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ABSTRACT. In this paper, we give necessary and sufficient conditions in terms of M(f), the
Mehler-Fock-Clifford transform of f , to ensure that f belongs either to one of the generalized
Lipschitz classes H.' and hy' for a > 0.

1. INTRODUCTION AND PRELIMINARIES

Boas results are one of the classical topics in harmonic analysis and approximation theory
which consists in finding necessary and sufficient conditions on the Fourier coefficients of a func-
tion to belong to a generalised Lipschitz class.

In 1967, Boas proved the first characterisation of this type, see [5]. Since then, this theory has
been widely studied by several authors.

In [5] and [6], the author has studied the continuity and smoothness properties of a function f
with absolutely convergent Fourier series. He gave the best possible sufficient conditions in terms
of the Fourier coefficients of f which ensure the belonging of f either to one of the Lipschitz
classes Lip(«) and lip(«) for some 0 < o < 1.

Tikhonov, in [8] and [9], considered the cases of cosine and sine series separately. Re-
cently, Volosivets have published two papers.

In this paper, we will see an analogue of this theory for the Mehler Fock-Clifford.

We will try to complete the work done in our research laboratory on this theory, see [10] and [11].
To do this, we will start by recalling the necessary results of this transformation that we need
to study this theory.

Let LP(R™, du) the space of measurable function on [0; 4+o0] satisfying:

11l = ( / +°° rf<x>|pdu<a:>)’l’ < +0,
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if 1 <p< 400 and
[flloc = esssupyer+|f(@)],

if p =400 and p is a positive measure.

Loc(R™) the space of locally integrable functions.

Definition 1.1. Pzﬁ_%(:n) is cone function (associated Legendre function of zero order) and it

is represented in terms of Gaussian hypergeometric function oF as:

Pzﬁ—%( )—2F1( -i-zf—— \f,l,( ))

We are now going to see some properties of kernel P, 5 1 (2\/5) cited in [4]:
2

Lemma 1.2. For every positive integer m there exists M > 0 such that:
dm
‘d —P, 1(2f) < M cosh(mV')).

Lemma 1.3.

P51 (2v3)| < P_1(2V/3).

Using asymptotic behaviours of P_ (2\f ), we have:

Py 1(2V7) < C.

The theory and properties of Hankel-Clifford transform have already been studied by the several
researchers via [1] [2] and [3]. As per this argument the Legendre-Clifford function according
to [?] is defined as:

cos( \ft)

\/ T + cosht

Now we define the Mehler-Fock-Clifford (MFC) transform as:

FO) = (MHO) = [ )Py (VD)L

P 1(2f) £cosh ﬂf/ —— .

>0,

and its inversion:

(@) = (M~'F)(z) = %/m tanh(mA)P, 5y (2VE)F(N)dA o > i .

0
We will now move on to defining the operator that will play the role of the translation operator.

We define the symmetric function D(z,y, z) > 0 as:
[e.e]
D(z,y,z) :/0 tanh(rVA) Py 51 (2V2) P, /51 (V) P51 (2v/2)dA

1
where D(z,y,y) = 2(16,/zyz+1—4z—4y—4z)" 2 for z € I,y and D(z,y, z) = 0 otherwise with

— ]4\/97— [(495 —1)(dy — 1)}%;4\/@+ [(495 —1)(4y — 1)}% {
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Now using the inversion of MFC-transform, then we have:

Pix a1 Va)Bs 1 (2Vy) = /;O D(z,y.2)P,y5_1 (2\/2)57?

o0 dz
D — =1
f, Pz

The translation operator is defined as:

(T f)(y / D(z,y, 2) )df,

and

and we see that:
Pos 1 VD) Ps 1 (V) = (Ta(Prys_1(2V2)) ).

Theorem 1.4. [/] If f € Ll(]i;—l—oo;x_%dx), then the MFC-transform of the translation
operator checks the following property:

M(Tpf)(A) = P51 @VR)(MF)(N).
If f € LY(R*,dp) then f verifies the propreties of Theorem 1.4

2. MAIN RESULT
We define differences of the order m, m € N by
m () = [(1 + P V) + Th] " .
We have that:
MAT AN = (1+ Po(2VR) + Pz 1 (2VR)) M),
By using de formula of inversion of Mehler-Fock-Clifford we get:
mf(z) = % /O e tanh(mv/\) P, ﬁ_%(zﬁ)@ + P_Tl(zx/ﬁ) + Piﬁ_%(%/ﬁ))mM( FYA)dA.

So:

@< [

In what follows, to simplify the writing of equalities, we will denote:

dvz(\) = tanh(rv/\)| P, Vio1 (V).

tanh(rVA) P, 53 (V) (14 Po@VR) + Pz 5 (V)" M) ’dk.

Since tanh(\) > 0 for every A € R, then v, is a positive measure. Then:

AR f(z)] < ;/;oo (1 +P-1(2vh) +Piﬁ_%(2\/ﬁ)>m|M(f)()\)|dvx(>\)

Now, we define the generalized Lipschitz H]* and h])'.
A function f:R — R is said belong to HJ' for a > 0 if:

S f(x) = /Om (1+ P_i(2Vh) + Piﬁ_%(2\/ﬁ))m|M(f)()\)]dvx()\) < 400,
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and
op' f(z) = O(h®),

as h — 0, and is said belong to A" for a > 0 if:

i@ = [ (14 Pa@VR)+ Pz 4 @VR) " [MDM)]de) < oo,

0

and
o' f(z) = o(h®),

as h — 0.
It’s clear to see that if f € H', then:

|AR'f(2)] = O(h%),
and if f € A2, then:
|AR f(2)] = o(h®).
We know that:
|me%(2\/ﬁ)| < P_1(2Vh).

2
So
—P_1(2Vh) < Piﬁ_%@fh) < P_1(2vh).
Then:
LS 1+ P, 5 1(2Vh) + PLy(2Vh) < 1+42P_1(2Vh).

Now, we will prove a result that will be used to prove the first result in this paper.

Lemma 2.1. Let g be a non-negative, measurable function defined on RY, and m € N. Then:

(1) if 0 < a < m is given number, x™g(x) € LY(R*, dp) N Lipe(RY) such that p is a positive

measure and
y
e g@dutz) = 0™, (2.1)
for every y > 0. Then g € L*(Jy; +oc[,du) and

/y " g(@)dulz) = 0y, (2.2)

for every y > 0.

(2) Conwversely, if 0 < a < m and (2.2) holds, then (2.1) also holds.

Proof.
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(1) By (2.1) we have that:

2k+1 2k+1

[ amg@dn@) < [0 amg@dute) < o,
2 0

So
2k+1
/k 2" g(x)du(z) < Com—o—katmk
2
Since
2k+1 2k+1
2 [ g@dute) < [ amg@du(o)
ok ok
We get

2k+1

/2 g(x)dp(z) < C2mmohe

k

+oo
/ g(x)du(z) = C2m™ ¢ (2_0"C 4o+ ),
2

k

If 0 < y < +00, let k € Z such that 28 <y < 2F+1 5o

+oo +o0
| s@adna) < [ g@)duta),
y 2

S 012—ak7

— 20(6112704(]64»1)’

S 2a01y—oc.
Then

+00 o
| s@du@) = 0.
Yy

and

g € L'(Jy; +oo[, du).

(2) By (2.2), there exists ¢ > 0 such that:

[ ownta) < [ glapinte) < 0@
2 2
So:

2k +oo
[ emg@duta) <27 [ g(w)duta) < c@)
2

k-1 2k—1
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Then:
2k
/ gla)d(x) < Cy(2Fm=e) 4 olibmee) 4 )
Qk—l
1
m—a)k «
< G2 a2,
— 2(1012704(164»1),
_ o (st

If 0 < y < +00, let k € Z such that 2F < y < 281 5o

ok+

[ emg@dnta) < [ emg(a)duta),
< CQQ(kJrl)(m*a)’
_ (y2(m=a)gk(m—a)
< CQQ(mfa)ymfa.

Which shows that:
Yy
e g@dutz) = 0™

m We will see the first main result of this paper.

Theorem 2.2. Let f : RY — R, m € N and f € LY(R™, du) such that p is a positive measure.
(1) Suppose that f € LY(RY du) N C(RY). If

[ AP o, () = 02 2), (23

for every y > 0. Then M(f) € L*(Jy; +ool, dvz(\)) and f € H™
(2) Conwversely, suppose that f € L*(RT, du), M(f) € L*(Jy; +oo[, dve(N)). If f € HZ then
(2.3) holds.

Remark 2.3. From Lemma 2.1 it follows that:
The statement (2.3) implies

/;OO IM(f)(N)ldve(N) = O(y™),

and

o f(z) < 400

Proof.
(1) by Remark 2.3 we have

/y+°o M (f)(N)|dvz(N) = O(y™?),

and
M(f) € L' (Jy; +ool, dvs(N)).
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We have that:

ST f(z) = /0 +°° tanh(7vX) P, ﬁfé(z\/@@ + P (2Vh) +PM,%(2\/E))T"M( f)(A)‘d)\.

Then
op' f(z) =6 + Iy,
such that:
I = /0 tanh(mVA) P, 5 1(2\F)(1 + P (2Vh) + Piﬁé(Q\/E))mM(f)()\)’d/\’
and

“+oo
[2:/1
"

By propreties of P, 5 1 we have that:
2

tanh(rv/0) P, /54 (2v/7) (14 Py (V) + Pz (2vR) " M f)()\)‘d)\.

< (142M)" K | tanh(xvA) P iy VEM( f)(A))dA.

h

ie oo
B< (200" [ Mol

By hypothesis we have

[T = Oz,
0

By Lemma 2.1 we get:

/1+°° |M(f)()\)|dvx()\) — O(h®).

To estimate I, set

o) = [ MW Ide ).

/Ox AF (N dA < x/(f & (\)dA

| A< a(ot@) - 6(0)).

We have that
So:

It follows that:
/ AP (N)d\ < a:/ [M(f)(N)|dvz (A

/\M N)ldos (A g—/ A (A

Upon an integration by parts, we obtain:

/ A (V) = zo(z) — / Y
0 0

_1 (= , B l T B .
— [Padir= 1 [ sar - o)

Then:

So:
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_1 T , 1 x
7/0 A (\)dA < ;/0 S(A)dA

—/)«ﬁ d)\</0 Nd\ = O(z™®).

Then

So, if £ — +o0

Then

/\M Ndvs (V) = O(z~).
So

[T M) = o).

It follows that

= O(h").
Then
' f(x) = O(h®) + O(h®).
So
o' f(x) = O(h®).
Which show that
feH).

(2) We have that:

[ Al < ()" [ Ml

So
[ < (2) [ b
Since
1< (14 Po(2Vh) + PM%(Q\/E))T”.
Then

[P < (2)7 [ (14 pavi+ by @) MO0

Since f € H[', so

|A|2m|M Wide ) = (2) o).
h

, we get:

[ e - of (£)).

[ AR ) () = 02 2).

Hence, for y = %

So:
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m Now,

Thus, (2.3) is holds.

to see the second main result of this paper, we will state and prove the following result:

Lemma 2.4. Let g be a non-negative, measurable function defined on R™, and m € N. Then:

(1)

Proof.
(1)

if 0 < a < m is given number, xg(z) € L*(RT, du) N Lioe(RY) such that p is a positive

measure and
e gta)dnta) = oty (2.4)

as y — +o0o. Then g € L*(Jy; +oo|,du) for y large and

+oo
/y g(2)dp(x) = o(y™), (2.5)

as Yy — +oo.

Conversely, if 0 < a < m and (2.2),(2.5) holds, then (2.4) also holds.

By (2.4) we have for every € > 0, ko € Z such that:
2k+1 2k+1
[ amg@dn@) < [0 amg@dute) < @,
2k 0
For every k > kg. Let k > kg, we have

2k+1

/k " g(x)du(x) < e2m—a—katmk
2

Since
ok+1 ok+1
2 [ g@dp(a) < [ a"g(w)uo).
We get
2k+1
|, g@ydua) < egmoahe
So
+oo
/ g(z)dp(x) < e2m™« (2_0‘k 4ol ),
2k
1
_ m—o —ak
= €2 T 27a2 ,
= 0162_ak,
with
2m70(
C i
T 1-2

Since € > 0 is arbitrary, then

[ atwpdute) = of27).

k
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For y — 400 we have that y > 2¥, so

+o0 +oo
| s@dn@ < [ g@dut).
y 2
it follows that
+o0o
/y g(x)du(x) = oly™),
and
g € L' (Jy; +oo[, dp),

for large y.
(2) By (2.5), for every e > 0, there exists ko € Z such that:

[ s@in@ < [ g@nta) < 7).
2

k—1 2k—1
So:
2k 2k
[ amg@dp@) <2 [ g(@)dp(a) < 2.
2k—1 2k—1
Then:
2k 2k
| @@ <2 [ g(w)n(a),
2k—1 2k—1
< 2km62—ak7
= e2k(m—a),
So
ok
/k 2™ g(x)dp(x) < e2tkotim=a) 4 eglk+)(m—a)
2%0
_ gkt 1)(m—a) L = 200D
- 1—gm-a
— 0262]6(7)170()7
with

1— 2(m—a)(k—ko+1)

1 —2m-«a
On the other hand, by the condition (2.3), we have

2 =

/02% 2™ g(x)dp(x) < C2mm ko,
So
2 2ko -
| aa@aute) = [ amg@)aute) + [ o"g@)du(e)

< Oy2m-ako | 022(m—k)k€ﬁ.
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For large k we get:

2k
/ 2™ g(z)dp(z) < 6(02 n 032<m—k>k2all> ok(m—a)
0 _

For y — 400 we have that y > 2%, so
Y 1
/0 2" g(x)du(x) < e(C’g + C32(mk)k>ym°‘.

Since € is arbitrary, then (2.4) holds.
The proof is completed.

m And here is the second main result of this paper:

Theorem 2.5. Let f:RT — R, m € N and 0 < a < 2m such that p is a positive measure.
(1) Suppose that f € L'(RY,du) N C(RY). If
Y
| IAE A v (3) = o(y™ ). (26)

as y — +oo. Then M(f) € L'(Jy; +oo[, dvy()\)) and f € B
(2) Conwversely, suppose that f € L'(RY du), M(f) € L'(Jy; +oo[,dv.(N\)). If f € hS, then
(2.3) holds.

Remark 2.6. From Lemma 2.4 it follows that:
The statement (2.6) implies

/y+°° IM(f)(N)|dva(X) = o(y™),

and

57 () < +oc.

Proof.
(1) by Remark 2.6 we have

/y+°° IM(f)(N)]|dvs(N) = o(y™®),

and
M(f) € L' (Jy; +oo], dvx(X)).
We have that:

i@ =

then

tanh(rVA) By 5y (2v/7) (1 Py (2VR) + Py (2VR)) "M f)()\)’d)\.

o' f(z) = I + Is,
such that:

1

1‘1:/E
0

tanb(rVA) B, 5y (2v/7) (1 P (2VA) 4 Pys s (2VR)) "M ( f)()\)’d/\,
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and

+oo
L=/

h

tanh(wﬁ)ﬂﬁ_%(2\/§)(1+P 2Vh)+ P, /5 1(2\F)) M(f)(A )‘d)\.

By propreties of P, 5 1 we have that:
2

+oo
I < (1—i—2M)m/1

h

tanh(rv/3) P, /5y (2v/2)M( f)(/\)‘d)\.

+oo
I < (L+2M)" [ (M) o ()

By hypothesis we have

T PR ) () = o)

B Lemma 2.4 we get:

/1+<>° |M(f)(A)|dvs(X) = o(h®).

h

To estimate I1, set

o) = [ 1MW) dos ().

/0 AN < o /0 " ()dA

| A ar < (o) - 0(0)).

We have that
So:

It follows that:
/)\gb )i < x/ IM(F)ON) | dva (A

JALITN e sf/w

Upon an integration by parts, we obtain:

/ AP (N)dv\ = x¢(x / (A
= [ = [Coar— o)
;1/09: A (VA < i/om d(A)dA

-1 T ’ 1 z —a _ —«
?/0 )\qﬁ()\)d)\g;/o o(ATY)d\ = o(z™ ).

Then:

So:

Then

Soif x — +o0o

Then
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So

1
|7 Bl = o).
It follows that
I = o(h).
Then
o1t f(x) = o(h™) + o(h%).
It follows that
oy f(x) = o(h®).
Which show that
fehy.
(2) We have that:
8

B om B\ &
[ oldem < (5) IO,

So
% - 3 2m . 4oo
LT ldem < (5) [ MO0
Since
1< (14 Po V) + Pz 1 (2VI)
Then

B

2 e "
LT le ) < (F) [ (14 Pa@va) + Bys V) M) dea (),

h

Since f € h]}, so

PR O e ) = (2) " oh).
| (%)

Hence, for y = %, we get:
Y om B é a—2m
[ v =of (2))

/Oy IMP™IM(f)(N)|dvog (N) = o(me*a)'
Thus, (2.3) is holds.

So:

Acknowledgment: The authors would like to thank the referee for his valuable comments and

suggestions.

Competing interests: The authors declare that there is no conflict of interest regarding the

publication of this paper.


https://doi.org/10.28924/ada/ma.6.14

Eur. J. Math. Anal. 10.28924/ada/ma.6.14

[1]

2]

3]

[4]

[5]

[6]

[7]

REFERENCES

J.M.R. Méndez Pérez, M.M. Socas Robayna, A pair of generalized Hankel-Clifford transformations and their
applications, J. Math. Anal. Appl. 154 (1991), 543-557.

A. Prasad, S. Kumar, Hankel-Clifford transformations on some ultradifferentiable function spaces and pseudo-
differential operators, J. Pseudo-Differ. Oper. Appl. 4 (2013), 551-567.

A. Prasad, V.K. Singh, Pseudo-differential operators associated to a pair of Hankel-Clifford transformations
on certain Beurling type function spaces, Asian-Eur. J. Math. 6 (2013), 1350039.

A. Prasad, S.K. Verma, The Mehler-Fock-Clifford transform and pseudo-differential operator on function
spaces, Filomat 33 (2019), 2457-2469.

P.P. Banerjee, G. Nehmetallah, M.R. Chatterjee, Numerical modeling of cylindrically symmetric nonlinear
self-focusing using an adaptive fast Hankel split-step method, Opt. Commun. 249 (2005), 293-300.

F. Méricz, Absolutely convergent Fourier integrals and classical function spaces, Arch. Math. 91 (2008),
49-62.

F. Moéricz, Higher order Lipschitz classes of functions and absolutely convergent Fourier series, Acta Math.
Hungar. 120 (2008), 355-366.

S. Tikhonov, Smoothness conditions and Fourier series, Math. Inequal. Appl. 10 (2007), 229-242.

S. Tikhonov, On generalized Lipschitz classes and Fourier series, Z. Anal. Anwend. 23 (2004), 745-764.
E.M. Loualid, A. Elgargati, E.M. Berkak, R. Daher, Boas-type theorems for the Bessel transform, Rev. R.
Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 115 (2021), 141.

E.M. Berkak, E.M. Loualid, R. Daher, Boas-type theorems for the ¢-Bessel Fourier transform, Anal. Math.
Phys. 11 (2021), 102.


https://doi.org/10.28924/ada/ma.6.14

	1. Introduction and preliminaries
	2. Main result
	Acknowledgment:
	Competing interests:

	References

