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ABSTRACT. This paper addresses the problem of individual defection (voluntary exit) in col-
lective cooperation. Based on an upper-bounded S-shaped contribution-payoff function, we
construct a Homogeneous Equal-Contribution Model and a One-Strong-n-Weak Heterogeneous
Model with a high-contribution agent. We strictly define and derive three core safety criti-
cal thresholds for collective cooperation: the failure threshold of equal allocation, the failure
threshold of proportional allocation, and the full stability threshold. Through rigorous algebraic
derivation and functional property analysis, we provide explicit closed-form solutions and solving
methods for all thresholds, prove the self-consistency of the model, and reveal the mechanisms
by which individual heterogeneity, group size, contribution intensity, and task attributes affect
the stability of collective cooperation. This paper provides a complete and unified mathematical

theoretical framework for the stability analysis of collective cooperation.

1. INTRODUCTION

The breakdown of collective cooperation often arises when an individual’s payoff from the
group is lower than their payoff from working independently, leading to voluntary exit. This core
contradiction is the endogenous conflict between individual rationality and collective rationality,
which has long been a central topic in cooperative game theory and social economics [1, 3].
Whether it is the dissolution of corporate teams, the breakdown of project alliances, or free-riding
in public goods provision, the underlying logic is the failure to satisfy individual participation
constraints [10].

Existing literature has made systematic contributions to this field: Fichtenberger H, Rey A [2]
and Magalldn A, Carreras F. [7] analyzed the core stability, strong stability, and equilibrium
properties of coalition structures and established the game-theoretic foundation of coalition
formation; Lin Y H, et al. [9] explored the underlying logic and evolutionary path of dynamic
coalition formation and characterized the time-varying changes of coalition structures; Weikard
H P. [15] and Yang S B, Tan Z F, Zhao R, et al. [16] focused on the incentive effects of fair
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allocation rules and the design of optimal sharing rules, and analyzed the impact of different
allocation mechanisms on the efficiency of coalition cooperation.

However, two key gaps remain in existing research. First, few studies have rigorously mathe-
matically characterized the underlying critical condition under which full non-defection is guar-
anteed regardless of the allocation rule adopted, failing to define the absolute safety boundary for
the survival of collective cooperation. Second, existing studies generally default to the assump-
tion that "higher total group contribution leads to stronger cooperation stability", ignoring the
realistic scenario that excessive total contribution, under the constraint of payoff upper bound,
will lead to individual independent payoff exceeding group allocation payoff, thus triggering
cooperation breakdown.

This paper takes rigorous mathematical derivation as the core, referring to the classical frame-
work of mathematical modeling of social group behavior [12,20,21]. We first present the basic
model and core definitions of collective cooperation, and rigorously prove the core properties of
the payoff function. Second, we derive the general form and necessary and sufficient conditions
for the three types of safety critical thresholds, and rigorously demonstrate the order relationship
between the thresholds. Subsequently, we analyze the critical conditions, explicit solutions, and
stability properties of the Homogeneous Equal-Contribution Model and the One-Strong-n-Weak
Heterogeneous Model respectively, and fully derive the erosion mechanism of heterogeneity on
cooperation stability. Finally, we present conclusions and policy implications. All thresholds in
this paper are upper-bound thresholds: the allocation rule is valid and cooperation is stable when
total contribution is below the threshold, while the rule fails and cooperation breaks down when
total contribution exceeds the threshold, which fully fits the realistic economic phenomenon of

"excessive investment leading to cooperation collapse".

2. MODEL CONSTRUCTION AND CORE DEFINITIONS

2.1. Basic Notation and Assumptions. Let the set of individuals in the collective be N =
{1,2,...,n}, where n > 2 (a collective includes at least 2 individuals). All individuals are fully
rational decision-makers, with the sole objective of maximizing their own payoff, and have perfect
information to accurately calculate their independent payoff and group allocation payoff [29].
The research ethics and privacy norms for individual decision-making refer to Hilmar N. [5].

The core notation of this paper is defined as follows:

e Let x; > 0 be the effective contribution of individual ¢, and the total effective contribution
of the collective is X = > 1" x;.
e The feasible allocation set ® is defined as the set of all allocation schemes satisfying

budget balance and non-negativity constraints:

=1
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where ; is the payoff allocated to individual ¢ from the total group payoff. The allocation
must satisfy two basic axioms: (1) Budget Balance Axiom: total payoff is fully allocated
with no surplus; (2) Individual Rationality Axiom: individual allocated payoff is non-
negative with no forced transfer payments. The axiomatic system of allocation rules
refers to Bich P, Laraki R. [14] and Oztiirk M. [17].

e Efficiency parameter k > 0, which characterizes the individualization attribute and co-
operation dependence of the task: the larger k is, the faster the independent payoff
grows with small individual contribution, the more suitable the task is for independent
work, and the weaker the scale effect of cooperation; the smaller k is, the slower the
independent payoff grows, the more the task relies on collective cooperation, and the
stronger the scale effect of cooperation.

e Maximum payoff upper bound A > 0, which characterizes the payoff ceiling of the
industry or scenario, a positive constant, meaning that the payoff cannot exceed this
upper bound regardless of the individual or collective contribution. The distribution

properties and economic implications of bounded payoffs refer to Oancea B, Pirjol D,
Andrei T. [18].

2.2. Contribution-Payoff Function and Core Properties. This paper adopts an upper-
bounded S-shaped contribution-payoff function, which conforms to the universal payoff law of
"first increasing marginal returns, then decreasing marginal returns, and finally converging to
the payoff upper bound" in reality, and is widely used in social dynamics and cooperative game
modeling [11]. The specific form is as follows:

- Individual independent payoff function:

(z) = Ak%x?
M D
- Total collective cooperation payoff function:
Ak?X?
YX)= ——

This function form ensures that individual independent work and collective cooperation follow
exactly the same payoff law, with only the difference in contribution scale, eliminating the
interference of function form differences on the results and ensuring the self-consistency of the

model.

Lemma 2.1 (Core Properties of the Payoff Function). The payoff function y(x) satisfies the
following four core properties:
(1) Non-negativity: For all x > 0, y(z) > 0 and y(0) = 0;
(2) Strict Monotonicity: y(x) is strictly monotonically increasing on [0, +00), i.e., for any
0 <y < 29, y(o1) < y(w2);
(3) Concavity and Convexity: y(x) is strictly convex on [O, ﬁ} and strictly concave on

1 . . . . 1.
[ﬁ, —i—oo), with the inflection point at x = NeTS)
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(4) Boundedness: lim y(x) = A, i.e., the payoff has an absolute upper bound and cannot

T——+00
exceed A.

Proof. (1) Non-negativity: Since A > 0,k > 0,z > 0, the numerator Ak?z% > 0 and the
denominator 1+ k222 > 0, so y(x) > 0. Substituting = 0 gives y(0) = 0.
(2) Strict Monotonicity: Take the first derivative of y(x):
; d Ak?2? 2AK%x
()= — 2.2 | = 2.,2)2
dx \ 1+ k*z (14 k222)

For all z > 0, y/(x) > 0, so y(x) is strictly monotonically increasing on [0, 4+00).

(3) Concavity and Convexity: Take the second derivative of y(z):

M) = d [ 24Kz )\ 24K*(1 - 3K*a®)
¥\ =1 A+ k222?) = 1+ k223

The denominator (1 + k%z2)3 > 0 always holds, so the sign of the second derivative is

_1
V3k’
strictly convex; - When = > ﬁ, y"(x) < 0, the function is strictly concave; - When

determined by the numerator 1 — 3k%z% - When z < y"(z) > 0, the function is
x = ﬁ, y"(x) = 0, which is the inflection point of the function.
(4) Boundedness: Calculate the limit of y(x) at infinity:
. () = 1 Ak222 B
a:—l>I—|I—1c>oy )= x—1>1—;r—loo 1+ k222
The proof is completed. The proof is based on the classical monotonicity, concavity-convexity

judgment theorems and limit operation rules in mathematical analysis [26, 28]. O

Lemma 2.2 (Core Properties of the Unit Contribution Payoff Function). Define the unit con-
tribution payoff function as r(zx) = @ (x > 0), which satisfies the following properties:

(1) Explicit Form: r(x) = ﬁ’;—iﬁg;

(2) Unimodality: r(x) is strictly monotonically increasing on (0, H and strictly monotoni-
cally decreasing on [%, —|—oo>, reaching the mazimum value ryqy = % at x = %;

(3) Limit Properties: xlgg+ r(z) =0 and xll)rfoor(x) =0.

Proof. The proof is completed by direct algebraic simplification and first-order derivative anal-

ysis, consistent with the method in Lemma 1.1. O

This lemma is the core foundation for the derivation of the proportional allocation failure
threshold, and clarifies the unimodal characteristic of unit contribution payoff, providing a rig-

orous basis for subsequent inequality derivation.

2.3. Strict Mathematical Definitions of Core Concepts. All core definitions in this paper
are based on the individual rationality axiom, and are strictly aligned with the participation

constraint and coalition stability definitions in cooperative game theory [2,7].
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Definition 2.1 (Defection Condition). For individual i, if for Yo € ® (all feasible allocation
schemes), we have

vi < y(xi)
then individual i is said to inevitably defect.

Its essential economic implication is: mo matter how the total group payoff is allocated to this
individual, the mazximum payoff they can obtain in the group is lower than their payoff from
working independently. Defection is the strictly dominant strategy for this individual, and no
allocation rule can retain them.

If there exists at least one feasible allocation scheme ¢ € ® such that

wi > y(x;)

then individual i is said to have no defection motivation and satisfies the individual participation

constraint.

Definition 2.2 (Safety State (Full Non-Defection Condition)). If there exists a feasible alloca-
tion scheme ¢ € ® such that for Vi € N (all individuals), we have

©i > y(x;)

then the collective is in a safety state; otherwise, it is in an unsafe state.
The essence of an unsafe state is: at least one individual inevitably defects, the collective
cooperation has endogenous breakdown risk, and no allocation rule can achieve full stable par-

tictpation.
Definition 2.3 (Failure Threshold of Allocation Rule). For a given allocation rule

@(X) = (Spl(X)v‘pZ(X)a .- 'a‘pn(X))

if for Vi € N, we have p;(X) > y(z;), then the rule is valid and can achieve full non-defection;
otherwise, the rule is invalid.

All thresholds in this paper are upper-bound thresholds: under a fixed contribution proportion
structure, the allocation rule is valid when the total contribution X is lower than the threshold,
and the rule fails when the total contribution X exceeds the threshold. The failure threshold is
the boundary total contribution X where the rule changes from valid to invalid. The definition

of strategy-proof allocation rules refers to Rodriguez-Alvarez C. [8].

3. GENERAL FORM OF THE THREE TYPES OF SAFETY CRITICAL THRESHOLDS

Based on the above definitions, this section rigorously derives the necessary and sufficient
conditions, explicit expressions, and existence proofs of the three core safety critical thresholds,
and strictly demonstrates the order relationship between the three types of thresholds. This
paper fixes the contribution proportion structure, i.e., the relative proportion of individual

contributions remains unchanged, and the total contribution X is the only variable. This setting
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ensures that the relative proportion of individual independent payoffs is fixed, eliminating the
interference of contribution structure changes on the thresholds.

A unified core logic runs through this paper: the failure of equal allocation, the failure of
proportional allocation, and collective unsafety are all essentially homologous: there exists at
least one individual whose payoff from independent work is strictly greater than the payoff they
can obtain under the collective allocation rule. As long as this condition holds, defection is
the strictly dominant strategy for the individual, and collective cooperation has endogenous
breakdown risk. The three types of thresholds are only specific manifestations of this core logic

under different allocation rules.

3.1. Failure Threshold of Equal Allocation. Equal allocation is the most basic allocation
rule, where all individuals equally share the total group payoff regardless of individual contribu-

tion differences, and is widely used in flat, low-heterogeneity collective cooperation scenarios [25].

Definition 3.1 (Equal Allocation Rule). The equal allocation rule is defined as: for Vi € N,

the payoff allocated to individual i is
eq Y(X)
Yy =
n
i.e., the total group payoff is equally distributed to all individuals, and each individual receives

exactly the same payoff.

Theorem 3.1 (Failure Threshold of Equal Allocation). The necessary and sufficient condition
for the equal allocation rule to be valid is
>n- ;
Y(X) 2 n-maxy(z)
The failure threshold total contribution X, of equal allocation satisfies
Y (Xeg) =n - maxy(x;)
When the total contribution X > X4, the equal allocation rule is invalid; when X < X, the

equal allocation rule is valid.

Proof. Necessity: If the equal allocation rule is valid, then for Vi € N, we have

Y (X)

n

> y(z;)

This inequality holds for all individuals, so it must hold for the individual with the maximum

independent payoff, i.e.,

Y(X
(n ) > riré%(y(xi)

Multiplying both sides by n gives the necessary condition.
Sufficiency: If Y(X) > n - max;en y(x;), then for Vi € N, we have

)(X)
) < maxylx:) < =
y( Z)_ieNy( 1)_ n

eq
)
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i.e., the equal allocation rule satisfies the participation constraints of all individuals, and the
rule is valid.

The failure threshold is the boundary state between valid and invalid, i.e., the state where
the inequality takes the equal sign, corresponding to the critical total contribution Xeq. The

proof is completed. 0

Essential Interpretation: The core reason for the failure of equal allocation is that the in-
dividual with the highest contribution and maximum independent payoff has an independent
payoff exceeding the equal allocation payoff. That is, there exists an individual ¢ such that

Y(X)

y(z;) > ==, this individual will inevitably defect, and the equal allocation rule fails, which

fully fits the unified core logic of this paper.

3.2. Failure Threshold of Proportional Allocation. Proportional allocation (distribution
according to work) is the most widely used allocation rule in reality, where individual payoff is

proportional to their own contribution, reflecting the core logic of "more work, more pay" [23,24].

Definition 3.2 (Proportional Allocation Rule). The proportional allocation rule based on con-

tribution proportion is defined as: for Vi € N, the payoff allocated to individual i is

pT‘Op:&YX
i ~ ¥ (X)

i.e., individual payoff is proportional to the ratio of their own contribution to the total contribu-

tion, the higher the contribution, the more payoff is allocated.

Theorem 3.2 (Failure Threshold of Proportional Allocation). The necessary and sufficient

condition for the proportional allocation rule to be valid is

VX))
X iEN 1
x; >0

The failure threshold total contribution X ., of proportional allocation satisfies
Y (X ;
Kpro) _ 90
Xprop ;fi\(f) T
When the total contribution X > Xy.p, the proportional allocation rule is invalid; when X <

Xprop, the proportional allocation rule is valid.

Proof. Necessity: If the proportional allocation rule is valid, then for all individuals ¢ € N with
x; > 0, we have

FY ) > ()

Dividing both sides by x; (z; > 0, the direction of the inequality remains unchanged), we get
Y(X) _ ()

X T oz
For individuals with x; = 0, ™" = 0 > y(0) = 0, the inequality holds automatically without

additional constraints.
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This inequality holds for all individuals with z; > 0, so it must hold for the individual with

the highest unit contribution payoff, i.e.,

VX))
X iEN 1
x; >0

The necessity is proved.

( )

Sufficiency: If > max;cn ( Z) , then for all individuals ¢ € N with z; > 0, we have

x; >O
wo) vl V(XD
T; iEN  x; X
x; >0

Multiplying both sides by x;, we get
"y
y(a:) < FY(X) =™

For individuals with x; = 0, the inequality holds automatically. Therefore, the proportional
allocation rule satisfies the participation constraints of all individuals, and the rule is valid. The
sufficiency is proved.

The failure threshold is the boundary state between valid and invalid, i.e., the state where
the inequality takes the equal sign, corresponding to the critical total contribution X;op. The

proof is completed. 0

Essential Interpretation: The core reason for the failure of proportional allocation is that there
exists at least one individual whose unit contribution payoff from independent work exceeds the
overall unit contribution payoff of the collective. That is, there exists an individual 7 such that
y(z4) N Yg?()

o , at this time, even with distribution according to work, the payoft allocated to

this individual is still lower than the independent payoff, they will inevitably defect, and the

proportional allocation rule fails, which fully fits the unified core logic of this paper.

3.3. Full Stability Critical Threshold. The full stability critical threshold is the underlying
boundary for the survival of collective cooperation, which characterizes the minimum require-
ment for "full non-defection regardless of the allocation method adopted", and is a necessary

condition for the stability of collective cooperation.

Theorem 3.3 (Full Stability Critical Threshold). The necessary and sufficient condition for

the collective to be in a safety state is
n
> ylx)
i=1
The full stability critical total contribution Xqp. of the collective satisfies

n
safe Z -rz

When the total contribution X > Xyupe, the collective is in an unsafe state; when X < X.fe, the

collective is in a safety state.
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Proof. Sufficiency: If Y(X) > >, y(z;), construct the allocation scheme:

Y(X) =Sy
i = y(x;) + (X) n“y(x), Vie N

First, verify feasibility:

Z%‘ = Zy(fﬂi) + (Y(X) - ZM%‘)) =Y (X)

i=1 i=1 i=1
which satisfies the budget balance axiom; at the same time, since Y (X) — >, y(x;) > 0, we
have ¢; > y(xz;) > 0, which satisfies the non-negativity constraint. This allocation scheme
belongs to the feasible allocation set ®.
Second, verify the participation constraint: for Vi € N, we have ¢; > y(x;), so the collective
is in a safety state. The sufficiency is proved.
Necessity: If the collective is in a safety state, then there exists a feasible allocation scheme

¢ € ® such that for Vi € N, we have ¢; > y(x;). Summing both sides of the inequality, we get
n n
Y(X)=> 0> yl)
i=1 i=1

The necessity is proved.
The full stability threshold is the boundary state between safety and unsafety, i.e., the state
where the inequality takes the equal sign, corresponding to the critical total contribution Xg,s.

The proof is completed. O

Essential Interpretation: The core reason for collective unsafety is that the total group payoff
is insufficient to cover the sum of the opportunity costs of independent work of all individuals.
At this time, even if the total group payoff is accurately allocated completely according to the
individual independent payoff, it still cannot meet the participation constraints of all individuals.
There must be at least one individual whose independent payoff exceeds any feasible allocation,
and they will inevitably defect, leading to the breakdown of collective cooperation, which fully
fits the unified core logic of this paper. This theorem reveals the underlying boundary of the
survival of collective cooperation, which is fully consistent with the participation constraint

conditions for heterogeneous agent coalition formation in Castaneda Alvarez D C. [6].

3.4. Order Relationship of Critical Thresholds. This section rigorously demonstrates the
order relationship of the three types of upper-bound critical thresholds, and clarifies the strin-

gency and valid interval of different allocation rules.

Theorem 3.4 (Strict Order of Upper-Bound Critical Thresholds). Under a fized contribution
proportion structure, the three types of upper-bound critical thresholds satisfy the strict order

relationship:

Xeq < Xpmp < Xsafe
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Its economic implication is: the equal allocation rule has the narrowest valid interval and the
strictest requirements; the proportional allocation rule is the second; the full stability condition

has the widest valid interval and the loosest requirements.

Proof. We prove the order relationship in two strict steps, with the core logic that "the stricter
the rule, the narrower the valid interval, and the smaller the upper-bound critical threshold".

Step 1: Prove Xeq < Xprop, i-€., "Valid Equal Allocation = Valid Proportional Allocation"
If equal allocation is valid, by Theorem 2.1, we have

Y(X) 2 n-maxy(z;)

Let the individual with the maximum independent payoff be s, i.e., y(zs) = max;en y(z;). By
Lemma 1.1, y(x) is strictly monotonically increasing, so s = max;ey Z;, i.e., the individual
with the highest contribution is also the individual with the maximum independent payoff.

By Lemma 1.2, the unit contribution payoff function r(x) is strictly increasing when x < %

%, so the maximum value max;e y(;i)

and strictly decreasing when x > must correspond to

the individual s with the highest contribution, i.e.,

e 1) 92
ieN  x; T
Valid equal allocation implies:
Y(X) _ ny(z)
X - X
The total contribution X = Y1 ; x; < nzs (since z, is the maximum contribution), so ¥

1
T’
therefore
YX) |yl |y )
X X T iEN 1
By Theorem 2.2, this is exactly the necessary and sufficient condition for valid proportional

allocation. Therefore, valid equal allocation necessarily implies valid proportional allocation,
indicating that equal allocation has stricter requirements and a smaller upper-bound critical
threshold, i.e., Xeq < Xprop-

Step 2: Prove Xprop < Xgafe, i.€., "Valid Proportional Allocation = Collective Safety" If

proportional allocation is valid, by Theorem 2.2, we have
L(X) > max L(%)

iEN X5
Therefore, for Vi € N, we have
y(w) _ Y (X)
z; X
Multiplying both sides by x;, we get
2
y(mi) < Y (X)

Summing over all individuals, we get

Zy(acz) < Y;X) sz =Y (X)
i=1 i=1
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By Theorem 2.3, this is exactly the necessary and sufficient condition for collective safety. There-
fore, valid proportional allocation necessarily implies collective safety, indicating that propor-
tional allocation has stricter requirements and a smaller upper-bound critical threshold, i.e.,
Xprop < Xsafe-
Combining the two steps of proof, we obtain the strict order of the three types of critical
thresholds:
Keq < Xprop < Xsafe

The proof is completed. O

Corollary 3.1 (Coincidence of Critical Thresholds under Homogeneous Contribution). When
individual contributions are homogeneous, i.e., x; = x,¥i € N, the three types of critical thresh-

olds are completely coincident, i.e.,
Xeq = Xpmp = Xsafe

y(zs) _ ylx) 1 y(x;) = ny(z). Substitut-

x; x

ing into the three threshold conditions, we find that all three thresholds satisfy Y (X) = ny(z),
so they are completely equal. The proof is completed. [l

Proof. When x; = x, max;en y(x;) = y(x), max;en

This corollary shows that when individual contributions are completely homogeneous, the
valid intervals of the three rules are completely coincident: either all are valid or all are invalid,

with no intermediate state.

Corollary 3.2 (Stability Domain Division under Heterogeneous Contribution). Based on the
strict order of critical thresholds, according to the size of the total actual contribution X, the

stability of collective cooperation can be divided into four non-overlapping domains:

(1) Full Stability Domain: X < X, both equal allocation and proportional allocation are
valid, the collective is in a safety state, there are infinitely many feasible allocation rules
to achieve full non-defection, and the collective stability is the strongest;

(2) Proportional Stability Domain: Xeq < X < Xprop, equal allocation is invalid, but pro-
portional allocation is valid, the collective is still in a safety state, and full non-defection
can be achieved through distribution according to work;

(3) Limited Stability Domain: Xprop < X < Xgafe, both equal allocation and proportional
allocation are invalid, but the collective is still in a safety state, and collective stability can
only be maintained through differentiated allocation rules tilted towards high-contribution
individuals;

(4) Full Failure Domain: X > Xgupe, the collective is in an unsafe state, there is no fea-
sible allocation rule to achieve full non-defection, individuals will inevitably defect, and

collective cooperation will inevitably break down.

This corollary fully characterizes the stable state of collective cooperation under different

total contribution levels, and clarifies the applicable boundaries of different allocation rules.
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The impact mechanism of individual heterogeneity on the degree of allocation inequality and

cooperation stability refers to Victoria-Feser M P. [19].

4. HOMOGENEOUS EQUAL-CONTRIBUTION MODEL

This section analyzes the Homogeneous Equal-Contribution Model where all individuals have
exactly the same contribution, derives the explicit closed-form solutions, properties and stability
domain division of the critical thresholds, and provides a benchmark reference for the hetero-
geneous model. The research on homogeneous individual alliances refers to Wakita D, Sobu Y,
Kaneko N, et al. [4].

4.1. Model Setting. Let the total number of individuals in the collective be n (n > 2), and

the effective contribution of all individuals is exactly the same, i.e.,
ri=x, VieN

The total effective contribution of the collective is
n
X = Z T; = Nx
i=1

All other notation, payoff functions, and core definitions are consistent with Section 1, with no

additional assumptions.

4.2. Explicit Solution of Critical Thresholds. By Corollary 2.1, the three types of critical

thresholds are completely coincident under the Homogeneous Equal-Contribution Model, so we

only need to solve the full stability threshold to obtain the explicit solutions of all thresholds.
By Theorem 2.3, the safety critical condition is

n

Y(X) =) y(ai)

i=1
Substituting the payoff function and X = nx, we get
Ak?(nz)? Ak22?

_— N
1+ k%2(nx)? 1+ k222
Both sides of the equation are positive, and the common constant Ak2z2 can be canceled out

(x > 0), giving
n2 n
1 +k2n2x2 - 1 + k2$2

Dividing both sides by n, we simplify to

n _ 1

14+ k2n222 1+ k222

Cross-multiplying and expanding (all terms are positive, the direction of the inequality remains

unchanged):

n(1+ k*z?) = 1 + k*n?2?
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Expanding the left side:

n+ nk’z? =14 n2k2z?
Moving terms, we move the terms containing x? to the right and the constant terms to the left:

n—1=n2k?2? — nk*z?
Extracting the common factor nk2z? on the right side:

n—1=nk?2*(n—1)
Since n > 2, n — 1 > 0, we can cancel out n — 1 on both sides, getting
1 = nk?2?

Rearranging gives the explicit solution of the individual critical contribution:
1
= —
Vnk

The corresponding total contribution critical threshold is:

Combined with Corollary 2.1, the three types of critical thresholds are completely coincident

under the Homogeneous Equal-Contribution Model, i.e.,

% n
Xsafe = Xprop = Xeq =X"= \kr

The algebraic equation solving and simplification in this section are based on the basic theory

of polynomial operations [27].

4.3. Property Analysis of Critical Thresholds. Based on the above explicit solutions, this
section derives the core properties of the critical thresholds under the Homogeneous Equal-
Contribution Model, and reveals the impact mechanism of group size and efficiency parameters

on the stability of collective cooperation.

Corollary 4.1 (Invariance of Critical Thresholds in Equal-Contribution Model). Under the Ho-
mogeneous Equal-Contribution Model, the three types of safety critical thresholds are completely
coincident, there is a unique explicit closed-form solution for the individual critical contribution
and total contribution critical threshold, and the critical thresholds are only determined by the

group size n and efficiency parameter k, independent of the payoff upper bound A.

Proof. From the derivation results in Section 3.2, the individual critical contribution is
1
= —
Vnk

The total contribution critical threshold is

X" =

=[5
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In the process of solving the critical thresholds, the payoff upper bound A is completely canceled
out on both sides of the equation, so the critical thresholds are independent of A; at the same
time, by Corollary 2.1, the three types of critical thresholds are completely coincident under

homogeneous contribution. The invariance is proved. U

This corollary shows that in a homogeneous equal-contribution collective, the height of the
payoff ceiling does not affect the critical threshold of cooperation stability, which is only deter-

mined by the cooperation dependence and group size.

Corollary 4.2 (Scale Effect of Group Size). Under the Homogeneous Equal-Contribution Model,
the total contribution critical threshold X*(n) is strictly monotonically increasing with the in-
crease of group size n, and satisfies the limit property:

A X0 = 490
That is, the larger the group size, the higher the total contribution critical threshold, the wider

the valid interval, and the easier it is to maintain the stability of collective cooperation.

Proof. Rewrite the total contribution critical threshold as a function of n:

X*(n) = \éﬁ

Take the first derivative with respect to n (n > 2):
aXx* 1

i~ 2k D

Therefore, X*(n) is strictly monotonically increasing on n > 2.
Solve the limit:

lim X*(n) = lim MALNEIEN
n—-+00 n—-+00

The proof is completed. O

This corollary reveals the scale advantage of homogeneous collectives: the larger the number
of people, the wider the valid interval of collective cooperation, the higher total contribution it

can withstand without cooperation breakdown, and the stronger the stability.

Corollary 4.3 (Threshold Effect of Efficiency Parameter). Under the Homogeneous Equal-
Contribution Model, the critical contribution is in a strict inverse proportional relationship with

the efficiency parameter k, i.e.,
1 1
o —, X' —
k’ k
The larger the efficiency parameter k, the more suitable the task is for independent work, the
lower the critical threshold of collective cooperation, the narrower the wvalid interval, and the
easier it is to fail; the smaller k is, the more the task relies on collective cooperation, the higher

the critical threshold, the wider the valid interval, and the more stable the cooperation.
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Proof. From the explicit solution of the critical thresholds, z* = ﬁ . %, X*=n- %, where ﬁ
and /n are positive constants only related to n, so * and X* are in a strict inverse proportional
relationship with k.

Combined with the definition of the efficiency parameter k£ in Section 1.1: the larger k is, the
faster the independent payoff grows, the more suitable the task is for independent work, the
weaker the scale effect of cooperation, at this time the critical threshold is lower and the valid
interval is narrower; on the contrary, the smaller k is, the slower the independent payoff grows,
the more the task relies on collective cooperation, the stronger the scale effect of cooperation,

the higher the critical threshold and the wider the valid interval. The proof is completed. [

Corollary 4.4 (Stability Domain Division of Homogeneous Equal-Contribution Model). For a

homogeneous equal-contribution collective, let the total actual contribution be X, then:

(1) Full Stability Domain: X < X*, both equal allocation and proportional allocation are
valid, the collective is in a safety state, there are infinitely many feasible allocation rules
to achieve full non-defection, and the collective stability is the strongest;

(2) Full Failure Domain: X > X*, the collective is in an unsafe state, there is no feasible
allocation rule to achieve full non-defection, all allocation rules are invalid, individuals

will inevitably defect, and collective cooperation will inevitably break down.

Proof. By Corollary 2.1, the three types of critical thresholds are completely coincident under
homogeneous equal-contribution, so X < X* is equivalent to satisfying the necessary and suf-
ficient conditions for full safety, valid proportional allocation, and valid equal allocation at the
same time, at this time all three types of rules are valid and in the full stability domain; when
X > X*, the necessary and sufficient condition for full safety is not satisfied, by Definition 1.2,
the collective is in an unsafe state, there is no feasible allocation rule to achieve full non-defection,

o it is in the full failure domain. The proof is completed. Il

This corollary completes the full characterization of the stability boundary of the Homoge-
neous Equal-Contribution Model, and clarifies the strict boundary between the stability and

failure of collective cooperation.

5. ONE-STRONG-N-WEAK HETEROGENEOUS MODEL

This section focuses on the more common scenario of individual heterogeneity in reality, and
constructs the One-Strong-n-Weak Heterogeneous Model: there is 1 high-contribution ability
strong agent and n low-contribution ability weak agents in the collective. We rigorously derive
the explicit expressions, order relationship and stability properties of the three types of safety
critical thresholds under this model, and reveal the impact mechanism of individual heterogeneity
on the stability of collective cooperation. The research on heterogeneous individual coalition

formation refers to Castaneda Alvarez D C. [6].
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5.1. Heterogeneous Model Setting. Let the total number of individuals in the collective be
N =n+1 (n > 1, i.e., the collective includes at least 1 strong agent and 1 weak agent), where:
(1) Strong Agent (denoted as individual s): effective contribution is x5 > 0, the high-
contribution subject in the collective;
(2) Weak Agent Set (denoted as L = {1,2,...,n}): a total of n homogeneous weak agents,
each with effective contribution x; > 0, and satisfying x5 > x;, i.e., the contribution of
the strong agent is significantly higher than that of the weak agents;

(3) The total contribution of the collective is:
X =zs +nx
(4) All other notation, payoff functions, and core definitions are consistent with Section 1,

with no additional assumptions.

To simplify the subsequent derivation, we introduce the heterogeneity coefficient A, defined

as the ratio of the contribution of the strong agent to that of the weak agent:
A=—, A>1

The larger A is, the higher the degree of heterogeneity of individual contributions; when A — 1,

the model degenerates into the Homogeneous Equal-Contribution Model in Section 3.

5.2. Explicit Solution of the Three Types of Safety Critical Thresholds. Based on the
above settings, combined with the general necessary and sufficient conditions of the three types
of critical thresholds in Section 2, we derive the explicit expressions, existence and uniqueness

proofs of the three types of critical thresholds under the heterogeneous model respectively.

5.2.1. Full Stability Critical Threshold. By Theorem 2.3, the necessary and sufficient condition

for the collective to be in a safety state is:

Y(X) = y(xs) + ny(a)

Ts

Substituting the payoff function and the heterogeneity coefficient \ = = (i.e., s = Axy), the
total contribution X = \z; + nx; = z;(\ + n), we expand to get:
Ak?X? Ak%a? Ak?x?
> n.
14+ k2X2 = 1+ ka2 1+ K2z}

Both sides of the equation are positive, cancel out the common constant Ak?, substitute zs = \z;
and X = x;(A 4+ n), we get:
i (A +n)? N Na? na?
L+ k222 (A +n)? = 1+k2N227 1+ k22
Dividing both sides by z? (z; > 0), let the dimensionless variable ¢ = k?z? (¢ > 0), then k%z} = ¢,
after substitution and canceling out the common terms, the equation is simplified to:
(A +n)? S 22 n

> +
T+ A+n)?2 T 14X 141
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Let z = % > 0, further simplified to an algebraic inequality about z:
(A +n)? A2 n
> 1
z+()\+n)2_z+)\2+z+1 (1)
Theorem 5.1 (Full Stability Critical Threshold of Heterogeneous Model). For the One-Strong-

n- Weak Heterogeneous Model, there exists a unique positive real solution z* satisfying the equality

condition of Equation (1), corresponding to the critical contribution of the weak agent:
1
kv z*

The critical contribution of the strong agent is:

y

*

A
T, = Ve
The total contribution full stability critical threshold is:
. _Atn
safe — W
And Xiafe U8 strictly monotonically increasing with the increase of the heterogeneity coefficient

A, i.e., the higher the heterogeneity of individual contributions, the higher the critical threshold

of collective safety and the wider the valid interval.

Proof. Let the difference between the two sides of Inequality (1) be the function G(z):
(A +n)? B 22 _n
z+A+n)2 z+X 241

We prove the existence, uniqueness and monotonicity of the solution in three steps.

z>0

G(z) =

Step 1: Prove G(z) is strictly monotonically decreasing Take the first derivative of G(z):
A+ n)? A2 n
( ) 3 T 5+ 2

[+ +n)° (24227 (2+1)

For any a > b > 0, the function h,(z) = % is strictly decreasing with the increase of a, i.e.,

the larger a is, the smaller h,(z) is. Since A +n > X > 1, we have
(A +n)? 22 (A +n)? S, _n
4+ A+ T AT [+ (A+n)2P T (24 1)

o A+n)?* X n
G'(z) = ([z+(/\+n)2]2 (z+/\2)2 (Z+1)2> <0

i.e., G(z) is strictly monotonically decreasing on z > 0.

G'(z) = —

Therefore

Step 2: Prove the existence and uniqueness of the solution Calculate the limit properties of
G(2): - When z — 0T

- When z — +o0:
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Since G(z) is strictly monotonically decreasing, and G(0%) < 0, G(+o0) — 0T, according
to the Intermediate Value Theorem for continuous functions, there exists a unique positive real
number z* such that G(z*) = 0, i.e., the equality of Equation (1) holds, corresponding to the
unique critical contribution solution. The existence and uniqueness are proved.

Step 3: Prove monotonicity When the heterogeneity coefficient A increases, the G(z) curve

shifts downward as a whole, so that the solution z* of G(z) = 0 decreases, therefore

_Atn
safe — ]{2\/27*

is strictly increasing with the increase of A. The monotonicity is proved.

*

The proof is completed. O

5.2.2. Proportional Allocation Failure Threshold. By Theorem 2.2, the necessary and sufficient

condition for the proportional allocation rule to be valid is:

VX))
X iEN @
x; >0

In the One-Strong-n-Weak Model, the strong agent’s contribution xz > x;, combined with
1

Lemma 1.2, the unit contribution payoff function r(z) is strictly increasing when z < ¢, so
max ;e N @ = %, the necessary and sufficient condition is simplified to:
;>0 7 s
Y(X) _ y(zs)
X T oz

Substituting the payoff function, we expand to get:
1 Ak%2X? - Ak?2?
X 1+kX2 7 2z, 14 k%2
Cancel out the common constant Ak?, simplify to get:

X S T
1+ Ek2X2 7~ 1+ k222

Cross-multiplying and rearranging (all terms are positive, the direction of the inequality remains

unchanged):

X(1+k22) > 24(1 + k2 X?)
Expanding both sides:

X +k2X2? >z, + K2, X?

Moving terms and grouping to extract common factors:
(X —z5) — K22, X (X —z4) >0
Extract the common factor (X — x4) again, we obtain the core inequality:

(X —z)(1 — K22, X) >0 (2)
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Combined with the model setting, the total contribution X = x4 + nx; > x5 always holds, so

X — x5 > 0. Therefore, Inequality (2) is equivalent to:
1 - K2, X >0 = ka,X <1

Theorem 5.2 (Proportional Allocation Failure Threshold of Heterogeneous Model). Under the
One-Strong-n- Weak Heterogeneous Model, the necessary and sufficient condition for the propor-
tional allocation rule to be valid is

Kr.X <1
The corresponding total contribution failure threshold is:

« 1

prop T L2g.
The failure threshold of proportional allocation is only determined by the strong agent’s contri-
bution xs and the efficiency parameter k, and is independent of the weak agents’ contribution

and the total group size.

Proof. The above derivation has completed the proof of the necessary and sufficient condition.
The failure threshold is the boundary state between valid and invalid, i.e., the state where
the inequality takes the equal sign: k?z,X = 1. Solving for X gives the explicit threshold
Xrop = k%xs The expression only contains xs and k, and is independent of x; and n, so the
validity of proportional allocation is solely determined by the strong agent’s contribution level

and the task’s efficiency parameter. The proof is completed. (|

This theorem reveals the core constraint of proportional allocation in heterogeneous collec-
tives: the higher the strong agent’s contribution level, the lower the failure threshold of propor-
tional allocation, the narrower the valid interval, and the easier the proportional allocation rule

fails.

5.2.3. FEqual Allocation Failure Threshold. By Theorem 2.1, the necessary and sufficient condi-

tion for the equal allocation rule to be valid is:

Y(X) = (n+1) - maxy(r)

In the One-Strong-n-Weak Model, y(x) is strictly monotonically increasing, and zs > x;, so

max;en y(2;) = y(xs). The necessary and sufficient condition is simplified to:
Y(X) = (n+ Dy(zs)

Substituting the payoff function, we expand to get:
Ak?X? Ak?x?
Bkl 1) . s
e e G A e

Cancel out the common positive constant Ak?, cross-multiply and rearrange (all terms are

positive, the direction of the inequality remains unchanged):

XP(1+K2a2) > (n+ Da?(1+ KX?)
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Expand both sides of the inequality:
X%+ k222X ? > (n+ )22 + (n + )k*22 X3

Move terms with X? to the left-hand side and constant terms to the right-hand side:
X% — (n+ DE*22X? + B*22X? > (n + 1)2?

Combine like terms:

X2 [1 - nkzxﬂ > (n+ 1)? (3)

Theorem 5.3 (Equal Allocation Failure Threshold of Heterogeneous Model). Under the One-
Strong-n- Weak Heterogeneous Model, the precondition for the equal allocation rule to have a
valid interval is
1
1—nk2x§>0 — $S<m
When this precondition is satisfied, the total contribution failure threshold of equal allocation is:

rsv/n + 1
V1 —nk?x?

If xg > ﬁ, the equal allocation rule is permanently invalid, and there exists no total contribu-

* j—
Xeg=

tion X that makes equal allocation valid.

Proof. The right-hand side of Inequality (3) (n + 1)z2 > 0 always holds. Therefore, for the
inequality to hold, the left-hand side coefficient 1 — nk?22 must be strictly positive; otherwise,
the left-hand side is non-positive and the inequality is permanently invalid. This gives the
precondition for the existence of a valid interval.

When the precondition is satisfied, divide both sides of Inequality (3) by 1 —nk?z? (positive,
so the direction of the inequality remains unchanged):

X2 > (n+1)a3

— 1 — nk2a?

Take the square root of both sides (X > 0) to obtain the explicit threshold:

(n+1)x2  zsv/n+1
1—nk222 /1 — nk2a2

If zg > ﬁ, the left-hand side coefficient of Inequality (3) is non-positive, and the inequality

* j—
KXeq =

never holds, so equal allocation is permanently invalid. The proof is completed. O

This theorem reveals the strong constraint of equal allocation in heterogeneous collectives:
when the strong agent’s contribution exceeds the critical value k—\l/ﬁ, no matter how high the
total group contribution is, the equal allocation rule will inevitably fail and cannot satisfy the

strong agent’s participation constraint.
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5.3. Order of Critical Thresholds and Stability Analysis in Heterogeneous Model.
Based on the explicit solutions of the three types of critical thresholds above, this section derives
the order relationship of the thresholds, and completes the stability domain division and stability

property analysis of the heterogeneous model.

Theorem 5.4 (Order of Critical Thresholds in Heterogeneous Model). For the One-Strong-n-
Weak Heterogeneous Model, when the heterogeneity coefficient A > 1, the three types of critical
thresholds satisfy the strict order relationship:

X:q < X;mp < X:afe

Proof. We prove the strict order in two rigorous steps, consistent with the unified logic of
Theorem 2.4.
Step 1: Prove XZ, < X[, The precondition for equal allocation to be valid is x5 < ﬁ, ie.,

prop
nk%r? < 1. By Theorem 4.2, prop = ﬁ Substituting the precondition gives:
oo Loovm
prop kas k

By Theorem 4.3, X, = —2—= Vil et u = kay, then u < in, and the threshold is rewritten as:

\/1—nk222’

uvn+1
kv1 — nu?

Taking the first derivative with respect to u shows that XZ, is strictly increasing with w. For all

*
KXeq =

u < ﬁ, we can verify that:

uyvn +1 1

7<i
vV1—nu? u

Cross-multiplying and squaring both sides (all terms are positive) gives:

2

wn4+1)<1l—nu? = (n+Dul+nu®-1<0

Let v = u? < 1, the quadratic function f(v) = (n+ 1)v?+nv —1 is strictly increasing for v > 0,
with f(0) = —1 < 0 and f(%) = 25 > 0. Therefore, for all valid u in the equal allocation valid

nZ
interval, the inequality holds, i.e., XZ, < X[,

Step 2: Prove X}, ., < X’. By the proof of Theorem 2.4, valid proportional allocation

prop safe

necessarily implies collective safety. This means that the maximum total contribution that

satisfies proportional allocation validity is strictly smaller than the maximum total contribution

that satisfies collective safety, i.e., X0, < X{pe-

Combining the two steps, we obtain the strict order:
Xog < Xprop <

*
prop safe

The proof is completed. 0
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Corollary 5.1 (Four-Stage Stability Domain Division of Heterogeneous Model). Based on the
order relationship of critical thresholds, according to the size of the total actual contribution X,

the stability of collective cooperation is divided into four non-overlapping domains:

(1) Full Stability Domain: X < Xz, Equal allocation and proportional allocation are both
valid, the collective is in a safety state, there are infinitely many feasible allocation rules
to achieve full non-defection, and the collective stability is the strongest.

(2) Proportional Stability Domain: X;, < X < X;... FEqual allocation is invalid, but
proportional allocation is wvalid, the collective is still in a safety state, and full non-
defection can be achieved through distribution according to work.

(3) Limited Stability Domain: Xorop <X < X:afe. Equal allocation and proportional alloca-
tion are both invalid, but the collective is still in a safety state. Collective stability can
only be maintained through differentiated allocation rules tilted towards the strong agent.

(4) Full Failure Domain: X > XZ,.. The collective is in an unsafe state, there is no

feasible allocation rule to achieve full non-defection, individuals will inevitably defect,

and collective cooperation will inevitably break down.

Proof. By the order of critical thresholds in Theorem 4.4 and the definition of each threshold:
- When X < X, all three validity conditions are satisfied, so all allocation rules are valid and
the collective is in the full stability domain. - When X7, < X < X[, ., the equal allocation
validity condition is violated, but the proportional allocation and safety conditions are satisfied,
so the collective is in the proportional stability domain. - When X7, < X < XZ ., the equal
and proportional allocation validity conditions are violated, but the safety condition is satisfied.
Only allocation rules tilted towards the strong agent can satisfy all participation constraints,
so the collective is in the limited stability domain. - When X > X . the safety condition is
violated, so the collective is in the full failure domain.

The proof is completed. O

Corollary 5.2 (Stability Erosion Effect of Heterogeneity). The stability of collective coopera-
tion decreases continuously with the increase of individual contribution heterogeneity, with the

following specific manifestations:

(1) The larger the heterogeneity coefficient X\, the higher the full stability threshold X;‘afe,
the wider the wvalid interval of collective safety, but the narrower the valid intervals of
proportional allocation and equal allocation.

(2) The larger the heterogeneity coefficient A, the lower the failure thresholds of proportional
allocation and equal allocation, the easier the two allocation rules fail, the wider the
limited stability domain, and the harder it is to reach the full stability domain.

(3) When the heterogeneity coefficient A exceeds the critical value \pay = Wlx/ﬁ’ the equal
allocation rule is permanently invalid, the full stability domain disappears, and the col-

lective can only be in the proportional stability domain at most.
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Proof. 1. By Theorem 4.1, X7 . is strictly monotonically increasing with A, so higher hetero-

geneity leads to a higher safety threshold. 2. By Theorem 4.2, X[ = ﬁ = kg#)\ml, which

is strictly decreasing with A. By Theorem 4.3, X7, decreases as x5 = Az; increases, and when

T > ﬁ (i.e., A > #), equal allocation is permanently invalid. 3. Combined with the order

= kai\/n
of critical thresholds, the larger A is, the lower X, and X[, ., are, the narrower the full stability
domain, and the wider the limited stability domain.
The proof is completed. U]

This corollary fully reveals the mechanism by which individual heterogeneity erodes the sta-
bility of collective cooperation: the larger the contribution gap, the easier the fair and equal
allocation rules fail. The collective can only maintain stability through allocation rules tilted
towards the strong agent, and when heterogeneity exceeds the critical value, the equal allocation

rule will be permanently invalid.

6. CONCLUSIONS AND IMPLICATIONS

This paper constructs a Homogeneous Equal-Contribution Model and a One-Strong-n-
Weak Heterogeneous Model for collective cooperation based on an upper-bounded S-shaped
contribution-payoff function. We strictly define and derive the explicit expressions and prop-
erties of three core safety critical thresholds, and fully characterize the stability domains and
failure boundaries of collective cooperation. The core conclusions are as follows:

1. **Unified Essence of Collective Cooperation Failure** The failure of equal allocation, the
failure of proportional allocation, and collective unsafety are all essentially homologous: there
exists at least one individual whose payoff from independent work is strictly greater than the
payoff they can obtain under the collective allocation mechanism. As long as this condition
holds, defection is the strictly dominant strategy for the individual, and collective coopera-
tion has endogenous breakdown risk. The three types of critical thresholds are only specific
manifestations of this core logic under different allocation rules.

2. **Upper-Bound Threshold Structure and Stability Domain Division** The stability of
collective cooperation does not increase monotonically with total contribution. Instead, there
is a clear upper-bound critical threshold: the allocation rule is valid and cooperation is stable
when total contribution is below the threshold, while the rule fails and cooperation breaks down
when total contribution exceeds the threshold. The three critical thresholds satisfy the strict
order Xeoq < Xprop < Xsafe, corresponding to four stages: full stability domain, proportional
stability domain, limited stability domain, and full failure domain, which clarify the applicable
boundaries of different allocation rules.

3. **Scale Advantage of Homogeneous Collectives** In homogeneous equal-contribution col-
lectives, the three types of safety critical thresholds are completely coincident. The larger the
group size, the higher the total contribution critical threshold, the wider the valid interval, and

the more stable the cooperation. The smaller the efficiency parameter k, the more the task relies
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on collective cooperation, the higher the critical threshold, and the stronger the scale effect of
cooperation.

4. **Stability Erosion Effect of Heterogeneity™* Individual contribution heterogeneity sig-
nificantly changes the order and magnitude of critical thresholds, breaking the coincidence of
the three types of thresholds. The higher the strong agent’s contribution and the stronger the
heterogeneity, the lower the failure thresholds of proportional allocation and equal allocation,
the narrower the valid intervals, and the easier the two rules fail. When heterogeneity exceeds
the critical value, the equal allocation rule will be permanently invalid, and the collective can
only maintain limited stability through differentiated allocation rules tilted towards the strong
agent.

5. **Selection Logic of Allocation Rules** The equal allocation rule is only valid in collectives
with low heterogeneity and low total contribution, and has the lowest tolerance for heterogeneity.
The proportional allocation rule has a moderate tolerance for heterogeneity, and its validity is
solely determined by the strong agent’s contribution level, making it the optimal choice for mod-
erately heterogeneous collectives. Differentiated allocation rules tilted towards high-contribution
individuals are the only feasible way to maintain stability in collectives with high heterogeneity
and high total contribution.

This paper constructs a complete mathematical framework for the stability analysis of col-
lective cooperation through rigorous algebraic derivation and functional property analysis at
the pure theoretical level, and reveals the mechanisms by which individual heterogeneity, group
size, and task attributes affect the stability of collective cooperation. It provides a pure theoret-
ical reference for realistic scenarios such as enterprise team management, alliance cooperation
mechanism design, and public goods provision [13]. The practice of income distribution policy
refers to Stiglitz J E [22]. Future research can be further extended to multi-type heterogeneous
agent models, dynamic contribution adjustment models, and incomplete information scenarios

to improve the theoretical system of collective cooperation stability.
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