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ABSTRACT. The purpose of this paper is to give sufficient conditions for the existence and
uniqueness of positive solutions to a rather general type of elliptic system of the Dirichlet
problem on a bounded domain €2 in R™. Also considered are the effects of perturbations on the
coexistence state and uniqueness. The techniques used in this paper are super-sub solutions
method, eigenvalues of operators, maximum principles, spectrum estimates, inverse function
theory, and general elliptic theory. The arguments also rely on some detailed properties for the
solution of logistic equations. These results yield an algebraically computable criterion for the

positive coexistence of species of animals with predator-prey relation in many biological models.

1. INTRODUCTION

One of the prominent subjects of study and analysis in mathematical biology concerns the
survival of two or more species of animals in the same environment. Especially, pertinent areas of
investigation include the conditions under which the species can coexist, as well as the conditions
under which any one of the species becomes extinct, that is, one of the species is excluded by
the others. In this paper, we focus on the general predator-prey model to better understand the
competitive interactions between two species. Specifically, we investigate the conditions needed

for the coexistence of two species when the factors affecting them are fixed or perturbed.

2. LITERATURE REVIEW

Within the academia of mathematical biology, extensive academic work has been devoted
to investigation of the simple predator-prey model, commonly known as the Lotka-Volterra
predator-prey model. This system describes the predator-prey interaction of two species residing

in the same environment in the following manner:

Suppose two species of animals with predator-prey interaction, rabbits and tigers for instance,

are residing in a bounded domain Q. Let u(z,t) and v(z,t) be densities of preys and predators
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in the place x of Q at time ¢, respectively. Then we have the dynamic predator-prey model
u(w,t) = Au(x,t) + au(z,t) — au?(x,t) — bu(z, t)v(x,t)
ve(x,t) = Av(z,t) + Bo(x, t) — dv?(z,t) + cu(x, t)v(x,t)

ulon = vlan =0,

in Q x [0, 00),

where «, 8 > 0 are growth rates, a,d > 0 are self-limitation rates, and b,c > 0 are competition
rates, and the homogeneous boundary conditions imply that the two species are not staying on
the boundary of 2. Here, we are interested in the time independent, positive solutions, i.e., the

positive solution u(x),v(z) of
Au(z) +u(z)(a — au(x) — bv(z)) =
Av(z) + v(z)(8 — dv(x) 4 cu(z)) =

ulon = vlan =0,

0
in €,
0 (1)

which are called the coexistence state or the steady state. The coexistence state is the positive
density solution depending only on the spatial variable x, not on the time variable ¢, and so, its

existence means that the two species of animals can live peacefully and forever.

The mathematical community has already established several results for the existence, unique-
ness and stability of the positive steady state solution to (1)( [8], [9], [19]).

One of the initial important results for the time-independent Lotka-Volterra model was ob-
tained by Korman and Leung. In 1986, they published the following sufficient conditions for the

existence of a positive steady state solution to (1):

Theorem 2.1. (in [8])
b
If ad > bc, a0 > % and B > A1, where Ay > 0 is the smallest eigenvalue of —A with

homogeneous boundary condition as stated in the Lemma 3.2, then (1) has a positive solution.

Biologically, the conditions in Theorem 2.1 implies that if the self-reproduction and self-
limitation rates are relatively large, and the competition rates are relatively small, in other
words, if members of each species interact strongly among themselves and weakly with members
of the other species, then there is a positive steady state solution to (1), that is, the two species

within the same domain will coexist indefinitely at population densities.

Another important result was obtained by Zhengyuan and Mottoni. In 1992, they published the

following characterization of non-negative solutions to (1) in terms of growth rates («, 5):

Theorem 2.2. (in [19])
There exist two functions vyo(), po(B) such that the set S of non-negative solutions to (1) is

characterized as follows:

(1) If a« < A\, B < A1, then S = {(0,0)}.
(2) If a < A\, B> Ai, then S = {(0,0), (0,95)}.
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(3) If > A1, B < 0(a), then S ={(0,0), (0=,0)}.

(4) If M < @ < po(B), B > A, then § = {(0,0), (62,0), (0,05)}.

(5) If o > A1, v0(@) < B < A, then S = {(0,0), (0=,0), (ut,v™)}, where (u™,v") is a positive
solution to (1).

(6) If B> A1, a > po(B), then S = {(0,0), (6=,0), (0, Hg), (ut,vt)}.

These results provide insight into the predator-prey interactions of two species operating under
the conditions described in the Lotka-Volterra model. However, their results are somewhat
limited by a few key assumptions. In the Lotka-Volterra model that they studied, the rates
of change of densities largely depend on constant rates of reproduction, self-limitation, and
competition. The model also assumes a linear relationship of the terms affecting the rates of

change for both population densities.

However, in reality, the rates of change of population densities may vary in a more complicated
and irregular manner than can be described by the simple predator-prey model. Therefore, in
the last decades, significant research has been focused on the existence and uniqueness of the

positive steady state solution of the general predator-prey model for multiple species,

(ui)e(z,t) = Aug(z,t) + gi(ur(z,t), ..., ui(z,t), ..., ,un(z,t))  in QxR
(ui)(z,t)|oq = 0,i =1,...,N.

or the positive solution to

Aui(z) + gi(ur(z), ..., ui(x), ...,un(z)) =0 in Q,

(ui)(x)|og = 0, =1,..., N, (2)

where g; € C2%,i = 1,..., N designate reproduction, self-limitation and competition rates that

satisfy certain growth conditions.

Because of its broader applicability, the general predator-prey model has become a more popular

subject of research within the mathematical community over the past few years.
The functions g;’s describe how species interact among themselves and with each other.
The followings are questions raised in the general model with nonlinear growth rates.

Problem 1 : What are the sufficient conditions for existence of positive solutions?

Problem 2 : What are the sufficient conditions for uniqueness of positive solutions?

Problem 3 : What is the effect of perturbation for existence and uniqueness? In our analysis, we
focus on the conditions required for the maintenance of the coexistence state of the model when
interaction rates (gi, ..., gn) are slightly perturbed. Biologically, our conclusion implies that the

species may slightly relax ecologically and yet continue to coexist at unique densities.

In sections 4 and 5, we establish sufficient conditions for the existence and non-existence of pos-

itive solution of the system that generalizes the Theorems 2.1 and 2.2. We also achieve solution


https://doi.org/10.28924/ada/ma.6.20

Eur. J. Math. Anal. 10.28024 /ada /ma.6.20 [ 4 |

estimates in the section 4 to prove the uniqueness and the invertibility of linearization in sections

6, 7 and 8, where we investigate the effect of perturbation for existence and uniqueness.

An especially significant aspect of the global uniqueness result is the stability of the positive
steady state solution, which has become an important subject of mathematical study. Indeed,
researchers have obtained several stability results for the Lotka-Volterra model with constant
rates.( [2], [3]) The research presented in this paper therefore begins the mathematical com-
munity’s discussion on the stability of the steady state solution for the general predator-prey

model.

3. PRELIMINARIES

Before entering into our primary arguments and results, we must first present a few prelim-
inary items that we later employ throughout the proofs detailed in this paper. The following

definition and lemmas are established and accepted throughout the literature on our topic.

DEFINITION 3.1. (Super and Sub solutions)

The vector functions (a',...,aN), (u, ...,u’Y) form a super/sub solution pair for the system
Aul + gt (ut, ..., uN) =0 in Q,
ut=0 on 09,
if fori=1,...N,

A 4 ghul, outhat L V) <0

) ) ) o ianorgjgujgﬂjj;éi
Aul 4 gh(ul, out L) >0 ’ ’

and

u* on €,

0<a on O9.

ul

IA A

o
Lemma 3.1. If g in the Definition 3.1 are in C' and the system admits a super/sub solution
pair (ub,...,uV), (@', ..., ")
Definition 3.1 with uw < ul < alin Q. If

, respectively, then there is a solution (ui,...,un) to the system in

Ad 4 gi(at, ..., wlv) # 0,
A+ g (ut, .. uN) £0

in Q fori=1,...,N, then u' < u’ <@ in Q.
Lemma 3.2. (The first eigenvalue) Consider

—Au+q(z)u=Au in Q, 3)
uloo =0,

where q(x) is a smooth function from ) to R and § is a bounded domain.

(A) The first eigenvalue A\1(q) of (3), denoted by simply A1 when q = 0, is simple with a positive
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eigenfunction ¢,.
(B) If 1(x) < q2(z) for all x € 2, then Ai(q1) < Ai(g2).
(C) (Variational Characterization of the first eigenvalue)

2 2
@)= i Ja(VOR st
PEWL(Q),670 Jo ¢?dx

In our proof, we also employ accepted conclusions concerning the solutions of the following

logistic equations.

Lemma 3.3. Consider
Au+uf(u) =0 in Q,
u|39 =0,u>0,
where f is a decreasing C' function such that there exists co > 0 such that f(u) < 0 for u > co

and Q is a bounded domain.

(1) If £(0) > Ay, then the above equation has a unique positive solution. We denote this unique
positive solution as 0f.

(2) If f(0) < A1, then u = 0 is the only nonnegative solution to the above equation.

The main property about this positive solution is that 6 is increasing as f is increasing.
Especially, for @ > A1, we denote 6, as the unique positive solution of
Au+u(la—u) =0 in £,
ulpg = 0,u > 0.
Hence, 6, is increasing as « > 0 is increasing.

Having established these preliminaries, we now commence our investigation of the general

predator-prey model.

4. EXISTENCE AND SOLUTION ESTIMATE

A general type of elliptic interacting system of two functions with homogeneous boundary
condition is
Aui—i—gi(ul,...,uN) = 0 in €,

(4)

ui|aQ = O,i = 1, ...,N,

where Q is a bounded domain with smooth boundary 09, ¢; € C?,i = 1,...,N are relative

growth rates.

The following inequalities will be useful for later use which are true for any C? functions such that

(9i)uu; < 0and g;(ug,...,ui—1,0,uit1,...;un) =0 for all uy, ..., u;—1, uiy1,...,uy and i = 1,..., N.
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Lemma 4.1. For all u; with u; > 0,0 =1,..., N,

iUty ooy Wiy ooy UN) > Wi G )u; (WL oeny Wiy ooy un ), =1, ..., N.

ProoOF. By the condition and the Mean Value Theorem, there is u; such that 0 < 4; < u; and

Gi(Uu1, .oy Uiy oy uy) = Gi(UL, ey Wiy ooy UN) — Gi(ULy ey Uim1, 0, Uit 1,y ooy UN)
= Ui(Gi)us (Wi ooy Wity Wiy Uiy 15 ey UN)-

But, by the monotonicity of (g;).,, we have

gi(ul, ceey Ugy ...,UN) = gi(ul, ceey Ugy ...,U,N) - gi(ul, ceey ui_l,O,uiH, ceny UN)
= Ui(Gi)u; (W1, ooy Wim1, Uiy Uit 1, vy UN)
> wi(Gi)u, (UL eey Wiy ooy UN).

We establish the following existence result:

Theorem 4.2. If
(1)

< 077' = 1,] = 1,...,N

(9i)uiu; >0,i=2,...N,j=1,

<O,Z’:27...,N’j:2’.“’N’
(2) gi(u1, ooy iy ooy uN) < Ui(Gi)u; (U1, s i1, G5 Ui, oy un) for all g, .ouy and i =1,.., N,
(3) gi(u1, oy ui=1,0, Uit 1, oy un) = 0 for all up, ..o; Ui—1, Uig1, -y UN,
(4) Sup(gl>u1u1 Sup(gi)uiui + 4(N - 1) inf(gl)ului Sup(gi)uwi >0, fori =2,..N

(N—=1)inf(g1)urw;
45up(91)uy uy SUP(G1)usu; M+ L (g (0,...,0))

sup(g;)u;uy

(5) (91)u1 (07 ceey 0) > Sup(gl)ulul SUP(gi)uiui+4(N_1) inf(gl)“lui Sup(gi)ului
and (gi)u;(0,...,0) > Ay — (N —2)inf;_o N jzi{wj inf(gi)uu, }, where uj is defined below,

then (4) has a positive solution.

Proor. Let u; = 7w, where v; > 0,7 = 1,...,N are constants and w is the eigenfunction
2(g1)u; (0,...,0)  —
_ 290wy (95-50) 0

of (3) with g(x) = 0 corresponding to the first eigenvalue \;, and w3 = ) U =

4 (g )u (0770) Sup(gi)u u; .
7m[(gl)’lu(0”0) — = 1SUP(gl)u1u1 1 ],Z—2,...,N.

Then by the Mean Value Theorem, for all u; such that u; < w; <u;,71=2,...,N,

Auy + g1 (a1, ug, ..., un)

_ u
Su1(91)u1(?1, U2, ..., UN)

:dl[(gl)ul (07 RS 0)

u
+ (gl)ul(?lau27 oy uN) = (g1)uy (0, u2, -..; un)

+ (gl)ul (07 uz, .-, UN) - (gl)ul (07 0,us, ..., UN)]
+
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+ (gl)m (Oa -5 0, uN) - (gl)m (0’ e 0)]
_ N

_ Ul
Sul[(gl)ul (0, ceey 0) + ? Sup(gl)ulul + Z Uy Sup(gl)uluj]
=2
N
= Z dluj Sup(gl)ulu]-
=2
<0,

and for all uy such that uy <wu; <wu; andi=2,...,N,

Au; + gi(ul, ey Uiy Uy Uit 1y ey UN)

< (i), (U1, ooy uit, %,Ui+1, iy UN)

< G[(9)ui (05, 0) + % suP(g)ugu; + Z;’V:Lj;éi wj Sup(gi)u,u,]
< i[(9i)u; (0, -, 0) 4+ % sup(9i)uzu; + 1 SUD(i)uus ]

< @ [(gi)u, (0, .., 0) + % sup(gi)usu; + @1 SUP(Gi )y ]

= _di(gi)ui(oa -, 0)

< 0

By the conditions, the Lemma 4.1 and the Mean Value Theorem again, for all u; such that
%S u; < 'IIZ,Z :27"‘7N7

(A\VARAVARLV]

Au + g1(u, ug, ..., un)

Auy + u1(g1)u (U1, vz, -, un)

A(mw) +7w(g1)u, (11w, ug, ..., uN)

101w + 710[(91)u; (0, ..., 0) + V1w inf (g1 )uyuy + 3o i inf (91 )uyu;]
—y1 M@ + 710[(91)u; (0, ..., 0) + V1w inf (g1 )uyuy + 3o @ if (91 )uyu,]
—mAw + Y1w[(g1)u, (0, ...,0) + (N — 1) infi—o  n{w inf(g1)u,u, }
+y1winf(g1)uquy

ywl=A1 +infi—a  N{(g1)u, (0,...,0)(1 + AN

4(N_1) inf(gl)ului (gl)ul (0770) } :
- + 71“)1nf(gl)u u ]
sup(gi)w, u; 1u1
iy (N—1)inf(g1 )uy w; (93)u; (0,...,0)

)\ f 4sup(gl)u1ul Sup(gz)u % [)\1“1‘ Sllp(gl)u ug ]
Fylw[ 1+ in i=2,.. ’N{ sup gl)ulul SUP(gl)u Ui +4(N )inf(gl)ului SUP(gi)ului
Sup(g1)uy uy SUP(Gi)ugu; +AN—1) inf(g1)uy u, SUP(9)uy u; B 4(N*1)mf(gl)ului(gi)ui(07~~~:0)}

sur)(g1)u1u1 sup(gi)u;u; sup(gi )u;u;

+’Ylw inf(gl)ulul]

Ywl[=A1 44X + nwinf(91)uy ]
Yw[3A1 + y1w inf(g1)uy |

0

1) Sup(gz)ulu lnf(gl)ului
Sup(gl)ul uq Sup(gz)uluZ
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with small enough 1 > 0, and for all u; such that u; <wu; <wuj and i =2,..., N,

Aui + Gi(U1y ooy Uim1, Wiy Wi 15 ey UN)
> =AW+ Yiw(Gi )y (U ooy Wi 1y Vil Wi 1y +eey UN)
= =AW+ Yw[(9i)u; (0, o0, 0) + (gi)u; (W1, ooy Wim 1, Vil Ui 15 -y UN)
—(9i)u; (0, U2, ooy Ui 1, Vi, Uit 1, ooy UN)
+(Gi)u; (0, U2, ooy U1, Vi, Uit 1, ey UN)
—(Gi)u; (0,0, Ug, ooy Ui—1, Vi, Uit 1y vy UN )]
+....
+(9i)u; (05 ooy 0, Yiw, Wi 1y ooy UN) — (Gi)u; (05 ooy 0y Ui 1y ooy UN)
+(9i)u; (0, ooy 0, Uit 1y ooy uN) — (9i)u; (0, oo 0, Uiy 2, ooy un)
+...
+(9i)u; (05 -+, 0,un) = (gi)u; (0, ..., 0)]
i@ + Yiw[(9)u; (0, ., 0) + S0 5y inf (gi)uzu; + Yiw i (i),
Yiw[(gi)u; (0, .., 0) = A1 + Yiw inf (g5 Juyu, + Zé'vzz,jyéi 1 inf (i )uu,]

AVARAY]

0

\%

with small enough v; > 0. Furthermore,
u; =u; =0 on OS2

and
u; < u;

with small enough ~; > 0. Hence, by the Lemma 3.1, there is a solution (uy, ..., un) to (4) with

U < up < U

In order to prove further results, we will need the following solution estimate.

Lemma 4.3. Let (u1,...,uy), where u; > 0,i=1,...,N be a solution of the problem

Au; + gi(u1,...,uny) = 0 in Q,
uilog =0,i=1,..., N,

where
(4)

<0i=1,j=1,..,N

(9i)uiu; >0,i=2,..,N,j=1,

<0,i=2,..,N,j=2,...,N,
(B) gi(u1,...,i—1,0,Uiy1,...,un) =0 for all uy,...;ui—1,Uit1, ..., UN,
(C) gi(ut, .., tis ooy un) < wi(Gi)u; (U1, oy Uim1, G5 Uig1, -y un) for all uy,...,un and 1 =
1,...N,
(D) sup(g1)uyus SUP(Gi)usu; + 4(N — 1) inf(g1)uyu; SUP(gi)ugu; > 0, fori=2,..,N
(E) (91)u, (0, Mo, ... M; 1,0, M; 11, ..., M)
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(g1 [OOSR Do SPO| > 0 and

(gi)ui(O,MQ, ey M 1,0, M1, ...,MN) > M,i=2,...,N, where M;,i = 2, ..., N is defined below,
(F) limg, y00(Gi)z; (T1y ooy Tiy ooy xn) = —00,0 = 1, ..., N,
then

(1)

2(9 )u (0770)
U S ey
s < M = 20011903 (0002000, 0 D50 )ss ; _ g

suP(gz)u Ui Sup(gl)ulul

(2)

1
§9M(!]179i) < u = 29(91)u1('707---70)’
e(gi)ui(07M27--~7Mi717'7Mi+17~-7MN) < uw < 29K(g17gi)7i:27“"N’
where
M(g1,9:)) = (gl)ul(',MQ,~--7Mi7150aMi+17~-',MN)
. 4 u 0 0 1)Ul U 2 3 770 Ul u 3
N
K(g1,9:)) = (9i)u;(0,...,0,-,0,...,0) — =& ”18@(51)5?519’“1“2,1':2,...,N.
PrROOF.

(1) Since (uy, ..., un) is a solution to (5), by the condition and the Mean Value Theorem,

Auy + U1[(g1)u1 (07 ey 0) + % Sup(gl)ulul) + Ezj\iQ Sup(gl)uluiui]

> Auy 4+ ur[(g1)u; (0, +5,0) + (g1)uy (5 u2, o un) = (91)u, (0, u2, -..; un)
+(91)us (0, u2, .., un) = (91)uy (0,0, uz, ..., un)
+(91)ur (0,0, u3, ..., un) — (91)u; (0,0,0, ug, ..., un)]
+
+
+(91)u1 (0,0, ...0,un) = (91); (0,0, ..., 0)]]
= Auy + Ul(gl)ul(%l, Uy vy UN)
> Aup + g1(ug, .., upn)

= 0,

and so,

Uy
Auy +u1[(91)uy (0, -+, 0) + sup(g1)ugus —- 9 ] > —up SUP(gl)uwz)Uz > 0.

Hence, by the Maximum Principles,
U1
(91)ur (0, -, 0) + 5Up(g1)usur) - > 0,
equivalently,
~2(91)u (0, 0)

up <
Sup(gl)mul
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Since (ug,...,uy) is a solution to (5), by the condition and the Mean Value Theorem, for i =

2,...,N,
Aui + ui[(gi)u; (0, ..., 0) + sup(gi Jusu; 5 5 T+ SUp(9i )uyuy U1]
> Aui + ui[(9i)u, (0, .., 0) + sup(gi)usu, 5 + Zg 1,j#i sup( 1)%%‘“3’]
> Au; + uz(gl)ul(ul, ey Ui 1, By Ui 1y ey UN)
> Aui—i—gz(ul, ...,UN)
and so,

Uj uq (0,...,0
Atti + 3 [(9)u, (0, -+, 0) + SUD(Gi i % + SUP(g3 (2221 30y

(gl)u1 (07"'70)

ulul

> —Sup(gi)uyu; U1t + i + SUP(Gi)uyu; (— Sup(g1)uy vy
2(91)uq (0,...,0

— Sup(gi)uiului[_ul - %]

> 0.

Hence, by the Maximum Principles,

M >0,i=2,...,N,

Uj
9i)u; 07‘--70 + sup 9i)usu; + sup 9i)uiu;\ — [
(9000, 0) D), .+ S0Py (20

equivalently,

< 4sup(gi)u1ui (gl)ul (07 ) O) - Q(Qi)ui(ov ) 0) Sup(gl)ulul i =
to Sup(gi)uiuz‘ Sup(gl)ulul

(2) By the conditions and monotonicity of g1,

A%+"§—1(g1)u1("2—1,0,...,0) [AU1+91(U1,0,...,0)]

[Auy + g1(ug, ..., un)]

(AVARV]
[ == S T

and so, % is a subsolution to

AZ + Z(g1)u, (Z,0,...,0) =0 in £,
Zlaa = 0.

But, since any sufficiently large positive constant is a supersolution to

AZ + Z(g1)u, (Z,0,...,0) =0 in £,
Zloa = 0,

by the Lemmas 3.1 and 3.3, we conclude that

u1 S 20(91)u1 ('»07"'70)‘
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Since for i =2,..., N,

A2uq + 2u1[(gl)ul (2u1, Mo, .oy M;_1,0, My, ..., MN)

(91)uy (0,...,0)

, Asup(gi)uy g |- 21001 (0, (0,..40)
(o) i
< A2uq + 2u1(gl)ul (ul, My, ..., M; 1,0, MZ+17 . MN)
(91)uq (0,...,
. 45up(gs Jugu; [~ ﬁHQ(gz) ;(0,...,0)
+2uq inf(g1 )y, ( _spufjl(gjuluz )
= 2u1(gl)ul (ul, MQ, ceey Mi—h 0, Mi+1, . MN) — 291(U1, ceey UN)
(91)uq (0.,
. 4511p(9i)u1u,b- [—W]+2(gz) ;(0,...,0)
+2uy 1nf(91)u1ui( —spuiyl(gjuluz )
< 2u1(g1)uy (w1, Ma, .o, Mi—1,0, My 1, ..., M)
_2u1(gl)u1 (uly M27 seey Mi—17 Uyq, M+17 . MN)
(91)uq (0.,
. 4sup(gi)u ui[_ﬁ]""z(gz) ;(0,...,0)
+2uq 1nf(91)u1ui( - _Spli;l(gjulu )
: (91)us (0,...,0)
. . 4sup(gi)u ui[_ﬁh_ (9i)u; (0,...,0)
< 2w 1nf(gl)u1uiui + +2uy lnf(gl)ului( - ,;ii,l(;ju,luv )
(91)uy (0, o
. 4sup(gi)uyu;[— WH%%M( -0)
= —2’LL1 lnf(gl)ului [UZ - - Spuf)l(gz;uluz
< 0

by the Mean Value Theorem, the Lemma 4.1, the condition and (1), 2u; is a supersolution to

AZ—I—Z[(gl)ul(Z,MQ,..., i—1,0, Mz-i—l:u MN)

(91)uq (0,...,
. 4sup(gi)ugu; [~ ﬁ]+2(gz) ;(0,...,0) .
+1nf (g1 ) uyu; ( - —:;?(gjullu, )] =0 in Q,
Zlo = 0.

But, by the continuity of (g1),, and the condition, for sufficiently small € > 0,

AE(ZM +6¢1[(91)ul(6¢1,M2,...,M 1,0, MH_l,...,MN)

(91)uq (0,---,
WHQ(QJ u; (0,...,0)

—i—ll’lf(gl)ulul( —SUP(gz)uz“z )]

= 6¢1[_)\1 + (gl)ul (6¢17 M27 vy MZ 1 0 M’L+17 eeey MN)
A5Up(93)uy g [~ Tt 42(9,) 1 (0,,0)
—sup(gi)uju;

4sup(gi )ugu; [—

+inf(gl)uwi(
> 0,

and so, €¢; is a subsolution to

AZ + Z[(gl)ul (Z, Mg, R Mi—h 0, Mz—l—l: . MN)

(gl)u (0 44444
. 45up(9i)u1w[_W]‘*‘Q(gz)ul(ov -,0) .
+1nf (g1 )y, ,Spugl(gjuluz )] =0 in ©,
Z‘QQ =0.
Therefore, by the Lemmas 3.1 and 3.3, we have
%9 M(g1,9:) <U1,Z—2 N (7)
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By the monotonicity of (gi)u,,? = 2, ..., N and the Lemma 4.1,

A+ ui(gi)u; (0, Mo, ooy M1, wiy, Mgy, ..., M)
= wi(gi)u,; (0, Mo, ..., M1, ui, Mit1,.... M) — gi(u1, ..., un)
< ui(gi)u; (0, Moy ooy My, uiy Miyq, ..., MN)

—; (i )u; (U1, May ooy M1, ui, Miy 1, ..., M)
< 0,i=2,... N,

and so, u; is a supersolution to

AZ + Z(gi)ui(O,Mg, vy M1, Z, My, ...,MN) =0 in §,
Zlogg =0,i=2,...,N.

But, by the continuity of (g;),, and the condition, for sufficiently small € > 0,

A€t + €p1(9i)u; (0, Mo, ..., M;_1,€p1, Mit1, ..., M)

= €p1[—A1 + (Gi)u, (0, Mo, ..., M1, €1, My, ..., My)]
> 0,i=2 ..N,

and so, €¢; is a subsolution to

AZ + Z(gi)u,—(O;M2; vy M1, 72, Mt 1, ...,MN) =0 in £,
Zloa = 0,i=2,..., N.

Hence, by the Lemmas 3.1 and 3.3, we have

9(gi)ui(0,M2,~~~7Mi—17'7Mi+1,-~~7MN) < upi=2,..,N. (8)

Since (u1,...,un) is a solution to (5), by the Mean Value Theorem, the condition and (1),

i i i 2sup(gi)u; u; (91)uq (0,---,0)
AG +51(9)u(0,-,0,75,0,...,0) — sug(gl)ullui ]

Z %[_(gl)uz(ulv ey Uj—1, %7 U415 -y UN) + (gl)uz(ov ceey 07 %7 07 cey O)
_ZSup(gi)ului (gl)ul (0770)]
SUP(gl)u1u1
Z %[—(gz)m(ul, ey Uj—1, %, Ujt-1y -+ 'LLN) -+ (gz)uZ(O, Uy vy Uj—1, %, Ujt-1y -2 UN)
_QSUP(Qi)ului (91)u1 (07---»0)]
O pugug(an 0n0)
i . Sup(gi)u 2 gi)u 90y
Z %[_ Sup(gl)uluz)ul - Su;(gl)ulull ]

i 2(g1)u (0.0
= Sup(gi)u1ui%[_ul - S]ulp(glli)mﬂq)]

> 0,i=2,.. N.

Ug

S isa subsolution to

Therefore,

AZ + Z](g)u(0, 0, Z,0,...,0) — 2R 0By g iy
Zloo = 0,i=2,.., N.

But, since any sufficiently large constant is a supersolution to

AZ 4+ Z](9)u 0,0, 2,0, ..., 0) — 2@ 0By g iy
Zloo = 0,i =2, .., N.
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by the Lemmas 3.1 and 3.3, we have

u; < 20 2sup(g3)uqu; (91)uq (0,-..,0) 0 =2,..,N. 9
(gl)uz (0$"'707'907""0)7 Sup(gl)ul’u«l ( )

By (6), (7), (8) and (9), we establish the desired inequalities.

5. NONEXISTENCE

We consider
Au; + gi(u1,...,uy) = 0 in Q, o)
uilon =0,i=1,..,N,
where ) is a bounded domain in R with smooth boundary 99, g; € C?,i = 1,..., N are such
that
(A)
< 077' = 1,] = 1,...,N
(9i)uiu; >0,i=2,..,.N,j=1,
< O,Z = 27...,N’j = 2’“"N’

(B) gi(u1, ..., uim1,0,ui41,...,un) =0 for all uy, ..., uj—1,uiy1,...,uny and i = 1,..., N and

(C) (gi)uj (ul, ...,ui_l,O,uiH, ...,U,N) = O,i,j = 1, ...,N,i #]

First, we see that the two species can not coexist when the reproduction capacities are not

robust enough.

Theorem 5.1. Suppose (gi)u,;(0,...,0) < Ay for all i = 1,...,N. Then (0,...,0) is the only

i

nonnegative solution to (10).

PROOF. Let (uq,...,un) be a nonnegative solution to (10). By the Mean Value Theorem, for
each ¢ = 2, ..., N, there are 1y, u1, 4;, %;, w, z such that 0 < 47 < u1,0 < w13 < up,0 < g; <
Ui,o S/IZ’L SUZ)OSU) Sulao S ZSUi and

Aug + u1[(g1)u, (U1, w2y ooy wi—1, 0, Uit 1, ..oy UN)
i (g1)uga; (W, U2y ooy U1, Uiy Uit 1, ey UN )]
= Auy +u1(g1)u, (U1, , w2, oy ui—1, 0, Uit 1,y .oy UN)
Fu1wi(g1)ugu; (W, U2, ooy Wim 1, Uiy Uit 1, eey UN)
= Aug 4+ u1(g1)u, (U1, U2, ooy Ui—1, 0, Ujg 1, ooy UN)
FUi (g1 ) s (U1 ooy Wim 1y Wiy Wik 1y ooy UN) — Wi(G1 )y (0, U2y ey Wim 1, Wiy Wit 1y vy UN)
= Auip+ g1(uty ey Uy ey un) — g1(ULy oey Uim1, 05 Ui 1y ooy UN)
+g1(u1, ugy ooy i1, 0, Uit 1, ooy un) — g1(0, w2y ooy Ui—1, 0, Uit 1y ooy UN)
= Auj + g1(ug,...,un)
= 07
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and

A+ i [(gi)u; (0, U2y ooy Wi 1,y Wiy Wi 1y ooy UN)
A1 (i )uyus (U1, U2y ooy Uim1, 2, Ui 1, vy UN)]
= Au; 4+ ui(9i)u; (0, u2, ...y w1, Wi, Uit 1, ..., UN)
Fu1wi(Gi)ugu; (U1, U2y ooy Uim 1, 2, Uig 1y ooy UN)
= Au; 4+ ui(gi)u; (0, U2, ooy Uim1, Wiy Uit 1, ooy UN) + U1 (Gi )y (U1, U2, -oey Uiy ooy UN)
=1 (Gi )y (W1, U2y ey Ui—1, 0, Uit 1y ooy UN)

= Au; + gi(u1,...,un) — gi(0,u2, ...,un) + gi(0, ug, ..., uj, ..., un)

—4i (07 uz, .

sy Uim1, 0, Uiy 1, -0y UN)

= Au; + gi(ul, ...,uN)

= 0.

Hence, for i = 2, ..., N,

Therefore, for i = 2, ...,

Sup(gi)U1ui¢lAul + Sup(gi)u1ui¢)lul [(gl)’lu (/I:[la U2y «oey Uj—1, O) Ui41,y -

Aul + ul[(gl)ul (2[1, U,y oy Uj—1, 0, Ujd-1y -eny ’LLN)
+ sup(g1 )uyu;wi] > 0 in £,
Aui 4 ui[(gi)u; (0, U2, ooy Ui 1, Wiy Uig 1, o0, UN)

+sup(g; Juyu;u1] >0 in Q.

N,

+sup(g1)uyu;us] > 0 in €,

— sup(g1)usu; 1A% — SUP(1)wyw; @163 [(Gi ), (0, U2, ooy W1, Wiy Ui, -

4 5up(gi)uyuyu1] > 0 in Q.

So, for i = 2,..., N,

IN

IA

Jo — sup(9i)uyu, @1 Aurde

Jal(g1)u, (01, u2, s 11,0, Uig1, ooy UN) SUP(Gi )y s U1
+Sup (1) uyu; SUP(Gi )y, U1 i) 1 d,

Jo sup(91) uyu; @1 Ausdx

Jol=(gi)u; (0, w2, .oy wi—1, Wi, Wit .oy unN ) SUP(G1 )y, Ui

- Sup(gl)mm Sup(gi)U1uiu1ui]¢ldx-

Hence, by Green’s Identity, for i = 2,..., N, we have

IN

IN

Jasup(gi)uyu, M drurd

Jol(g1)u, (1, w2, ooy i1, 0, Uig 1, oy UN) SUDP(G3 ) g s U1
+SuUp (1) uyu; SUP(i )y, U1 i) P1d,

Jo — sup(Guv) A1 p1vde

Jol=(9i)u; (0, ug, ooy i1, Wi, Uit 1, ooy UN) SUP(G1 ) gy Ui

—SUP(91)uyu; SUP(Gi)ugu; U1 U] p1d.

auN)

auN)
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Therefore, for i = 2, ..., N,
Ja supP(9i)uyu; (M — (91)uy (01, w2, oy i1, 0, Uit 1, ooy un ) Jur 1
—suUP(91)uyu; (A1 = (9i)u; (0, U2, oy Wi 1, Uiy Uiy 1, ooy uN ) Juidprda < 0.
Since for ¢ = 2, ..., N, the left hand side is nonnegative from
(gl)ul (u~17 U2y ey Uj—1, 07 U1y -+ UN) < (gl)ul (07 ceey 0) < )‘17
(gi)ui(o, Uy veny Uie 1y Uiy U1y +eey U,N) < (gi)ui(O, ey O) < A,

we conclude that u; =u; =0, =2,...,N.

Theorem 5.2. Let (ui,...,un), where u; > 0,i = 1,..,N be a solution to (10).

(91)u, (0, ...,0) < Ay, then up = 0.

PROOF. Proceeding as in the proof of theorem 5.1, we obtain

0 fQ[)\l - (gl)ul (Ujl) U2,y vy Uj—1, 07 Uit-1y ey UN)]’LLl(bldI’

fQ Sup(gl)muiuluiﬁbldfﬁ
0.

(VAN VARRVAN

But, since A1 — (1) (41, U2, ey i1, 0, Uit 1, ooy un) > A1 — (g1)0y (0, ...,0) >0, ug =

We consider
Au; + gi(uy,...,uy) = 0 in Q,
uilogp =0,i=1,...,N,

If

(11)

where € is a bounded domain in R with smooth boundary 02, g; € C?,i = 1,..., N are such

that
(A)
<0i=1,j=1,..,N
(9i )uiu, >0,i=2,..,N,j=1,
<0,i=2..,N,j=2..N
(B) gi(u1, ..., ui—1,0,ui41, ..., uny) = 0 for all uy, ..., u;—1,ujt1,...,un and for
alli=1,..., N,

(C) gi(ut, ..oy tiy ooy un) < Ui(Gi)u; (UL, ooy Wim1, 5 Uig 1, oy ) for all ug,..,un and ¢

1,...,N, and
(D) there is ¢ > 0 such that (g1)y, (u1,0,...,0) <0
and (gi)ui(07M27 ...,Mi_l,ui,Mi+1, ...,MN) <Oforallu; >ci=1,...,N.

Theorem 5.3. (1) If (g1)u, (0, ...,0) > A1 and

)\1[—(gi)ui(29(91%1(.70“”70),0, w,0)] >0 for alli = 2,...,N, then there is no positive solution to

(11).
(2) If (9i)u, (0, ...,0) > A1 and

A= (91)uy (O’9(92)u2(0,',M3,~~-,MN)7 ...,H(QN)uN(07M27W’Mi_17,))] >0 forall i =2,...,N, then there is

no positive solution to (11).
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Proor. (1) Let (u1,...,un), where 4; > 0,7 = 1,..., N be a solution to (11).

Suppose 4; > 0 for some ¢ = 2,..., N in ). Then since

Adi + di(gi)ui(u], ...,ﬂi, ...,’LLN)
< Adi—l-gi(dl,...,di,...,’l[]v)

by the Lemma 4.1, 4; is a supersolution to

AZ—i—Z(gi)ul.(u],...,uf_l,Z,ui;l,...,u]\r) = 0 in Q,
Zloa = 0.
Furthermore,
AL+ L (g, (401, ooy w1, B U ey UN)
- %[Adl—i_dZ(gz)uz(dla7u2~—17%7u21-177u~]\7)]
> LA+ () (1, ey Wiy ooy UN)]
= 0,
and so, % is a subsolution to
AZ—l—Z(gi)ui(u],...,uill,Z,u,;l,...,u]\r) = 0 in Q,
Z‘BQ = 0.

Therefore, by the Lemma 3.1, there is a solution u; to

AZ—I—Z(gi)ul.(u],...,uill,Z,uill,...,u}\r) = 0 in Q,
Zlga = 0

with % < u; < ;.

Hence, by the monotonicity and the Lemma 4.3, we have

[ Vg (UL ooy Wil 1, Wiy Wit 1y ooy UN) + (i), (0, -0y 0)]
> Al[_(gi)ui(26(91)11,1('707-”70)7 0,.,0) + (9i)u; (0, ..., 0)]
[ ) ( 0(g1)u1 (+,0,...,0)» 0, ..., O)] + (gl)uz (07 sy 0)7

[\~

and so,
A[=(9i)u;(20(g,),, (-0....0), 0, -, 0)] <0,

which is a contradiction to the assumption.
(2) Let (u1,...,un), where 4; > 0, =1, ..., N be a solution to (11).

If 47 > 0, then by the same way in (1), there is a solution u; to

AZ+Z(91)U1(Z7717277U~]V) = 0in Q7
Zlogn = 0
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with % < ; < 4y.

Hence, by the monotonicity and the Lemma 4.3, we have

(91)us (0, ..., 0)
= M[—(91)u (u1,2, ..., un) + (91)u, (0, ..., 0)]
> A[=(91)u1 (0, 0(g5)y (0, M, My ) -+ Ogn )y (0.M3,. My 1)) F (91)us (0, -, 0)]
= At[=(91)u1 (0,0(g0)., (0., Ms,.... My )5 -5 Qg )y (0.Ma, My 1)) + (91)u, (0, ..., 0),
and so,
A1[=(91)us (0,0(g2)y (0, Ms,.... M) ...,G(gN)uN(07M2,W7MN_1’.))] <0,

which is a contradiction to the assumption.

6. UNIQUENESS
In this section, we prove the uniqueness of positive solution.

For our convenience, we denote A(a,b) for the average of real numbers a and b.

DEFINITION 6.1. We say that a real valued function f has the Mean Value Property in the sense
of average if A(x1,x2) > A(wy,ws), then there are T between x; and xg, and w between wy and

wy such that

f(@1) = f(z2) = (21 — 22) f'(2),
fw) = f(wa) = (w1 — w2) f'(w).

We consider
Auz+gl(u17)uN) = 0 in Q) (12)
uilogo =0,i=1,..., N,
where € is a bounded domain in RY with smooth boundary 09, g; € C?,i = 1,....N are
such that g;(z1, ..., i—1, ", Ti+1, .., TN), % = 1, ..., N has the Mean Value Property in the sense of

average for all x1,...,x;_1, %41, ..., N € R, and

(U1
<0i=1j=1,..N
(9)us; § >0,i=2,...,N,j=1,
<0,i=2,..N,j=2 . N,
(U2) gi(us ooyt ooy un) < wi(gi)u, (U1, ooy tim1, %, Uig1, oy un) for all wy,..,uy  and @ =
1,...N,

(U3) gi(ury ooy ti—1,0, %41, ...,uny) = 0 for all uy,...,uj—1,uit1,...,uny and ¢ = 1,..., N and
(gi)uj(ul,...,ui_l,O,qu, ...,uN) = O,i,j = 1, ...,N,i 75 j
(U4) limy, —00(9i)a; (21, ooy iy ooy ) = —00,7 = 1, ..., N.
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We have the following uniqueness result.

Theorem 6.1. If
(A) Sup(gl)ulul Sup(gi)uiui + 4(N - 1) inf(gl)uﬂti Sup(gi)ului >0

fori=2,..., N,
(N—l)inf(gl)u wu;
4sup(g1)uquq sup(gi)uiui(A1+W(gi)ui(0,m,0))
(B) (91)u1 (0,+,0) > — gy sup (g1 ura; FAN 1) i g1y ay sub ()
(C) (gl)’ul (07 M27 [RE) Mifl) 07 Mi+17 ERE) MN)
3 4( )u (0770) ( l)u Ui_2 i )ug 0770) ( uju

+lnf(gl)“1“i[ e ssl:f;)é]gl)iuu Su(Iz(zh)izuz il 1] > )‘17

(D) (gz)ul(O, MQ, ceny Mi—h 0, M’i+17 ceny MN) > Al,i = 2, ceey N,

(E) (9i)u; (0,...,0) > Ay — (N —2)inf;—o N j2i{u; inf(gi)uiuj}, and
(F) fori=2,...,N,

Sup(gl)uﬂu + Zz]\i2 SuP(gi)uiul
< Zj‘\f:2[inf(gl>u1uj + inf(gj)muj
SUP(gi)uiui + SUP(gi)uiul

G(Qj)uj(O,MQ ,,,,, Mjflv"Mj+1 ..... A{N)]
20(g1)uy (-,0,...,0)

20 2(91)uy (0,-.,0) sup(g;
1)ug (Useens Sup(g])uluj
(Qj)uj (0,...,0,-,0,...,0)— Sup(gl)u]_ul

e(gi)ui(07M2 ,,,,, M;_ 1M1, Mp)

< Zéyzz,j;éi[inf(gz’)uiuj + inf(gj)uiuj
then (12) has a unique posotive solution.

The conditions imply that species 1 interacts strongly among themselves and weakly with
species 2. Similarly for species 2, they interact more strongly among themselves than they do

with species 1.

PRrROOF. The existence was already proved in the last section. We prove the uniqueness.
Let (u1,...,un), (wi,...,wy) be positive solutions to (4), and let p; = u; — w;,i = 1,...,N. We
want to show that p; =0,7=1,..., N.

Since (uy,...,un), (w1, ..., wy) are solutions to (12), for i =1,..., N,

A(pz) + gi(ul, vy uN) — gi(wl, ceey wN) = 0.

Hence, by the Mean Value Property in the sense of average and the Mean Value Theorem, there
are i, U;j,j = 1,...,N,j # 1,7%; such that u; is between u; and w;, u;; is between w; and wj,
J=1, N, j#i,0< 0 <uy, 0 — @ > W5 — % =2 and

A(pi) + Pi(gi)u; (W15 oy Uim1, Uiy Uig 15 ey UN)

H0i[(gi)w; (UL ooy Wim 1y Wiy Wit 1y ooy UN) — (Gi )ty (U5 ey Uiy Ty Wi 1y ooy UN)

+ Z;-V:Lj#pj(gi)uj (W ooy W1, Wiy Ugy wovy Wi 1, Wiy Uig 1 -5 UN ) = 0.
Since

A(Ui) + (gi)u; (U1, ooy Wim 1y Uiy Ui 1y ooy un ) = A(ui) + gi(ur, ...;un) =0,
by the Lemma 3.2, we have

Jo —PiAD:) — (Gi)u; (U1, ooy Wim1, Ty Uik 1, <oy un )podT > 0,
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and so

Jo —1(gi)u; (W1 ooy Wim1, Wiy Wi 1, ooy UN) = (Gi) g (W15 ooy Wi, Ty Wity oeny uN)]p%
—Z;y:u#ipipj(gi)uj (W1, ooy W1, Wiy Ujg1 s ooy Ui 15 Wiy Ui 15 -, UN ) A < 0.
Hence, taking the sum ¢ =1, ..., N, we have
Jo = 3 LG (s ooy wimt, Wi g1, oo un)
(i) (WL ooy W1, Ty Uit 1y ey UN)]
- Z%:l,j;ﬁi pipj[(ﬂi)uj (w1 .eny Wi, Uijy Ujq Ty ovey Wi 1y Wiy Ui 15 -vs UN)
—(gi)uj(wl, ey W15 Wiy U1y ooy Wi 1, 0, Uig 1, ooy un )| d

<0

by (Us).
By the Mean Value Theorem again, there are u;,w;, ¢ =1, ..., N, such that
u; < Uy <y, 0 < w; < w; and
N 20 ~ . . 5. oo
fQ - Ziil p; (ul - ul)(gl>uzuz (U1, ooy Ug—15 Ugy Wid-15 ---5 ’LLN)
N — —

- Zi,j:l,j;ﬁipipjwi(gi)uiuj (W1, ey W1, Uiy Wi 1y ey Uim1 s Wiy Ui 1 oo, UN ) AT

<0.
But, since

_ - wi .
U; — Uy > ?,z: 1,..., N,

we have
N 2 w; . . I~ .
fQ - Zi:l pz T(QZ)ulul (ula ceey Uj—1, Ug, uz—i—l; “eey UN)
N — —
— i i1, PiPiWi (G0 )uiuy (W1 ooy Wj—15 Wiy Wt 1, ooy Wim 1y Wiy Uik 1, oy UN ) AT
<0.
So,
N 2Wi (. . S
fﬂ - =1 pz j(gz)uluz (’U;l, eeey ulfla u’l? ul+17 ceey UN)
— N Dip1wi (9 usus (Wi, U,y ooy Wi, Wiy Ui 15 ey UN)
N N - -
— D1 j=2 i PiPjWi(GiJusuy (W15 ooy Wj—1, Uiy Wi 15 ooy Uim 15 Wiy Ui 15 ooy UN ) AT
<0.

2 2
But, since pjp1 < % 4+ 2L for i = 1,..., N and (gi)u,u, > 0 for i =2, ..., N, we have
2 2 U1

fQ_Zij\ilp?%(gi)uiui(ub"'7ui717ai7ui+17“'7u1\7)
SN (PP (0 - D
El:?( 2 + 2 )wz(gz)uiul (ullv Uy -evy Uj—1, Wi,y Ujt-1, 7UN)

N N — —
- Zi:l Zj:QJ;ﬁi pzpjwz(gz)uzu] (w17 ceey 'U}j_l, uija uj+17 ceey ui—la wiv ui+17 “eey UN>dx
<0.
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If the integrand on the left side is positive definite, then p; = 0,4 = 1,..., N, which means the
uniqueness.
But,

(9 )usu; (W1, ooy W1, Uiy Uy 15 oony Ui 15 Wiy Uit 1 oy UN )PP Wi

2 2
< 9wy (W1 ey W1, Uiy U1y ooy Ui 1, Wi, Uig 1, ---,UN)(% + %J)wi

fori=1,...,N,j =2,....,N,j # i, and so, the integrand is positive definite if the condition is

satisfied by the solution estimates in the Lemma 4.3.

7. UNIQUENESS WITH PERTURBATION

We consider the model

Au; + gi(ug, ooyt yuy) = 0 in €, (13)
uiloo =0,i=1,..., N,
where Q is a bounded domain with smooth boundary 092, g; € C? are relative growth rates such
that
<0,i=1,7=1,..,.N
(gl)uzug >07i:27"'7N7j: 17
<0,i=2,...,.N,j=2,...,N,

Define B = {(g1, ...,gn) € [CHV|gi(u1, ..., 1,0, %11, ..., uny) = 0,

gi(ul, ceey Ugy ...,UN) S ui(gi)ui(ul, ceey Uj—1, %,qu, ...,UN)

for all uy,...,un, limg, 400 (gi)a; (1, ooy Tiy ooy TN) = —00,0 = 1,..., N} with
N N
I (g1s-598) [1B= D 1(90)us (0, 0)[ + D sup|(gi)uuy |
i=1 irj k=1

for all (g1,...,9n) € B.
Then by the functional analysis theory, (B, || - ||p) is a Banach space.

If (g1,...,gn) € B, then by the definition of B, for each i = 1,..., N, there is ¢; > 0 such
that ¢;(0,...,0,x;,0,...,0) < 0 for all z; > ¢;. Then by the Maximum Principles, we have
egi(O,...,0,~,O,...,0) (.’IJ) < ¢; for all x € Q.

The following theorem is our main result about the perturbation of uniqueness.

Theorem 7.1. Suppose (g1,...,gn) € B is such that

(A) M[=(91)u1(0,20(4,),.,(0,,0,..0)> -+ 20(gn)u p (0,..0,))] <O,

A1 {_(gi)“i(%eM(ghgi)’ 20K (g1,92)1 > 20K (91,91-1)+ 0 2‘9K(91,gi+1)’ o 29K(9119N))] <0,
(B) sup(91)uu; SUP(9i)usu; + 4N — 1) inf(g1)uyu; SUP(gi)uyu;, > 0, fori=2,...,N

(C) (gl)ul (0, M2, ceey Mi_l,o, Mi_;'_l, ceay MN)
) 4(g1)uy (0,..,0 Dy —2(90)u; (0,10 .
o i0E (g1 )y [H S B D) b e

| > A1, and


https://doi.org/10.28924/ada/ma.6.20

Eur. J. Math. Anal. 10.28024 /ada/ma.6.20

(9i)u; (0, Mo, ..., M;—1,0, Miy1, ... My) > A\1,i=2,...,N,

(D) for every T € R, there is ¢ > 0 such that (g1)u,(T,y) < 0 for all y > ¢, (E) (13) has a
unique coexistence state (uy,...,un),

(F') the Frechet derivative of (13) at (uy,...,un) s invertible.

Then there is a neighborhood V' of (g1, ...,gn) in B such that if (g1,...,gn) € V, then (13) with

(g1, ..., gN) has a unique positive solution.

Biologically, the conditions in Theorem 7.1 indicates that the rates of reproduction are rel-
atively large, and the birth rate of the prey must be larger than that of predator. Similarly,
the condition, which requires the invertibility of the Frechet derivative, signifies that the rates
of self-limitation are relatively larger than the rates of competition, a relationship that will be
established in Lemma 7.2. When these conditions are fulfilled, the conclusion of our theorem
asserts that small perturbations of the rates do not affect the existence and uniqueness of the
positive steady state. That is, the two species implied can continue to coexist even if the factors

determining the population densities vary slightly.

Now, at first glance, Theorem 7.1 may appear to be a consequence of the Implicit Function The-
orem. However, the Implicit Function Theorem only guarantees local uniqueness. In contrast,
our result in Theorem 7.1 guarantees global uniqueness. The techniques we will use in the proof
of Theorem 7.1 include the Implicit Function Theorem and a priori estimates on solutions of
(13).

PROOF. Since the Frechet derivative of (13) at (uy, ..., un) is invertible, by the Implicit Function
Theorem, there is a neighborhood V of (g1, ..., gn) in B and a neighborhood W of (uy,...,un) in
[CS’Q(Q)]N such that for all (g1, ..., gn) € V, there is a unique positive solution (u1,...,uy) € W
of (13) with (g1, ..., gn). Thus, the local uniqueness of the solution is guaranteed.

To prove global uniqueness, suppose that the conclusion of Theorem 7.1 is false. Then, there
are sequences (Gin, gon, ---s GNn, Uin, U2n, -, UNp) and

(G1n> 92ns s GNmy UTpy, Uy oy UNyy,) iR VX [CS’Q(Q)]N such that (wip, ..., uny) and (uj,, ..., ux,)
are positive solutions of (13) with (gin, ..., gnn),

(Uin, s UNn) F (U, oo, Uy,) a0 (G1n, -y GN0) — (01, ..., gn). By Schauder’s estimate in elliptic
theory and the solution estimate in the Lemma 4.3, there are uniformly convergent subsequences
of {uin}, ..., {unn}, which again will be denoted by {uin}, ..., {unn}.

Thus, let

(uln, ...,uNn) — (’lfl, ceny u}v),

(uTm 7U*Nn) - (UT, ceey U*N)

Then (2, ..., uk), (uf, ..., uly) € (C**)N are also solutions to (13) with (g1, ...,gn). We claim
that vy > 0,...,un > 0,u] > 0,...,uy, > 0.
Let T; = sup,¢q Ui, = 1,..., N.
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Then by the conditions for g;’s, there is M > 0 such that M > sups, < sup,cq 4; and

(91)uy (T1, M, M, ..., M) <0,

(gz)uz (07 T27 (XX}

Furthermore, by the monotonicity,

and

Hence, by the Maximum Principles, it suffices to claim that iy, ...

cally zero.

INIA A

Ti-1, M, Tit1, ..., Tn) <0, =
A’lf1+ Al(gl)ul(TbMa aM)
S A’U/:l“‘ A1(91)u1(7‘17@2\27 7UN)
< Aﬁl‘i‘?fl(gl)ul(ﬁlv- ,UN)
< Aty + g1 (s ey )
= 0,

0,i = 2,...,N.

Suppose that it is not true. First, assume u; = 0.

Then let 4y, = Hsz% and Ujp = Ujn, 1 = 2, ...

that Ulp — U

and

But, since

Aty + ﬂln(gln)u (ulna U2pyy +eey

Aﬂln + 7:"fln(gln)ul(ué s Unyy -ey

we conclude that

AV

IN

I
e

Aal” + ﬂln(gln)ul (ul’m Uop,y - aNn)

uNy)|

[Auln + uln(gln)u1 (ulny ceey

uny)]

IIU1 lloc

1
T [Atin + gin(Win, ...

0,

Aﬂln + aln(gln)u1 (u%, aZn; ey lNLNn)

Hulnll

[Auin + gin(Uin, ..., UNn)]

Huln”oo

Auq + u](gl)ul (0, U3, ,UAN) =0.

[Auln + uln(gln)ul( én s U2y ey

Unn) — Aty + 11(91)uy
Unn) = AUy + U1(91)u,

..., N.

7TN)
o Ty)

A~ *
,'LLN7’LL1, ceey

fLNn)]

(0,12, ..., u
(O,'UAQ, ey U

ujy are not identi-

, N. By the elliptic theory again, there is 17 such
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Since
A, + Gin(Gin)u; (Win, 0, ..., 0, %20, ..., 0)
= A(Uin) + tin(gin)u; (U1, 0, ..., 0, %2, 0,...,0)
> A(tin) + Win(Gin)u; (Wins s UG- 1)n, "5 Uit 1)y -+ UNn)
> A(uin) + gin(tin, ..., unn)
- 0,i=2,..,N,
and

Aﬂzn + ﬂln(gzn)uz(u1n707 "'707 %707 70) — Ad@ + IUA’Z(gZ)uZ(O) "'70) %7 07 ceey 0)7
A+ 05(g:)uy (0, 000y 0, 20,..,0) > 0,i = 2, ..., N,

and so, % is a subsolution to

A(Z) + Z(9)u, (0, ...,0, Z,0,...,0) = 0,
AR = 0,i=2,..,N.

But, since any large enough constant is a supersolution to

A(Z) + Z(9)u, (0, ...,0, Z,0,...,0) = 0,
Zlpg = 0,i=2,..,N,

by the Lemma 3.1, we have
U;
5 S H(gi)ul(07"'707'707"'70)’

and so, by the monotonicity,

A1 [_(gl)lu (07 29(gg)u2 (0,...,0,+,0,...,0,...,) 5 *=*» 29(gN)uN (O,...,O,')]
Z Al[_(gl)ul(()?/lj’ba'-':u}v)]
= 0,

which is a contradiction.

Suppose 4; = 0 for some ¢ = 2, ..., N.

- - - - w
Let 11y = u1p, t2n = ugn, -, Ui—1)n = U(i—1)n> Win = ”Uzrzbﬁoo,
ﬂ(i+1)n = U(i41)ny -++» UNn = UNn-

Then by the elliptic theory again, there is 4; such that a;, — ;.

Aﬂ’ln + Uin (gln)ul (aln’ ey ﬂ(i—l)na Uin, ﬂ(i-ﬁ-l)na ey ,ELNH)
L [Auzn + uzn(gzn)uz (ulna ceey uNn)]

e [Auzn + gin(uln) ceey uNn)]

0,

IN

and

Ay, + ﬁin(gin)ui (ﬁlnv 3 fa(ifl)nv 1«[/1%’ a(iJrl)n: E%) 'aNn)
= #[Auzn + um,(gzn)uZ (U1 s U(i—1)n> %7 Ui41)ns =+ UNn)]

> L [Auin + gin(Uin, - Unn)]

= 0,
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But, since
A, + Uin(Gin)u; (U1n (i=1)n> Wins U(i+1)ns > UNn)
— AU + (g5, (U1, ..., ui— 1,0 uz+1,.. uN),
Atiip + Uin (gin )u, (U1 (i—1)n> Yo » U(it+1)ns - -y UN7)
(4@

_>Auz+uz(gz)u 1,- ul 1)0 ul+17"'7 N),

we conclude that Ad; + (i), (U1, ..., w1, 0, uly1, ..., un) = 0.

Hence,

A1 [_(gi)ui(%gM(ghgi)’ 291{(91792)7 ) 291{(91791-—1)7 0, 29K(9179i+1)’ L 29K(91»9N))]
> Al[_(gi)ui( Alv"'7uill707ui3rl’"'7u}\7)]

which is also a contradictionn.

Therefore, we conclude that w; > 0, ..., uNy > 0.

By the same procedure with the sequence (uj,, ..., u},,), we also have

ui > 0,...,uN* > 0.

Consequently, (41, ...,un) and (uf, ..., u}) are positive solutions to (13) with (g1, ..., gn), and so
(t1,...,un) = (uj,...,uy) = (u1,...,un) by the uniqueness condition. But, this is a contradiction

to the Implicit Function Theorem, since (w1p, ..., Unn) 7# (Ul - UWhiy)-

In biological terms, the proof of our theorem indicates that if one of two species living in the same
domain becomes extinct, that is, if one species is excluded by the other, then the reproduction
rates of both must be small. In other words, the region condition of reproduction rates (A) is

reasonable.

Now, the condition (C') in Theorem 7.1 requiring the invertibility of the Frechet derivative is
too artificial to have any direct biological implications. We therefore turn our attention to more
applicable conditions that will guarantee the invertibility of the Frechet derivative. We then

obtain the following relationship:

Au; + gi(ut, ooyt yuy) = 0 in £,

(14)
uiloo =0,i=1,..., N,

where Q is a bounded domain with smooth boundary 02, g; € C? are relative growth rates such
that

<0,i=1,7=1,..,N

(9i )usu, >0,i=2,..,N,j=1

<0,i=2,..,N,7=2,...,N,
Gi(ut, s Uim1,0,Uig 1, oy uN) = (gi)u; (U5 oy Ui—1,0,Ui1, .y uny) = 0 for all 4,5 = 1,..., N,i # j
and uy, ..., Uj—1, Uit1, ..., un € R, and
gi(U1, .y U1,y Ujt1, ..., uy) has the Mean value property in the sense of average for all

i=1,...,N and uq, ey U1, Ui 1,5 -, UN € R.
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Lemma 7.2. Suppose (u1,...,un) is a positive solution to (14). If
sup(91)uyu;, + Zf\ig Sup(gi)uim% < Zé‘V:Q[inf(gl)qu- + inf(g; )uyu %]7
sup(9i)uzu; + SUP(gi)usuy < Zé‘v:zj;éi [inf(gi)uz'ug' + inf(gj)uiuj %72 =2,..,N,
then the Frechet derivative of (14) at (u1,...,un) is invertible.

PrOOF. The Frechet derivative of (14) at (u1,...,un) is A = (A;;), where A = (A;;), where

a
A o A+(gi)ui(u1,...,uN), 1=7
Z‘j o . .
(9i)u; (U1, s un), i # ]
fori,5 =1,..., N. We need to show that N(A) = {0} by the Fredholm Alternative, where N (A)

is the null space of A. By the Mean Value Property in the sense of average, there are u; such

that U; — Uy > % and
g,;(ul,...,uN) = gi(ul,...,ui_l,ui,ui+1,...,uN)—gi(ul,...,ui_l,o,uiﬂ,...,uN)

= ui(gi)ui(ul, ...,ui_l,ai,uiﬂ, ...,uN),z' = 17 ...,N.

If
A + (i) (Wt ooy un)Bi + 32701 290 (un, oy un)dy = 0,3 = 1., N,
then
ABi + (giJu; (W15 oy Wi, Wiy Ui 15 -0, UN) D
F[(g)y (1 ooy ) = (G )y (U ooy Wi 15 Ty Uit ey UN )]
329, (un, s un) B
=0,i=1,..,N.
Hence,
fQ |V¢i|2 — (gl)uz (ul, ey Ui— 1, Uy Uig1 s ,uN)Qﬁ?
~[(90)u; (w1, ooy un) = (Gi)us (U, ooy Uit Uiy Ui 1, ooy uN )| DF
- Z;V:Lj;ﬁi(gz‘)uj (u1, ..., un)pigpjdr
=0,i=1,...,NN.
But, since

A(u) 4+ i (i) (UL evey Ui 1y Wiy Wi 14 eoey s unN) = A(wg) 4+ gi(ugy .ooyuny) =0,
i=1,..,N,
M[=(gi)u, (U1, ooy i1, Uiy Ui 1, oy un)] = 0,8 = 1,..., N.
Hence, by the Lemma 3.2, we have
Ja IV il? = (gi)u; (U1 ooy Wity Uiy Uit 1, -y un )P7d > 0,7 = 1,..., N.
Therefore,
Jo = SR us (s ooy un) = (G (W1 oo i1, Wiy g1, oo )6

- Z’f\il Z‘g\il,jiz[(gl)uj (Ul, ceey UN) - (gl)uj (Ul, ey Us—1, 07 Ui41, -y UN)]¢Z¢]dl‘
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<0.
But, by the Mean Value Theorem, there are ;, @;; such that

and
(i) (UL vy Wi 1y Wiy Uit 1y ey UN) — (G )y (U ey Wi 1y Wiy Uig 1y ey UN)
= (Ui — @) (i )usu; (U1, ooy Uim1, Tiy Uiy 1, o0, UN),
(G )y (U5 oy Ui 1, Uiy Wi 15 ey UN) = (Gi)uy (U5 oy Ui 1, 0, Uiy 1, oo, UN)
= ui(gi)uiuj (ULy ooy Uim1, Uiy Wit 1y ooy UN )5 8, J = 1,00, N, J F# 4L
Therefore,

fQ - Zi\il(ul - al)(gl)uzuz (U1, vy Wiy Uy Uig Ty ney UN)¢Z2
= N S i i (93w (U ooy i1, Dy Ui s UN) Gichjd < 0.
But, since u; — u; > 3,4 =1,..., N, we have
fQ - 7?7\;1 %(gl)uzuz (Ul, ey Ug—1, ai) Ujt15 -+ UN)¢7,2
— N S i w9 g, (U ey U1, iy Ui, s U ) Gipjd < 0.
Hence,
Jo =20 % (i) (s i1, iy i1 ey UN ) 7
— SN u1(g1)uyw, (i1, Uz, . un ) P10
= N i (Ga) gy (U1 ooy Wity Uiy Ui 1 ooy UN ) D301

N N ~
- Zi:Z Zj:ZJ’;&i uz(gz)ulu] (Ul, eeey ui*l) uia u’i+17 LA uN)¢l¢jd$
<0.

2 2
Since ¢;p1 < %1 + % and (g;)usu, >0 fori=2,.., N,

fQ_ ij\il %(gi)ui(ulv"'7ui—17d’i7ui+17"'7uN)¢12
N . o7 | ¢

= i Wil G Jusuy (U1s ooy Wi, Uiy Uit 15 oy UN) 5 + 5

— SN u1(g1)uyw, (i1, Uz, . un ) P10

- Z'fiQ Z;-V:z,#i ui(gi)uZ'Uj (U ooy Uim1, Uiy Uit 15 ey UN ) Pi AT

<0.

Hence,

Jo =% (91w, (U1, u2, .., un ) 67

—%[Z,{iQ Wi (G Vg (UL s oy Wi 1y Uiy Uig 1 2oy UN ) DT
- z‘]\iﬂ%(gi)uiui(ul,---,Ui—l,ﬂi,UHh---,UN)

5 (i Juguy (UL, ooy Wi 1, Wy Ui 1, ooy un)]¢?

— SN u1(g1)uyw, (i1, uz, .y un ) P10

-yN, Zj-vzz#i Wi (G Jugu; (U1, oy U1, Uiy Uiy 1, -y UN) PP jdT
<0.

Hence, ¢; = 0,7 =1,..., N if the integrand is positive definite, which is true by the condition.
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8. UNIQUENESS WITH PERTURBATION OF REGION

The following Theorem is the main result.

Theorem 8.1. Suppose that I' C B is a closed, bounded, convex region in B such that

(A) for all (g1, ., gn, M[=(g1)us (0,20(g,),,.(0,-0,....0): ...,29(gN)UN(0,__,07.))] <0,

A= (90w (5001(g1,9)» 20K (91,92)» -+ 20K (91,95 1)» 0 20K (g1,g151)> -+ 20K (g1,9m) )] < O

(B) for all (g1,...,9n) € OrI, (13) has a wunique positive solution, where O T =
{(Agargns 92, -, gn) € T| for any fived ga, ..., gn,

| Agaycogn 1= nf{ll g1 [ (91, 92, .. gn) € T'}},
(C) for all (¢1,...,9n) € T, the Frechet derivative of (13) at every positive solution (uq,...,un)

is invertible.
Then for all (g1,...,gn) €T, (13) has a unique positive solution. Furthermore, there is an open

set W in B such that T' C W and for every (gi,...,gn) € W, (13) has a unique positive solution.

Theorem 8.1 goes even further than Theorem 7.1 which states uniqueness in the whole region
of (g,h) whenever we have uniqueness on the left boundary and invertibility of the linearized

operator at any particular solution inside the domain.

PRrROOF. For each fixed go, ..., gn, consider (g1, ...,gn) € O and

(91,92, --,9n) € I'. We need to show that for all 0 < ¢ < 1, (13) with (1 — ¢)(g1,...,9n5) +
t(g1, g2, ---, gn) has a unique positive solution. Since (13) with (g1, ..., gn) has a unique positive
solution (w1, ...,uy) and the Frechet derivative of (13) at (uy,...,un) is invertible, Theorem 7.1
implies that there is an open neighborhood V' of (g1, ...,gn) in B such that if (g10, ..., gno) € V,
then (13) with (g0, ..., gno) has a unique positive solution.

Let As =sup{0 < X < 1| (13) with (1 —¢)(g1,...,98) + t(91,92, .-, gN)

has a unique coexistence state for 0 <t < A.}.

We need to show that A; = 1. Suppose Ag < 1. From the definition of Ag, there is a sequence
{An} such that A\, — A; and there is a sequence (U1, ..., uny) of the unique positive solutions
of (13) with (1—X,)(g1, .., gn) + (91, 92, ..., gn). Then by elliptic theory, there is (u1g, ..., uno)
such that (u1p, ..., un,) converges to (uig, ..., ung) uniformly and (ujg, ..., ung) is a solution of
(13) with (1 — Xg)(g1, -, gn) + As(g1, 92, -, gN)-

But, by the same proof as in the section 7, uig > 0, ...,ung > 0.

We claim that (13) has a unique coexistence state with (1 — As)(g1, ..., gn) + As(g1, g2, -, GN)-
In fact, if not, assume that (uiq, ..., uno) # (u10, ..., uno) is another coexistence state. By the
Implicit Function Theorem, there exists 0 < @ < As and very close to As such that (13) with (1—
a)(gi, ..., gn) + a(g1, g2, ..., gn) has a coexistence state very close to (u19, ..., Uno), which means
that (13) with (1—a)(g1, .., gn) +a(g1, g2, -.., gn) has more than one coexistence state. This is a
contradiction to the definition of A;. But, since (13) with (1 — A5)(g1, ---, gv) + As(d1, 925 -, GN)
has a unique coexistence state and the Frechet derivative is invertible, Theorem 7.1 implies

that As can not be as defined. Therefore, for each (¢1,...,gn) € T', (13) with (g1, ...,gn) has a
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unique coexistence state (up, ..., un). Furthermore, by the assumption, for each (g1, ...,gn) € T,
the Frechet derivative of (13) with (g1, ..., gn) at the unique solution (uq,...,uy) is invertible.
Hence, Theorem 7.1 concluded that for each (gi,...,gn) € T, there is an open neighborhood
g1,gn)» then (13) with (g1, ..., gn) has
)- Then W is an open set in B such

Vigi,....gn) of (g1, .-, gn) in B such that if (g1,...,gn) € V,
a unique coexistence state. Let W = Uy, . gv)er Vigr,...on

that I' C W and for each (g1,...,gn) € W, (13) with (g1, ..., gv) has a unique coexistence state.

Apparently, Theorem 8.1 generalizes Theorem 7.1.

9. CONCLUSIONS

In this paper, our investigation of the effects of perturbations on the general predator-prey
model resulted in the development and proof of Theorem 7.1, Lemma 7.2 as detailed above.
The three together assert that given the existence of a unique solution (uq, ..., ux) to the system
(13), perturbations of the birth rates (g1, ..., gn ), within a specified neighborhood, will maintain
the existence and uniqueness of the positive steady state. Indeed, our results specifically outline
conditions sufficient to maintain the positive, steady state solution when the general predator-
prey model is perturbed within some region.

Applying this mathematical result to real world situations, our results establish that the
species residing in the same environment can vary their interactions, within certain bounds,
and continue to survive together indefinitely at unique densities. The conditions necessary for
coexistence, as described in the theorem, simply require that members of each species interact
strongly with themselves and weakly with members of the other species.

The research presented in this paper has a number of strengths, which confirm both the
validity and the applicability of the project. Perturbations of the general model render its
implications more applicable both mathematically and biologically. Because our theorem extends
the steady state to any value within some neighborhood of (g, ..., gn), results for the general
model pertain to a far wider variety of values. Biologically, perturbations extend the model’s
description to species affected by factors that vary slightly yet erratically. Thus, the description
of competitive interactions given by the model becomes a closer approximation of real-world
population dynamics.

While our research therefore represents a progression in the field, the results obtained have an
important limitation. Theorem 7.1 and Lemma 7.2 establish that a region of perturbation exists
within which the coexistence state is maintained for the general predator-prey model. However,
the exact extent of that region remains unknown. Therefore, the results presented in this paper
may serve as a platform for research of the question given above. Mathematicians should now
attempt to establish the exact extent of the perturbation region in which coexistence is main-
tained for the general model. Such information would prove very useful not only mathematically
but also biologically. Specifically, knowledge of the extent of the region would imply exactly how

far the species can relax and yet continue to coexist. Thus, the results achieved through our
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research will enable the field to continue the development of theory on predator-prey interaction

of populations.

In the future, we also want to develop population models to generalize mathematical results
about other models related to COVID-19.(See [14], [15], [16], [17].)
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