
and

—1 n
n1+ZanJ|_| _a%,i)"i_l_l(l_a%,i))
i=1

=1

X

L5 — L5
ap+ Z o |_|(1 —ap )+ |—|(1 - O‘fy,/))
j=2 i=1 i=1

ls1 £s—1
552+Za552|_|(1 552)_|_|_|(1 Zsz)
% (afwsll +Zaes 1 |—|(1 es 1) + |_|(1 es 1 )

Applying (3.17) in (3.16), we obtain, using Lemma 2.3 that the sequence {x,}°°, defined by (3.2)
converges strongly to the fixed point g in F(I"). Thus, the proof is completed. O
Example 3.1. Let the operator I : [0, 1] — [0, 1] be defined as

[z = sz € [0, 1].

Clearly, T is quasi-contractive satisfying (2.2) with a unique fixed point O; see, for example, [20]
for details. Set

opy =6p1 = ,n=12---,ng, form €N,

vVn+1
6ni=1—0651, fori=1,2,---,4 and

ap ;= 1—205,71 fori=1,2-- ,4s41,5=1,2,---,no.

It is not hard to see that all the conditions of Theorem 3.1 and Theorem 3.2 has been satisfied by
Example 3.1.
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4. MaIN ResuLts Il

Here, we consider stablity results for the multistep /H-iteration scheme and the multistep D/-

iteration scheme defined by (3.1) and (3.2) for operators satisfying (2.2), respectively.

Theorem 4.1. Let H be a Hilbert space, I : H — H be a self-map of H satisfying the contractive

condition
I = Pyl < e =yl + 3 (1) 00x = ). (41)
=0

where x,y € H,0 < ¢/ < 1, and let ¢ retains its usual meaning with $(0) = 0 and p(Mt) =
M¢(t), M > 0,t € RY. For arbitrary xo € H, let {x,}°°, be the multistep Dl-iteration scheme
defined by (3.2). Assume F(I') # 0, g € F(I"). Then, the multisetp DI-iterative scheme is [-stable.

Proof. Let {v,}%2, be a real sequences in H. Suppose {t,}°2, C X is an arbitrary sequence, set

151 Jj—1 £
en=ltas1 —8n1var = nj[ @ =80 ) tvh =[] =8 )Mo Va2 (4.2)
j=2 i=1 i=1
where, fors=1,2,--- , k-2,
Lsi1 Jj—1 . £si1
vi=ag vt + Z a; |_|(1 —ag TS |_|(1 - osz»)l'e1 vt (4.3)
j=2 i=1 i=1
and, for k > 2,
Ly Jj—1 ' Ly
vit=Y ol —ak P e 4+ [ ] = ek M e n > 1 (4.4)
j=1 i=1 i=1

Now, suppose €, — 0 as n — co. Then, we show that t, — g as n — oo using contractive mapping
defined by (4.1).

Indeed, using Proposition 2.4 with u = q,v} = t,j =i, k=1,""1v} = v;_; and T4y} = v,

we obtain
4 Jj—1 . £y
ltnir—al> = 16n1var+Y_ 6ni[ | @ =607 vy +[ |1 =60 v — g
j=2 i=1 i=1
15 Jj—1 V2l

~navar+Y ni[ @ =607 s+ | =80T vi — taiallP

Jj=2 i=1 i=1
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1A Jj—1 I
< = [tag1 = 0navy ZénJI_I S )7 vy =[] = 80TV
i=1 =1
21 Jj—1 4
Hnavas + Y ni[ J@ =) vy +] X = 604w — all?
Jj=2 =1 =1
2 j—1
= ltot1 — On1va, Zaml_l(l— Sn,i )7ty |_|<1— 8o )TV
I3 Jj—1
HSnavas + Y ng[ J@ =80T 1v1+|_| (1—6, )yl — gl
Jj=2 =1
£ Jj-1
= €y +||6n 1V} 1+Z§,,J|_| n i) 1v1~|—|_|(1— 6 )FEVE — g2
i=1
£ Jj-1
S €n‘|’6n.1|| 1_Q||2+Zénj |_|(1_ n/)”rj ! 1 C/||2
41
+[ @ =8a)lIM vy — alf?
I Jj—1
< entOnalvar —allP +) a0 | = 8ni)llva — all?
Jj=2 =1
£
+[ ] =600 @) Ilvs — al?
i=1
<

4 Jj—1 4]
6n,1 + Z(S,,J(,Oj)2 |_|(1 - 5n,i) + |_|(1 - 6n/)(pj)2
j=2 i=1 i=1

<|lvt — gl (45)

Since £1, £k are fixed integers and a; ; € [0, 1] for each s, using (3.2) and (3.12), the estimations
below are obtained, forn=1,2,--- and 1 <s< k-1

1) Jj—1
lva —al> < apilve —allP+)_on;[ [ —ap )P vy =P 2a)?
Jj=2 i=1

2
+[ )@= an)Irev; —r%q|?

IN

& Jj—1 4o
a1+ _on (@[ | —ar )+ |0 —ar )| IIvi —alP
Jj=2 i=1 i=1
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<

IN

IN

IN

|2 J-1 L
(%17,1 +> e ([ |a-atp+[ |- Oérly,,)(P’)2> [a%leS —q|?
j=2 i=1 i=1

43 Jj-1 43
+Y ol [ |a-a2 Pt = glP+ [ [ — el )Ty - |_Z3q||2]

Jj=2 =1 i=1

Jj—1
( n1+ZanJ |_| 1-al) +H 1an,><m2> [a%,1||vs—q||2
=1 =1

43 Jj—1
+) e (@[] - andlvy —q||2+|_| 1—ap )0 llvs — q||2]

=2 i=1 i=1
173 _ Jj-1 12 '

(0‘:17,1 + Z o (0 |_|(1 —ap )+ |_|(1 - 0‘,17,,)(/?])2>
= i=1 i=1

X

L3 Jj—1 43
SR ] I CR N o a%,,,-xw) V2 ali?
j=2 i=1 i=1

& j-1 &
(%17,1 +Y on (@] |t —an)+] |1 - a%,l)(P’)2>
j=2 i=1 i=1
) — ) ‘
x|afa+ ZO‘M |_| —an,) + |_|(1 - O‘%,/)(PI)2) la%,ﬂVs —ql?
=2 i=1 '

Uy Jj—1

+)_api[ @ —ap P vy =7 1q||2+|_|(1—an,)|||"14 Fe“qHz]

Jj=2 i=1

(O‘rl;,l + Z an(0)? |_|(1 — o)+ |_|(1 - arlv,/)(Pj)2>
j=2 i=1 i=1
43 . J—1 43 .
x|afy+)_oq, () |_|(1 —ani) + |—|(1 - 06,27,/)(0’)2) [a%,ﬂvff —al?
Jj=2 i= j
£ -l
JrZO‘%,j(pj)zl_l(l*o‘n/ HV CI||2+|_| n/) 2”‘/ q||2]
Jj=2 i=1

(2 J'* 2
(Ol,lq,l + Z a}?,j(pj)2 H(l - aI]:l,i) + H(l - Olrlu)(P])2>

X

an1+Zanj(pj)2|_|(1_anl)+|_|(1 n/)(pj)Z)

Jj=2

X

ap g+ Z a;(0)? |_|(1 —op )+ |—|(1 - ai,f)(ﬁ?j)z) vy — all?
Jj=2 i=1 i=1
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<

IN

IN

£ Jj—1 £
(arlLl + Z O‘}q,j(f?j)2 |_|(1 —ap )+ |_|(1 - arly,,)(P])2>
j=2 i=1 i=1
L3 _ Jj—1 43 _
xlapi+) ad (0] |1 —an)+] (1 - a%,/)(P’)z)
j=2 i=1 i=1
” ‘ Jj—1 Ly .
(oot a0 Ja-ain+T o~ a?,,,-)(d)z) [aﬁ,llv,? ~al?

+Zam|_| 1—ad Pt - 1q||2+|_| (1—ad HlIrtsve r45q||2]
Jj=2 =1

(0‘:17,1 + Zz ahi(0)? |;|(1 —ap )+ |_2|(1 - 0‘,17,,)(/?])2>
=2 i=1 i=1
L3 Jj—1 L3
(oD era-m+ o )@y
x Ol n1 + Zanj(pj)2 |_|(1 - n/) + |—|(1 - an/)(pj) ) [O‘ﬁ,ﬂVs - CI||2

=1
Ls

+Zaﬁ,j(f/)2|_|(l—aﬁ,/)llv q||2+|_| 1— o )(P)Ilvy = 67||2]
i=1

Jj=2
£ Jj-1 Lo
(O‘%,l + Z b i(0)? |—|(1 —ap )+ |_|(1 - 04117,,)(/?])2>
j=2 i=1 i=1
L3 Jj—1 L3
x| any + Z o () |_|(1 —ap)+[ |1 —ad ()
j j i=1

£y
x| opy + Zan,<¢>2|_|<1 —ag ) +[ Ja=od))?

=1 i=1

x n1+Zan1pj)2|_|1*an/ JrI_l HVS*CIHz

(Ol,lq,l + Z a}?,j(pj)2 |—|(1 —ap )+ |_2|(1 - Olrlu)(P])2>
j=2 = '

L3
X O‘%,l+Zar27,j(pj)2|_|(1_anl)+|_|(1 an )(P)?

Jj=2 =1

£y
x| an+ Z o5, () H<1 —ag)+ |‘|(1 —3)(P)

X n1+Zaanj)2|_|1_an/+|_| pj)2
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Zs 1 Zs 1
. (aﬁslz +Za€s 2(p1)2 |_|(1 ls 2) + |—|(1 Zs 2)(pj) )

X (aﬁsll + Zals 1 ')2 |_|(1 . fs 1 |_| es 1 2)
i=1
X[ th — CIH2 (4.6)

(4.5) and (4.6)imply that

a1 —al® <

Jj—
n1+Z(5nJ(Pj)2|_|(1_ n/)+|_|(1_ n/)(p/) )

i=1

X

12 Jj—1 12
(allv,l + Z O‘%,j(ﬁj)z |_|(1 —ah )+ |_|(1 - 0‘%1,1)(91)2>
Jj=2 =1 =1
23 ) J'*]- 23 )
xla2i+Y a2 (02| —on)+[ ]@—2a2)()?
j=2 i=1 i=1

4y
X a%,1+Za%j 2|_|(14O‘n/ Jr|_| n/)
Jj=2

Is Jj—1 Ls
x| apq+ Z O‘ﬁ,j(ﬁj)z |_|(1 —ap )+ |_|(1 —ap )(0)?
j=2 i=1 i=1

><

4s 1 4s
X aﬁsl2+ia2s2p/)2|_| esz)+|_i 1—0(452 )

=1

( m Zafs 1<¢)Q|_|<1 —apt) + H<1 —ap ) (P)? )

x|[ta — ql” + €5 (4.7)

Note that (4.7) is valid since g = g and ¢(0) = 0.
Now, since p/ € [0, 1], we obtain using Proposition 2.3, for j =1,2,3,--- ,s — 1, that

Th <My =1, (4.8)

where

Ly Jj—1 N
s+ Lot oot Ja-ed e

X

an1+ZanJ mzl—l(l—an, +|_| d)z)

£s_1 J— 451

@serZaesz(pj 2|_| 452 |_| 452 p])2)

X o+ X
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and

J—1
X(aﬁsll+zaﬂslp/)2|_| _ esl +|_| 451 pj)2)

=1

,71+Zanj|_|1—an,+|_| )

X

J—1
o‘nl_‘_Zanjl_l(l_O‘nl)"i_l_l(]-_an/))

X X

s £s
aﬁslz —i—ZlOtes 2 |_|(1 es 2) + |_i(1 Zs 2 )

% (aﬁsll +Zaes 1|_|(1 es 1) +|_|(1 es 1 )

Putting (4.8) in (4.7), we obtain, using Lemma 2.3 that the sequence {t,}52, converges strongly to
the point g in F(IN).

On the other hand, suppose t, — g as n — oo. Then, we show that € — 0 as n — co. Indeed,
from (3.5) with v} = y}, (4.2) and Proposition 2.4 with u=q,v} =t,j =i k=1,F"1v} = v,

and ra V% = v, we have

€n

IN

IN

IN

4 Jj—1

151
th-i-l - 6n,1Vr},1 - Z 5n,j |_|(1 - 5n,i)rJ*1Vr} - |—|(1 - (sn,i)re1 Vr}”2
Jj=2 i=1 i=1

4 Jj—1
||tn+1_q_ ann1+Z(5nJ|_|(1_ n/)rJ 1Vl"i_l_l(]-_ n/)re1
J=2 =1
4 Jj—1
It = all> + 18n1va s + D ng[ |1 =800~ w1+rk1—noﬂ1
j=2 i=1
el J_l . .
ltnr1 = all? + Snallvas — al?+ > ni[ |@ = 8n)IIF vy — 7 1g)?
j=2 i=1

1
+[ )@ =8n)M vy — Mgl

01 Jj—1
[ tnt1 — Q||2 + 5n,1|| nl— Q||2 + Zénj |_| (1- 5,7,/)()0])2”%} - C/Hz
i=1

151
+[ 1@ =600 llvy — all?
=1

—4q

I

—ql?
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£ Jj—1 4
= Mt — P+ [n+ S 60 [ = 600 + [0 60 (0')?
=1

x[lva = all? (4.9)

Putting (4.6) into (4.9), and using (4.8), we get

4 Jj—1 41
€n < th+1 - Q||2 + 5n,1 + Zén,j |_|(1 - 5n,i)(pj)2 + |_|(1 - 5n,i)(pj)2
j=2 i=1 i=1

2 Jj-1 £
x | apq+ Z O‘%,j(ﬁj)Q |_|(1 —ap;)+ |_|(1 — o ()
j=2 i=1 i=1
43 ) Jj—1 L3 )
xlapi+) ad (0] |1 —an)+] |1 —ad )W)
=2 i=1 i=1

Ly Jj-1 I
x| apq+ Za%,j(l?j)2 |_|(1 —ap )+ |_|(1 —ap )(P)?
=2 i=1 i=1

43 Jj—1 L5
xlap,+) an (@[ |a—ap)+] |1 - b))
j=2 i=1 i=1

esl esl

452+Zaes 2(p/)2|_|(1 es 2)_|_|_|(1 Zs 2)(pj) )

J—1
X(aﬁsll_i_zaeslpjyl_l Zs 1)+|_| lsl 2)

=1
|| tn — q|?

< ltas1 = ali® + 7allta — al? (4.10)

Thus, from our assumption, we obtain from (4.10) that €, — 0 as n — oco. Hence, the multistep

D/-iteration scheme (3.2) is I-stable. Thus, tje proof is completed. O

Theorem 4.2. Let H be a Hilbert space, I : H — H be a self-map of H satisfying the contractive

condition
IMx =yl < plx - yH+Z( ) o o(lx = Tx]]), (4.11)

where x,y € H,0 < o/ < 1, and let ¢ retains its usual meaning with $(0) = 0 and ¢p(Mt) =
M¢(t), M > 0,t € RT. For arbitrary xo € H, let {wn}2, be the multistep |H-iteration scheme
defined by (3.1). Assume F(I') # 0, g € F(I'). Then, the multisetp | H-iteration scheme is I -stable.
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Proof. Let {t,}52, and {v,}32,, fori=1,2,--- s —1, be two real sequences in H. Set
20 Jj—1 4 21
€n=lltns1 = Gn1ta— Y Snj[ |1 =6n) Ty = (X = 6n)T vl (4.12)
j=2 =1 i=1

where, fors=1,2,--- , k-2,

£si1 j—1 lsi1
vi=agita+y of [ |a—eg )P ] - g Tttt (4.13)
j=2 i=1 i=1
and, for k > 2,
Ly Jj=1 _ Ly
=S ol T = el T+ [ ] - ek e, > 1, (4.14)
j=1 i=1 i=1

Now, suppose €, — 0 as n — oco. Then, we show that t, — g as n — oo using contractive mapping
defined by (4.1).
Indeed, Using Proposition 2.4 with u =g, t, = t,j =i,k = 1,771} = v;_; and T4y} = v,

we obtain
£
Itosr — qlI> = \|5n1t,,+Z<s,,J|_|(1f S i) 1v1+|_| (1— 6,1y}
Jj=2 i=1
£ J-1 ' £
~[Bnatn+ ) Gn[ |1 =8 vy [ (1 = 80 )T vy — tarall?
j=2 i=1 i=1
151 Jj—1 . 4
< || - [tn-i-l _5n,1tn - Zén,jl_l(l - 5/7,/)'_]71‘/% - |_|(1 _6n,i)relvrﬂ||2
01 Jj—1
ot S b, T = )02+ [ 10— 608 —
j=2 i=1 i=1
2 Jj—1 £
= ||tn+1_5n,1tn_Zén,j|_|( 5n/)rj 1‘/1 |_|(1_6n,i)r£1Vr21L||2
Jj=2 =1 =1
20 Jj—1
+H8n 1t + Y Sni[ |1 -6 wlwﬁmhnwh —qlP
j=2 i=1
4
= €n+||6n1tn+ZénJ|_|(1_ n/)rJ 1V1+|_|(1_ rz/)rl1 ! Cl||2
Jj=2 i=1
01 Jj—1
< et Onalltn—al®+ ) ny[ |@=8aDIP vy —al?
j=2 =1

4
+H[ )@= sa)lre vy — ql?
=1
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<

<

2 Jj—1
ent0n1llta—al®+ ) _8ni(0)?[ |1 = n)llvs — all?
j=2 =1

151
+[ )@ =800 2Ivs = all?
=1

£
€n + 6n,1||tn - C]||2 + 11— 5n,1 - |—|(1 - 5n,i) (pj)2||vr} - C]||2

i=1

L1
+[ ] =)@ v = all?

i=1
én+ 0n1lltn = qll* + (1 = 8n1) [lvy — all? (4.15)

Since £1, £« are fixed integers and o ; € [0, 1] for each s, the estimations below are obtained for

n:1,2,...

vi—q|? <

IN

IN

and 1 <s<k-—-1:

J—1
antllts — qlI? +Za,,1|_| 1— o, )|IP 12— P 1g)?
j=2 =1

2
] = anlirvz = 2q)?
i=1
Jj—1

£
abilits = all> + > an(@)?[ (@ = an)lvi = ql?
Jj=2

i=1

+|‘| — )PV — all?

oballtn — all? + Z ot 0Tl - oh o alltn — gl

i=1

43 J—1 {3
+Y a2 (2] ] = a2 )Iv - al?+ [ ] - a2 )(@)?)v3 — al?]
Jj=2 i=1 i=1

4 43 Jj—1
+[ ]a- a%,/)(ﬂ’)z[a%,ﬂﬁn —allP+)_ap (@[ [ =2 )llvi —alP
i=1 j=2 i=1

+|‘| D@1V~ all?]

12 Jj—1
ablita—allP+ ) ab;(0)?[ |@—ab)ad it — qlf?
j=2

i=1

£ Jj—1 43 j—1
Y ad - a%,,o) 5o, 11— a2 ) 12 - alf
Jj=2 i=1 j=2 i=1
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_|_

4 Jj—1 43
S et (o[- a%,o) (ﬂ<1 _ az,[w) 2 — al?
Jj=2 =1 =1

12
+ |_|(1 —ap )Pt — ql?

=1

43 Jj—1 )
+ (Z o202 |- a%,») (|_|<1 —~ a,%,,m?) V3 — gl
Jj=2 i=1 i=1

_|_

) V)
M- a%,,,-><m2) (l‘l(l _ a%,,)(;ﬂ)z) v — al?
i=1 i=1
I . Jj—1
< abqllta—ql?+ Z@J(P’V |_|(1 —ap)odlta — ql?
j=2 i=1
12 '
+ |_|(1 —al )(P)Pad |ty — ql?
=1

_l’_

£ J—1 43 Jj—1
> o ()P~ a%,») (Z o ()7 [ ] - a%,») |32 lt0 = all?
J=2 i=1 j=2 i=1

£y Jj-1 Ly
+Y e (P[] = ad)lva - al?+ [ = o )(02Ive - all?]
j=2 i=1 i=1

43

1) Jj—1
+{ 2_en (] —a,%,o) (|_|<1 —a%,»(d)?) (a0 — all?
j=2 i=1

i=1

£y Jj—1 Ly
+Y_ad (P[] = g )ve = al? + [ - e )@)?IIve — all?]
Jj=2 i=1 i=1
L3 . Jj—1 £ 4
+ (Z o202 - a%,») (|_|<1 - a%,/)(ﬂ)Q) | litn = all?
j=2 i=1 i=1
4y . Jj—1 Ly .
£ el (2] = el v = al?+ [ ] - e )02 v - al?]
j=2 i=1 i=1

+

43 1)
Ma- a%,»(xﬂ'ﬁ) (|_|<1 - a%,»(ﬂf) [0 111t — gl
i=1 i=1
Ly _ Jj—1 Ly _
£y (P[] — a2 lvé — a2+ [ |- ad @I — al]
j=2 i=1 i=1
12 . Jj—1
= apqllta—all* + Za}y,j(Pl)Q |_|(1 —ap)ap it — all?
j=2 i=1

%)
+[ )@ = ap ) (@)1t — all?
=1
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X

4 Jj—1
= eyl —alP+Y_ab, (e[ -
Jj=2 i=1

1%
+[ ]a
i=1

" Za%,j(d'>2|;|<1 o)
=2 =1

|
)
)

Zam(fﬂ)2|—|(1 —ap,

£
(

—q|* +

43
(Zanj 2|_|(1_O‘n/ (
Jj=2

4

> o i(0)? |_|(1 —al))
Jj=2 i=1

1) Jj—1

> ar (@] |a-at)
Jj=2 =1

1) Jj—1

> ab (@[ |a-at))
Jj=2 =1

43 Jj—1

Y a2 (P2 |(1-e2)
j=2 i=1

J=2

43

[ 11— a0 ()
i=1

43 _
[ 11— a0 ()
i=1

L3

[ 11— a7 ()
i=1

{3 Jj—1
Y a2 ()] |a-a2)
j=2 i=1
{3 . Jj—1
Z ar27,j(pj)2 |_|(1 — a,2”-)
= =1

%)

[ 1= a0
i=1

1) .
[ 11— a0
i=1

£
[ 1 —ah @)
i=1

2O‘r27,1||tn - Q||2

Zanj(p/)Ql_l(l —OC%, )
Zam(ﬁ’)zﬂ(l—a ,)>

[ ] =)
i=1

2 .
[ ]2 =)
i=1

£ .
[ ] —an )
i=1

£ 4
[ ] —an))?
i=1

L2
|_|(1 —ap )(P)
=1

a1ty — all?

1
Zanj(p’ |—|1—a )
fﬂ)z) v — ql?

Itn — ql®

A j-1
(Z a0 ]a- aﬁ,)) vy = all?
j=2 i=1

Ly
(|_|(1 - aﬁ,/)(ﬂ)z) vy — qll?
=1

aplita — all?

L j—1
(Z ap (@) (- a%ﬂ) vy — all?
Jj=2 i=1

£y
(|_|(1 - aﬁ,/)(ﬂ)z) vy — all?
=1

O‘r31,1||tn - q||2

N Jj—1
<Z ap (@] |- 0‘%)) vy —al®
Jj=2 i=1
4y '
(l_l(l - O‘ﬁ,/)(P’)Q) lvy —all?
i=1

ap o allte = qll?
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£ Jj—1 43 Jj—1
+[ D _an (@] ] -, ) (Z o2, ()2 - a%,,)) a2 1 ta — qf)?
Jj=2 i=1 j=2 i=1

_|_

£ j—1 ‘3
§:¢AM4TO—¢J)UTG—ﬁﬂWF%m—mF
J=2 i=1 j=
£ j—1
+ (Za%J(pj)2|—|(1 - Oé%, ) (l_l(l - an/ (pj) ) %,Ith - qH2
i=1

Jj=2

_|_

L3
|_|(1 - O‘%,i)(ﬁj)2) (l_l(l - a%,i)(ﬁj)z) a%,lHtﬂ —al
i=1

=1

_|_

12 J—1 & St
> a0~ a%,») (Z oy ([ ]~ aﬁﬂ)
= i=1 j=2 =1

N
X ((1 oy [ - a%,/))(ﬁj)z) vy — all” +
i=1

4 Jj—1
Z:ﬁﬂdfrkl—ﬁﬂ)
Jj=2 =1

43 A Jj—-1 4y ‘
X (Z a%,j(ﬁ’)z |—|(1 - O‘%,J) (|_|(1 - aﬁ,/)(ﬁ’)z) vt — ql|?

1 j =1

+

L3
Z an(0)? |_|(1 - ar17,i)) (|—|(1 - O‘/%,i)(pj)z)

=1 =1

X ((1 —apy - |_|(1 - ai,/))(p’)Q)) lvy = ql®
i=1

_|_

£ Jj—1 43 4y
P COR I (O a%,/)) (|_|(1 - a%,/)(ﬂ)2) (|_|(1 - a‘n‘,i)(p’)2) vy = all?
Jj=2 i=1 i=1 =1
43 ' J—1 £ )
+ | 2_an [ ]a- 043,,,)) (I_l(l - a%,/)(fﬂ)z)
j=2 =1 i=1

44
y u—amf¢1u—aa»wfﬁn¢—qw

i=1
L3

Jj—1 Ly
+ Za%J(p])z |_|(1 - an/ > (l_l(l ) (I_l(l - a?ﬂ)(pj)Z) HV;l - QH2
Jj=2 i=1

{3
+ |_|<1—a,%,,-><;ﬂ>2) (l‘l(l—aﬁ,ow) ( 1o, - |_|<1—an,>)(ﬂ> )||v;‘—q||2
i=1 i=1
83 42
¥ |_|<1—a,%,,->w’>2) (|‘|<1—a,£,,-><m2) (H(1 ol ) (@) )||v;‘—q||2
i=1 i=1
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123 j—1
= apilltn—aqlP+) ap (o) |1 —ah e it —al®
Jj=2 =1

1%
+[ )@= ab )t — al?
=1

_l’_

Lo J—1 43 Jj—1
> an (@[ |- a,%,,)) (Z a2 ()] |- a%,J) a1 ltn — aql?
Jj=2 i=1 j=2 i=1

_l’_

1% J'*]- 43

> _an )] ]a- a}”)) (|_|(1 - Oé%,/)(pj)Q) Ita — ql?

Jj=2 i=1 i=1

43 ol 2 _

+ <Z o ()] (- Oé%,,)> (|_|(1 - a%,;)(ﬂ)z) a1 llts — all®
Jj=2 i=1 i=1

_l’_

3 2
[ - a%,/)(ﬁj)z) (l_l(l - 04,17,/)(Pj)2) o 1litn = qll?
i=1

i=1

_l’_

2 J—1 {3 J—1
> (@) (- Otﬁ,,-)) (Z an (@) (- Oé%,J) (1—ap ) (@) llvy —al?
j=2 i=1 j=2 i=1

12 Jj—1 43
+ Y b ()] Ja- ar17,i)) (l_l(l - a%,/)(Pj)2) (1= )(@))llvy — all?
J=2 =1 =1
L3 ol 2 _ '
+ <Z o ()] - a%,)) (|_|(1 - Ot,lq,/)(fﬂ)z) (1—ap )@))vy —all?
j=2 i=1 i=1

_l’_

83 42
[]a- a%,/)(Pj)Q) (|_|(1 - a%,/)(ﬁj)Q) (1=a2)(@)llvi = all?
i=1 i=1
12 Jj—1
< ar11,1||tn —q|* + Z a%,j(ﬁj)Q |_|(1 - a};,i)a%,lntn —q|?
j=2 i=1

1%
+[ )1 —ap @)l — al?
=1

12 Jj—1 L3 Jj—1
+( D_an (@)’ |- arlu')) (Z ap ()] |- a%,)) a1t — qll?
Jj=2 i=1 j=2 i=1
12 _ Jj—1 43 _
+( D _an (@] |- 0,17,;)) (|_|(1 - a%,/)(P’)z) Itn — qlI?
j=2 i=1 i=1

53 j—l 42
+ (Z aq (0[]~ a%ﬂ) (|_|(1 - aﬁ,/)(ﬂ)z) a 1llts = all?
Jj=2 =1 i=1
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(3 42

(M- a%,,)<;ﬂ')2) (ﬂ<1 : a},,,ow) o3 o — ol
=1 =1
1% . Jj—1 43 ' Jj—1 '

+( D e (@) |- a%,») (Z a2 ([ Ja- a%,») ad (1 —ad ) ()?tn — ql?
Jj=2 i=1 j=2 i=1
1% . Jj-1 43 . '

+H D ed ()2 ] - a%,,o) (|_|<1 - a%,,-xmz) ad1(1—ad)(0)?)llts — a2
j=2 i=1 i=1
43 _ Jj—1 £> _ _

+ Y a2 |- a%») (I_I(l —a%,,,-m?) ad (1 -a2)(0))lltn — a2
Jj=2 =1 =1

43 £
+([]a- a%,i)(pj)z) (|_|(1 - a%,/)(p’)Q) an (1 =05 ) (@)t —all® + - -
i=1 i=1
%) J—1 L3 J-1
+ Z an (0)? |_|(1 - 0‘%,:)) (Z an (0)? |_|(1 - a%,:))
Jj=2 i=1 Jj=2 i=1
Ly Jj-1 £s—1 Jj-1
x| D_an (@[ ]a- a%,») X e X (Z a2 (o[ (1 - af,ff))
J=2 i=1 Jj=2 i=1

£ j-1 &
S PEC R COR N (Ch af;ﬁ)) o5 lltn — all” + (o) (|_|<1 - a%,,,-)(m?)
j=2 i=1 i=1
_ 43 ' . N _ _ £s 1 _
x(p')? (|_|(1 - a%,;)(p’)2) () (|_|(1 - Ot?,,/)(p’)2) X x () <|_|(1 - Otﬁsf)(p’)z)
i=1 i=1 i=1
£
x())? (H<1 - aﬁf,l)(ﬂ)z) 0 — gl
i=1
V2 j—1
< abalty —al? + ) e, [~ e Jadlitn — al?
j=2 =1
£
+[ ] = e )eqllts — all?
i=1
£ J—1 L3
+ Za};,j |_|(1 - 0‘/11,/)) (1 —apg - |_|(1 - 0‘%,/)) a1ty — all?
j=2 i=1 i=1
2 Jj-1 43
+{ e[ ] —a,l,,,-)) (|_|<1 —a%,,-)) o — al?
j=2 =1 i=1
23 22
+|1—op; - |_|(1 - O‘rzm)) (l—l(l - a,lm)) oy 1 llta — qlf?
i=1 i=1
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43 )

[ ]a- a%,») (I_I<1 - a%,/)) a1 ltn — |

i=1 =1

) Jj—1 43

> ani| a- a%,,,)) (1 —aj [ ]a- a%,,-)) ol (1—ad )ty — gl
Jj=2 i=1 i=1

42 .j_l 13
Zamu—am) (ﬂa—a,%,,)) 03 (1= o )lltn— P
=2 =1 i=1

A &
+11- ar21,1 - |_|(1 - a%,i))) (I_l(l - O‘flm)) 0‘?1,1(1 - 0‘?7,1)||tn - CIH2

i=1 i=1

83 42
+ |_|(1—a%,,>) (l‘l(l—a%,,-)) ol (1—ad))llts—qll> +
=1 =1
42 53
N 1—a%,,1—|_|(1—a%,/)) (1—a%,,1—ﬂ<1—a%,,>)
=1 =1

esl

Ly
X 1—a,3,yl—|_|(1—a?,,,-))><--->< 252 |_|(1—oc£S2
i=1

%3
és és
X ! |_|<1 D) )af,,1||tn—q||2+ |_|(1—a,%,,->)
i=1
eg Z4 es 1
£s
. |_|(1—a%,,,->) (1) e (T
i=1 i=1 i=1
Zs
X |_|(1 D) )Ill‘n—ql2
123 Jj—1
< O‘%,lth*q||2+Zarl7,j|_|(1—a%,i)a%,lth—CIHz
j=2 i=1
123
+|—|(1 —ag o llt, — ql?
i=1

2 J—1
> ari[ a- a},,,->)a?,,1 (1—a2,) Ity — ql?
Jj=2 =1

123
+ag (1o ) (|_|(1 - a},,/)) Itn — qlI?

i=1

Zanj |_|(1_ n/)) ) nl(1 %,I)th_qn2

(4.16)


https://doi.org/10.28924/ada/ma.2.1

Eur. J. Math. Anal. 10.28924/ada/ma.2.1 35

+(1-an) (|_|<1 %./))a%,l(l—a?,,1>||tn—q||2+---+
+(1—Ol},'1) (1—Ol%’1) (1—a\2'1) X o0 X (1_0475'12)

Ls_
< (1—af) analit = all?
1%

— al a2y (1 et o[ —a},,,->) it dl?
=1
£

+[ 0 —ahadlita—all?
=1

%3
(1- O‘%,l - |_|(1 - aI]:l,i) ) a?v,l (1- a%,l) [t — qlI?
i=1

123
+@Ju—a%)ﬁﬁﬂ—amﬁnm—mﬁ
=1
£>
(1o — |_|(1 - a}m)) (1—apq)ad (1—o)ltn— gl

i=1

+

+(1—ap1) (I_I<1 - a,l,,,-)) ap (1—ad )t —aqlP+--- +

+(1-oapq)(1—ady) (2 ai,l)X---x(l—aﬁff)
X( O‘“) o 1llts — ql?
< labi+a2y(1—aby)+(1—al)ed (1-a2,) +(1—aby)(1-02;)ad,(1-ady)
+...+(1—a,1,1)(1—a%1)(1_a§,’1)x...x(1_aﬁs’12)

x (1= aly) [itn = al? (4.17)

(4.15) and (4.17) imply that

Itner — gl < {61+ (1 —8n1) [Ol}m + O‘%,l (1- ar17,1) + (1 - a}nl)a%,l (1- O‘fzm)
+l-ab)(1—apy)@—op)++(L—opq) (1—anq) (L—cpy)
x-.-x(l—af;f) (1—0/51)]}||t,7—q||2 (4.18)

Using Lemma 2.3, we obtain (from (4.18)) that the sequence {x,}°2 converges strongly to g € F(I").
Conversely, suppose t, — g as n — oo. Then, we show that ¢ = 0 as n — oco. Indeed, from

(3.5) with v} = y}, (4.12) and Proposition 2.4 with u=q,t, =t,j =i,k = 1,771y} = v;_; and
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vl =v, we have

€n

IN

IN

IN

4 Jj-1 £y
a1 = 8nata— Y Sng[ |1 =60 vy =[] =0T vi |2
=2 i=1 i=1

4

Jj—1 £y
||tn+1 —q—- 6n,1tn + Zén,j |_|(1 - 5n,i)rj_lvr% + I_l(l - 6n,i)relvr} —qq ||2
j=2 i=1 i=1

£ Jj—1 £
| ths1 _Q||2+||5n,1tn+Zén,j |_|(1_ /)rJ 1V1+|_| (1- n/)rzl Q||2
Jj=2 i=1 i=1
20 J—1 _ _
It = all> + Sn1llta — all> + Y Sny[ (2 = n) I vy — P2l
j=2 i=1
151
+[ )@= 6n)lIrvy — Mgl
=1
21 Jj—1 '
ltnr1 = all? + Sn1llta — all> + Y 6ny[ ]2 = 8000 lIva = all?
j=2 i=1

4
+[ )@ =600 Nvs — all?
i=1

1
tn1 = all® +8nallts = all” + | 1 =651 —[ (1 =60) | (&)?lIvs — all?

41
+[ )@ =600 Ilvs — all?
=1

llthe1 — QHZ +0n1llth — QHQ + (1 - 5n,1) ”V% - C7”2

(4.17) and (4.19) imply

en < ltarr —qll® + ‘[5n,1 +(1—6,1) [0‘}7,1 + O‘%,l (1 - a,lm)

+(1 _arlml)a?vl (1- arzvl) + (1 —0‘1171) (1 _a%,l) O‘%J(l - O‘g,l

o (L= ahy) (L= a2,) (1= ad,) <o x (1-ody?)

x(1- a‘“)]}ntn—qnz

)

(4.19)

(4.20)

Again, from our assumption, we obtain from (4.20) that €, — 0 as n — oo. Hence, the multistep

I H-iteration scheme (3.1) is [-stable, and this completes the proof.

Remark 4.1. The following areas are still open:

O
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(i) to reconstruct, approximate the fixed points and the stability results of some existing iter-
ative schemes in the current literature, other than the ones under study, for finite family of
certain class of contractive-type map;

(il) to compare convergent rates of the iterative schemes defined by (3.1) and (3.2) with those
of (1.5) and (1.6).
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