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ABSTRACT. In this paper, we revisited the Ostrowski’s method for solving Banach space valued equa-
tions. We developed a technique to determine a subset of the original convergence domain and using
this new Lipschitz constants derived. These constants are at least as tight as the earlier ones leading
to a finer convergence analysis in both the semi-local and the local convergence case. These tech-
niques are very general, so they can be used to extend the applicability of other methods without

additional hypotheses. Numerical experiments complete this study.

1. INTRODUCTION

One of the most challenging tasks in computational mathematics is the problem of determining

a solution x. of equation
F(x) =0, (1.1)

where F : 2 C B —» By is an operator acting between Banach spaces B and By with Q # (). The
closed form derivation of x, is possible only in rare cases. This leads practitioners and researchers
in developing solution methods that are iterative.

In this work, we consider Ostrowski's method defined for xg € €2 and each n=10,1,2,... by
Yo = Xo— F'(xp) " F(xn)
Xe41 = Yn— Ay F(Ya), (1.2)
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where A, = 2[yn, xn; F] — F'(x,). The convergence order is four obtained under certain conditions
on the initial data (€2, F, F/, xp) and Taylor expansion [17,25]. So, the assumptions on the fourth
derivative reduce the applicability of these schemes.

For example: Let B = B; =R, 2 =[-0.5,1.5]. Define X on 2 by

tBlogt2+t>—t* ift#0
A(t) = ’ 7
0 if t=0.

Then, we get t* =1, and
N (t) = 6log t? + 60t> — 24t + 22.

Obviously A"(t) is not bounded on Q. So, the convergence of scheme (1.2) is not guaranteed by
the analyses in [17,24].

We study two types of convergence called local and semi-local. In the first one based on the
solution x, we find the radii of the convergence balls. But in the second one based on the starter
xo we develop criteria that guarantee convergence of sequence {x,}. There is a plethora of this
types of results [10,15,16,22,28,38]. But what all these results have in common is that the region
of accessibility (or convergence region) is limited in general reducing the applicability of Newton'’s
and other methods [8,20,26,28,31]. Moreover, the error bounds on distances || xx+1 —Xk|| or ||xx—X«||
are pessimistic. The same is true for the uniqueness ball of these methods. These problems become
more difficult when studying methods of convergence order three or higher [8,17,19,31-33]. We
have developed different techniques to addres these problems.

In technique 1, we determine a subset Q2 of 2 also containing the iterates. But in this set Q2 the
Lipschitz-like parameters (or functions) are at least as tight as the original ones, so the resulting
convergence is finer. This technique does not depend on the convergence order of the method. But
we shall demonstrate it in case of fourth order methods. These methods require the evaluation of
the second order Fréchet derivative of operator F. Notice that for a system (nonlinear) of / equations
with i unknowns, the first derivative is a matrix with /2 entries (values), whereas the second Fréchet
derivative has i° entries. That is why there is a need for avoiding F”.

The rest of the paper is organized as follows: In Section 2 we develop the second technique based
on majorizing sequences. The local convergence analysis results appear in Section 3. Numerical

examples can be found in Section 4. The paper ends with some concluding remarks.

2. SeEmi-LocAL CONVERGENCE

We base our semi-local convergence analysis on scalar parameters and functions. Let n >
0,Kg>0,K>0,K;i >0, K >0 K3>0,Lg>0with Ko <K, Lo <2Kj and K4 = Ko + Ks.
Define polynomials g; and g» on the interval [0, 1) by

K K
gl(t):K1t5+(2K1+K3)t4+K1t3+(§—K3)t2—§ (2.1)
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and
(1) = Lot* + (Lo + K3)t3 + Ka4t? — Kst — Ka. (2.2)

We have g1(0) = =X < 0,91(1) = 4Ky > 0,92(0) = —Ks < 0 and go(1) = 2Lo > 0. It then
follows from the intermediate value theorem that polynomials g; and g have at least one root in
(0,1). Denote by 01 and 6, the least such roots, respectively. Moreover, it is convenient to define

scalar sequences and parameters

Ko (sg — to 2
to = 0, So=T", t1250+2§_2/<110,
(K3(tn+1 - Sn) + K4(5n - tn))(thrl - Sn)
1—Lotht+1
K(sn+1 = tny1)?
2(1 — (Ki(sn+1 + tas1) + Ka(spt1 — tht1))

Spr1 = fhp1+

tn+2 = 5n+1+

K(sn — tn)
2(1 — (Ki(spgr + tay1) + Ka(Sng1 — tay1))
Ks(th — sp) + Ka(sp — tn)
1—Lotpy1 '

foralln=0,1,2,...,
on = max{an, Vn},
A = min{d1, 05}
and
w = max{d1,02}.

Next, we present a convergence result for sequences {t,} and {s,}.
LEMMA 2.1. Suppose: there exists § satisfying
0<d<A<d<p<1l-—Kin (24)

Then, sequences {t,}, {sn} are well defined nondecreasing, bounded from above bt s,. = 15 and
as such they converge to their unique least upper bound s, € [n, s..]. Moreover, the following error

estimates hold foralln=1,2, ...
0 < thyr —Sp <6(sp—ty) < 6%, (2.5)
0<s,—tn <6(th—sp_1) <6°'n (2.6)

and

th < sp < tn—f—l- (27)
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Proof. Items (2.5)-(2.7) hold if

0<anm,<s, (2.8)
0< v, <6 (2.9)
and
tm < Sm < tmi1 (2.10)
are true forall m=20,1,2,.... Notice that by the definition of sp, t; and (2.4), t; > 0. We also

have (2.8) and (2.9) hold for m = 0. Suppose (2.8)-(2.10) hold for m = 1,2, ..., n. Then, we can

obtain in turn that

IN

Sm tm +0°™n < spy_q + 62 I+ 62

n+...+on+...+6Mn

1— 2m+1
< T
1-90 1-96

IN

= Sixs
and

tm—l—l < Sm —|—52m+1’)’] < tm +52mn+62m+1n

< m4+on+... +62m Iy
1_52m+2n< n
1-90 —1-6

Hence, by (2.7) and the induction hypotheses, we deduce that sequences {t,} and {sp} are

nondecreasing. Evidently, (2.8) holds if

K o 1_52n+3

1 _ §2n+2

—Tjg—n+Kﬁﬂ“”n—5go (2.11)

+0K1
Estimate (2.11) motivates us to introduce recurrent functions h,(71)(t) on the interval [0, 1) by

K
A = ST KLt )

K1+t +. . + 2Dy 4 K23y — 1. (2.12)


https://doi.org/10.28924/ada/ma.2.3

Eur. J. Math. Anal. 10.28924/ada/ma 2.3

We need a relationship between two consecutive functions f,,(l)(t). By this definition, we have in

turn that

K
AL = Skt 2

FK(1+ 4.+ ")+ Kt Pn - 1
—gtz”*ln —Ki(l+t+...+ 22
KL+t 2 - Kt 1 nS (1)
_ hf,l)(t) + gtznﬂn_ thn—ln
+K1(f2n+3 + 1._.2!7-1—4),'7 + Kl(t2n+2 + t2n-i—3),'7 + K3t2n+3’)’] _ /,(31.2n—|-1,'7

= AP(t) + g (8)2" iy, (2.13)
Notice that by the definition of 4;
hE(61) = KD (80).

By (2.11)-(2.13), estimate (2.11) shall be true if for 4K; < K

hP(61) < o. (2.14)
Let
D)y = | (1)
(1) = lim hio(e). (2.15)
But then
2K
W5y = =21
hss’ (6) =5 1. (2.16)
Hence, instead of (2.13) we can show
r(6) <o, (2.17)

which is true by (2.4). If 4K; > K then fo(t) > (), so again () < 0 holds. Similarly, (2.9)
holds if

K362 n + K46%"n + 6LOI_2;+277 -46<0 (2.18)
or
h2(8) <o, (2.19)
where

HP(t) = Kst2 ™+ Kat2 " In+ Lo(1+t+ ... + 27 )p — 1. (2.20)
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This time we have

WPt = Kst? 24 Ket?™ i+ Lo(L+t+ ...+ t2"F3)n
1 — Kst2' — Kat>" g — Lo(1+t+ ...+ 2" n + 1+ hP (1)
_ h,(72)(t) + K3t2n+277 . thznn K2 K4t2n+177
FLo(£2M2 4 12043y
= BP(t) + [Kat® — Kat + Kat? — Ka + Lot2 + L — 0t4]¢2" 15
= WP () + g2()>" 1. (2.21)
By the definition of 6>
h21(62) = hP(3).
Let hg)(t) = lim;—oo h,(72)(t). Then, we get

h2)(5) = % ~1

Hence, instead of (2.19), we can show

h2(6) <o,
which is true by (2.4). The induction for (2.8)-(2.10) is completed. Therefore, sequences {t,}, {sn}

are nondecreasing, bounded from above by s.. and as such they converge to s,.
O

The semi-local convergence analysis shall be based on conditions (A).

Suppose:
(A1) There exists xg € 2, 7 > 0 such that F/(xg) "% € L(Ey, E) and

IF(x0) T F(x0) [l < .
(A2) For each x € Q
IF"(x0) " (F'(x) = F'(x0))l < Lollx — xoll
set Qo = Ulxo, 5] N Q.
(A3) For each x,y €
IF"(x0) TH(F"(y) = F'OI < Klly = x]I,
IF"(x0) " (ly, x; F1 = F'(o))ll < Kallly = xoll + lIx = xoll),
IF'(x0) [z, y: F1 = [y, x; FDII < Ka(llz =yl + Ily = x)
and
IF"(x0) [z, y: F1 = FF(I)Il < Kallz = yll.

(A4) Ulxo, s«] C Q and
(A5) Conditions of Lemma 2.1 hold.
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Next, we present the semi-local convergence of method (1.2).

THEOREM 2.2. Suppose that conditions (A) hold. Then, sequences {y,}, {x,} generated by
method (1.2) are well defined in U[xy, s«|, remain in U[xg, s¢] for each n=10,1,2, ... and converge

to a solution x, € U[xo, si] of equation F(x) = 0. Moreover, the following assertion holds
Ixn — x| < se — t. (2.22)

Proof. Mathematical induction on m shall be used to show

(Im) lYm = Xmll < 5m = tm

and

(”m) ||Xm+l - ym” < tm+1 — Sm-
By the first substep of method (1.2) we have

Iyo = xoll = |F'(x0) ' F(0)ll <m =0 — to = 50 < ss.
So (lp) holds and yp € U[xo, s«]. By the first substep of method (1.2) we can write
F(y0) = F(%0) — F(x0) — F'(x0)(v0 — x0). (2.23)
Using (A2) and (2.23), we have
IF'(x0) " F(yo)ll < %Hyo — xolI? < %(50 — 1) (2.24)

We need to show the invertability of linear operator A. We have by (A3)

IF'(x0) ™ (Ao = F'Go))ll < 2[1F"(x0) " ([vo, x0: F] = F'(x0))l

IN

2K1(llyo — xoll + [[x0 — xol|)
< 2K1(So + to) <1,

S0
1

2K1(so + to)’

by the Banach lemma on linear invertible operators [19,25]. Then, iterate x; exists by the second

145 (xo)ll < 7= (2.25)

substep of method (1.2), and we can write
x1 = ¥o = (Ag F'(x0)) (F'(x0) "HF (10)). (2.26)

By (2.24)-(2.26), we get

IN

1AGHF Co) T F' (x0) ~F (o)
Ko(so — to)?
- 2(1 — 2K1(So + to))

X = yoll

= t; — Sp,
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showing (//p). Moreover, we have

Ix1 —xoll < X1 — yoll + llvo — xol|

< ti—So+So—to=1t1 < S,

so x; € U[xg, s«]. Suppose that (/,,) and (/1) hold, ym, Xm+1 € Ulxo, 5] and F'(xm) ™1, AL exist
for each m=1,2,..., n. We shall prove they hold for m = n+ 1. Using the second substep of
method (1.2), we get

HF/(XO)_l(F(Xn—H) — F(¥n)) — An(Xng1 — ya))ll

= HF/(XO)_I([Xn-‘rl,)/n; Fl — An)(Xn1 — yn)ll

IF(x0) " F (Xpg1)

< F'(x0) T (Dnsa, i F1 = i xo F1)
HIF 00) ™ (Wn xns Fl = F/ ()
< (Ka(lxotr = vall + e = xall) + Ksllyn = xal)lIXn+1 = yall
(2.27)
We need to show F’(x,+1) is invertible. By (A2) and the induction hypotheses we obtain
IF'(x0) TH(F"(xn41) = F'(o))ll - < LollXp1 — x|
< Lo(tpt1 — to) = Lotp=1 < 1,
so
/ —1 1
[F' (Xn+-1) ™" F (x0)l < : (2.28)
1—Lotht1
Hence, we get by (2.27), (2.28) and the first substep of method (1.20 that
Yat1 = Xorall = I1F (o) " FO)IITF (x0) ™ F (o)
< (Ka(tht1 — sn) + (S0 — tn)) + K3(Sn — tn))(tnt1 — Sn)
- 1— Loty
= Spt1 — Inta, (2.29)

since K4 = Ky + K3, showing (/) for m = n+ 1. Then, we also have

A

IVo+1 =0l < I¥os1 = Xogall + [ Xns1 — Xol|

< Spt1 — the1 + thr1 — So = Spt1 < Sk,
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S0 Ynt1 € Ulxo, s.]. Operator A !, shall be shown to exist

IF"(x0) ™ (A1 — F'(x0))

SO

1AL F' (o)l <

n+1

<

IN

IN

I (x0) ™ (Iyns1, Xo1: Fl = F'(x0)) |

+1F' (x0)  (Wnt1: Xo+1; F1 = F'(Xn41)) |

1

K1(|yn+1 — Xoll + l1Xn+1 — x0ll) + K3||¥n+1 — Xnt1]|

Ki(Sn41 + tag1) + Ka(Spp1 — thyr) < 1,

1 — (Ki(spt1 + thr1) + K3(Spr1 — thr1))
By the first substep of method (1.2), we can write

F(Yn+l) = F(Yn-i—l) - F(Xn—l-l) - F/(Xn-l-l)(Yn-‘rl - Xn+1),

SO

_ K K
||F/(X0) 1F(yn+1)|| < §||Yn+1 —Xn+1||2 < §(5n+1 - tn+1)2,

SO

|Xn+2 — Ynt1l]

IN

AL F o)l F (x0) " F (Ynsn) |

K(5n+1 - tn+1)2

2(1 — (Ki(spy1 + tay1) + Kz(Sng1 — tay1)))
tn+2 — Sp+1.

showing (//;) for m = n+ 1. We can get

[1Xn+2 = Xol|

A

<

| Xn42 = Yatr1ll + [[Ya+1 — oll

thi2 — Spg1 + Spt1 — to = thyo < Sk,

S0 Xpt2 € U[xp, S«]. Furthermore, we obtain

|Xn+1 — Xal|

< Xng1 = Yall + 1yn — Xall

= tpt1 —Sn+Sp— th = thy1 — ty,

(2.30)

so sequence {x,} is fundamental in a Banach space B, so it converges to some x, € U[x, Si]. By

letting n — oo in (2.27), we obtain

IF" (x0) ™" F (k)

<

so F(x«) = 0 by the continuity of F.

(Ka(tas1 — sn) + Ka(sp —

A uniqueness of the solution result is given next.

PROPOSITION 2.3. Suppose:

tn))(Sn+1 — Sn) — 0,
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(i) There exists a simple solution x, of equation F(x) = 0.

(it) There exists 5 > s, such that
LQ(§ + S*) < 2.
Set Q1 = U[xp, 5] N Q. Then, the only solution of equation F(x) = 0 in the region Q1 is X.

Proof. Let X € 27 with F(X) =0. Let M = fol F'(X 4+ 6(x, — X))d6. Then, in view of (A2) and

(i), we obtain

1
IF(x0) (M = F'(xo))ll - < Lo/O [(1 = )lIx = xoll + 6lIx« — xol[]d6

IN

L
7O(§+s*) <1,

S0 X = X, since M1 exists and M(x, — X) = F(x) — F(x) =0—0=0.
U

REMARK 2.4. Notice that s.. given in closed form can repalce s, in the conditions of Theorem
2.2

3. LocAL CONVERGENCE

As in Section 2 we develop some functions and parameters. Let L;, i = 0,1,2,3,4 be given

parameters. Define function ¢; on the interval 7 = [0, Lio) by

(t) = Lt
YR = o T o)
Notice that parameter
2 1
— il N
AT o+ L Lo 5.1
solves equation
(pl(t) =1.

Define functions on the interval T by
q(t) = Low1(t)t — 1 and p(t) = (2L1(1 + ¢1(t)) + L)t

Suppose that these functions have smallest zeros ry and r, in (0, Lio) respectively. Let 5 =
min{rg, rp} and To = [0, r1). Define function @2 on Ty by
[ Lo1(2)
2(1 = Loy (2)1)
La(Lo+ L3)(1 + <P1(f))<01(t)]
(1= Lowa()t)(1 = p(1))

wa(t)

Suppose that function

wa(t) =1
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has smallest zero r, € (0, r1). We shall show that parameter
r=min{ra, rn} (3.2)

is a convergence radius for method (1.2). Let T3 = [0, r). Then, it follows by these definitions that

foreacht € T;

Lot <1 (3.3)
0 < pi(t) <1, (3-4)
0 < pi(t)t<1 (3.9)
0 < p(t)y<1 (3.6)
and
0<po(t)t <1 (3.7)
hold.

The conditions (H) to be used in the local convergence of method (1.2) are as follows.

Suppose:

(H1) There exists a simple solution x. € Q2 of equation F(x) = 0.
(H2) For each x € Q
IF'G)THF' () = F'(x )l < Lollx — x|
Set Qo = Ulx., -] N Q2.
(H3) For each x,y € Q
IF' () " (F'(v) = FTOOI < Lly = x]I,

IF'Ge) THF' () = F'Oa)ll < Lallly = xll + llx = xD),
IF ()~ Ly, x: F] = F'OO) < Lally = xll,

IF' ) ™Iy, x: F1 = F')Il < Lslly = x|
and
IF' ()T (O < Lallx = xl.
and
(H4) Ulx., r] C 2.
In view of conditions (H) and the developed notation we can show the local convergence result for
method (1.2).

THEOREM 3.1. Under the conditions (H), further suppose that xo € U(x«, r) — {x.}. Then, se-
quence {xx},{yn} generated by method (1.2) is well defined in U(xy, r), remains in U(xy, r) for

each k =0,1,2,... and converges to X.
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Proof. Let u € U(xs, r) — {x}. By (H1) and (H2), we get in turn that
IF () H(F'(u) = F'Oe))I| < Lollu = x| < Lor < 1,

so F'(u) is invertibale and

1

! -1 <
P Ol < 1o

(3.8)

Iterate yo is well defined by the first substep of method (1.2) and (3.8) for u = xp. Then, we can

write

Yo— X = xo—x— F'(x0) " F(x0)
= (F'(x) 'F'(x))

1
([ P A G+ 00— %))~ F(r0)) 000 — ).

(3.9)
By (3.2), (3.4), (H3), (3.8) and (3.9), we have in turn that
Lollxo — x:|?
— X« <
HYO H 2(1 — LO”XO _ X*H
Ll|xo — x|
~ 2(1 - Lollxo — 1)
< ulllxo = xlDlIxo = xill < llxo = x| < r (3.10)

so ¥o € U(x«, r). Next, we show linear operator A) is invertible. Indeed, using (3.2), (3.6), (H3) and
(3.10), we get in turn that

IF ()7 (Ao = F'(x)l - < IIF' ()™ ([0, x0: Fl = F/(x)l
HIF' () " (o, x0: F1 = F' (%))l
HIF () THF (30) = F'(x)

< 2L1(llyo = xill + [Ixo — x«l) + Lollxo — x|l
< 2L1(T+w1(llxo — xlD)lIx0 — X[l + Lllxo — x|
< p(llxo = xd) < p(r) <1,

so
1

1= p(lIxo = xl)
and iterate x; is well defined by the second substep of method (1.2) for n = 0. Then, we can write

1AG ' (x)ll < (3-11)

xi—X% = (o—x—F () FO0)+ F'() A — F'(%0))As F(v0).
(3.12)
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Using (3.2), (3.7), (H3), (3.8) (for u = xg, yo) and (3.10)—(3.13), we obtain in turn that

Ix1 =l < lyo —x — F'(%0) T F(30)l

HIF (o) HF (x)lllIF () ™ (Ao = F o) Il AG ' ()l () ™ F (o)

Lllyo — x? (Lo + L3)|lvo — xol|Lallyo — x|l
2(1 — Lollxo — x|l ~ (1 — Lollyo = x[)(1 — p(llxo — x«lI))
Vo([[x0 = X[ lIx0 — x| < llxo — x| < r,

IN

so x1 € U(xy, r), where we also used

IF'(6) ™ (A0 = F' o)l < IF' () "M ([vo, x0: F1 = F'(x0))l|

+IF (6) " (vo, x0: F1 = F'(y0))

< (Lo + L3)llyo — xoll < (Lo + L3)([Ivo — x|l + [1X0 — x«||)
< (Lo+ L3)(T+ @1(llx0 — xl)[Ix0 — x|l
and
1
IF'(x) T Fo)ll = ||/0 F'(x) 7 F (X + 030 — %)) d0(vo — x|

S L4||y0 - X*||2'
So, far showed
lyo = x«ll < @1(l[x0 = xIDlIxo — x|l < r

and

X1 = Xl < @2(llx0 = Xul[)lIXo — Xl < 1.
By simply replacing xg, ¥o, X1 by Xm, Ym, Xm+1 in the preceding calculations, we get
1ym = Xull < @1(llxm — Xl )l|Xm — x|l < r

and
IXmt1 = Xell < @2([1Xm — X)) [[Xm — Xc|| < .
Then, from the estimation

[IXme1 = xell < cllxm — x| < r, (3.13)

where oo = @o(||x0 — X«||) € [0, 1), limm—y00 Xm = X« and Ym, Xm+1 € U(Xs, r).

REMARK 3.2. By the definition of r, we see that

r<ra. (3.14)
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Parameter ra was shown in [4] to be a convergence radius for Newton’s method. Notice the radius

of convergence for Newton’s method given independently by Traub [35] and Rheinbold [29] is
2

rrp = ,
TR 3N

where L1 is the Lipschitz constant on 2. So, we have
TR < ra,

since L < L1 and Lo < M.

4. NUMERICAL EXPERIMENTS

We provide some examples, showing that the old convergence criteria are not verified but ours

are.
EXAMPLE 4.1. Define function

f(t) = 0gt + 61 + B>sinb3t, tg =0,

where 6;, j = 0,1,2,3 are parameters. Then, clearly for 83 large and 6> small, L—KO can be small

(arbitrarily).

EXAMPLE 4.2. Let B = By = U|0, 1] the domain of functions given on [0, 1] which are continuous.
We consider the max-norm. Choose Q = B(0, d), d > 1. Define F on Q be

1
F(x)(s) = x(s) — w(s) — E/ K(s, t)x3(t)dt, (4.1)
0
x € B,se[0,1],w € B is given, £ is a parameter and K is the Green’s kernel given by

(1 — 52)51, 51 < S

K(s2, s1) = {

52(1—51), S2§51.
By (4.1), we have
1
(F'(x)(2))(s) = z(s) — 35/0 K(s, t)x*(t)z(t)dt,

t € Bs €]0,1]. Consider xo(s) = w(s) =1 and |§| < %. We get
! 3 ! -1
I = F (o)l < glEl. Fi(x0)™" € L(B1B),

g, _ 12k

Fl(xo) 1 < Lo = ,
IF (x0) "l 5_31g' [0 T 85_3¢

—8-3f¢l’

’n:

K=gdh Ki=% and Ko =% = K.
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EXAMPLE 4.3. Let B = B; = R3 and Q be as in the Example 4.2. It is well known that the
boundary value problem [16]

P(0) =0,9(1) =1,
Y= — Ty’
can be given as a Hammerstein-like nonlinear integral equation

1
W(s) = s+ /O K(s, )(@3() + 97(8))dt

where T is a parameter. Then, define F : Q2 — T by

[FOII(s) = x(s) —s — /01 K(s, t)(x3(t) + Tx3(t))dt.

Choose xo(s) = s and Q2 = U(xo, ro). Then, clearly U(xg, r0) C U(O, rp + 1), since ||xof = 1.
L

Suppose 2T < 5. Then, by conditions (A) are satisfied for Lo = w, K= %, K =

and Ko = % = Ksz. andn = 51_+2TT. Notice that Ly < K.

The rest of the examples are given for the local convergence study of Newton’s method.

EXAMPLE 4.4. let B= By = R3, Q = U0, 1] and x* = (0,0,0)!". Define mapping E on Q for

A= ()\1, >\2, >\3)tr as
e—1
2
1
Then, conditions (H) hold provided that Ly = e — 1,L = elo and My = e, since F'(x*)™! =
F'(x*) = diag{1,1,1, }. Notice that

EN\) = (eM —1, A3+ A1 A3)

Lo < L < My,

Lo L
—7,L4—L, Lg—L3—§.

rrr = 0.2453 < rq = 0.3827, r = 0.2124.

Ly

Hence, our radius of convergence is larger.

EXAMPLE 4.5. Let B = By and Q2 be as in Example 4.2. Define F on 2 as

1
Flo1)(x) = @1(x) - /O xo1()2d
Then, we obtain .
F(01(11))(x) = Pr(x) — 3 [0 xior ()P ()

for all 41 € Q. So, we can choose Lo =1.5,L = My = 3.

L
leg, Lo=1, Lly=13=

N | ™~

But then, we get again

rrr = 0.2222 < rp = 0.3333, r = 0.2663.
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5. CoNcLUSION

Ostrowski’s method was revisited and its applicability was extended in both the semi-local
and local convergence case. In particular, the benefits in the semi-local convergence case include:
weaker sufficient convergence criteria (i.e. more starters xo become available); tighter upper bounds
on ||Ixk+1 — Xk|l. ||xk — x«|| (i-e., fewer iterates are computed to reach a predecided error accuracy)
and the information on the location of x. is more precise.

The results are based on generalized continuity which is more general than Lipschitz continuity
used before. Our two techniques are very general and can be used to extend the applicability of

other methods.
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