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ABSTRACT. In this manuscript, we investigate the unilateral problem for a viscoelastic beam equation
of p-Laplacian type. The competition of the strong damping versus the logarithmic source term is
considered. We use the potential well theory. Taking into account the initial data is in the stability
set created by the Nehari surface, we prove the existence and uniqueness of global solutions by using

the penalization method and Faedo-Galerkin's approximation.

1. INTRODUCTION

We denote the p-Laplacian operator by A,u = div (|Vu\p_2Vu), which can be extended to a
monotone, bounded, hemicontinuos and coercive operator between the spaces \/\/Ol’p(Q) and its dual
by

—Dp: WyP(Q) — WL9(Q), (—Apu, v)p = /Q |VulP~2Vu - Vvdx.

In [3] the authors establish existence of global solution to the problem

t

Ut + D0 — Apu—i-/ g(t —s)Au(s)ds — Aug + f(u) =0 in Q x RT, (1.1)
0

u=Au=0onT xR, (1.2)

u(x,0) = ug, us(x,0)=u in Q, (1.3)

where €2 is a bounded domain of R” with smooth boundary [ = 92.
Equations of the type (1.1) are related to models of elastoplastic microstructure flows. As

considered by An and Peirce [1,2], they are essentially of the form
Utt + Uxxxx — a(u)%)x — 0
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A more general equation,
e + D20 — div(o(|Vul?)Vu) — Aug + hy(ug) + ho(u) = hz(x),

was considered by Yang et al [22-24]. They studied de existence of attractors and their Hausdorff

dimensions. Another related equation is
Ut + A0 — div(fo(Vu)) + kuy = AR (1)) — f(w),

which was considered by Chueshov and Lasiecka [12]
t

The problem (1.1), with its memory term [ g(t—s)Au(s)ds, can be regarded as a fourth-order
0
viscoelastic plate equation with a lower order perturbation of the p-Laplacian type. This kind of
problem can be also regarded as an elastoplastic flow equation with some kind of memory effect.

We observe that for viscoelastic plate equation, it is usual consider a memory of the form

/t g(t — s)A2u(s)ds,
0

see for instance [10]. However, because the main dissipation of the system (1.1) is given by strong
damping —Aut, here we consider a weaker memory, acting only on Au. There is a large literature
about stability in viscoelasticity. We refer the reader to [11,13].

A nonlinear perturbation of problem (1.1) is given by
t
Upr + D20 — Apu + / g(t —s)Au(s)ds — Auy + f(u) > 0. (1.4)
0

Variational inequality theory was introduced by Hartman and Stampacchia (1966) [14] as a tool
for the study of partial differential equations with applications principally in mechanics.

In [7] the authors investigated the unilateral problem associated with this perturbation, that
is, a variational inequality given for (1.4) (see [16]). Making use of the penalization method and
Galerkin's approximations, they established existence and the uniqueness of strong solutions.

The unilateral problem is very interesting because, in general, dynamic contact problems are
characterized by nonlinear hyperbolic variational inequalities. Variational inequality theory was
introduced by Hartman and Stampacchia (1966) [14] as a tool for the study of partial differential
equations with applications principally in mechanics. Bensoussan and Lions (1982) [9] used vari-
ational inequalities initially in the study of stochastic control. In [5] was obtained a variational
inequality for the Navier-Stokes operator with variable viscosity. In [6] was studied the contact
problem on the Oldroyd model of viscoelastic fluids. By using results from the theory of monotone
operators, was established the existence of weak solutions. In [8] was studied the problem for
parabolic variational inequalities with Volterra type operators. The authors proved the existence
and the uniqueness of the solution. For contact problems on elasticity and finite element method,

see Kikuchi-Oden [15] and reference therein. In [18] was studied the unilateral problem for the
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Klein-Gordon operator with the nonlinearity of Kirchhoff-Carrier type. By using an appropriate pe-
nalization was shown the existence and uniqueness of solutions for the perturbed equation. In [19]
was considered the unilateral problem for a nonlinear wave equation with p-Laplacian operator
and source term. By using an appropriate penalization, authors obtained a variational inequality
for the equation perturbed and then the existence of solutions was proved.

In this work, we propose to investigate the existence and uniqueness of solutions for the vari-
ational inequality associated with the problem (1.4) with the source term f(u) = —|u|"~2uln |ul.

More precisely, we investigate the existence and uniqueness of solutions for the unilateral problem

t

Upt + D0 — Apu + / g(t — s)Au(s)ds — Auy > |u|""uln|ul in QxRT, (1.5)
0

u(x,0) = up(x), ur(x,0) = u1(x) in €, (1.6)

u(x,t) =Au(x,t) =0on I x RT. (1.7)

This work is organized as follows: In section 2 we introduce the notation and some well-known
results. In section 3 we introduce the potential theory suitable for our problem. In section 4 define
strong solution to the boundary value problem (1.5)-(1.7) and present the theorem of existence of
strong solution. In section 5 we apply the penalization method. The existence of global solutions
is given by using Faedo-Galerkin approximation. Finally, in Section 6 we prove the result of

uniqueness.

2. PRELIMINARIES

Let €2 be a bounded domain in R"” with the boundary I" of class C2. For T > 0, we denote by Q
the cylinder Q2 x (0, T), with lateral boundary = =T x (0, T). By (-, -) we will represent the duality
pairing between a Banach space X and X’, X’ being the topological dual of the space X, and by
C we denote various positive constants. The inner product in H}(Q) and L?($2) , respectively, will
be denoted by (V-, V), (+,-). The norm in LP(£2) will be denoted by | - |,.

The inequality (1.5) must be satisfied in the following sense. Let
K={veH;Q);v>0ae inQ}

be a closed and convex subset of H}(£2), the unilateral problem consists to find a solution u(x, t)

satisfying
t
/ (Upe + D%u — Dpu + / g(t — s)Au(s)ds — Auy — |u) " uln|u])(v — us) >0, (2.1)
Q 0
for all v € K with ut(x, t) € K a.e. on [0, T] and the initial and boundary data

u=Au=0inTx(0,T), (2.2)
u(x,0) = up, ur(x,0)=uy in Q. (2.3)
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To study the existence and uniqueness of the problem (1.5)-(1.7), let us consider the following

hypotheses:

H1. Suppose that
2<p , dtn=12

2n—2
n —
H2. With respect to the power r, let us suppose that

2<p< if n> 3.

2<r <+ ., dtn=1,2

2n .
2<r< —— , itn>3.
n—2

H3. With respect to the function g : [0, +o0) — R, we will assume that g € C*[0, T] and
g(0) > 0, /zl—u/ g(s)ds > 0,
0

where u > 0 is the embedding constant for |[Vu| < /i |Aul, for all u € H3(Q) N H?(Q).

H4. There exists a constant k; > O such that
g'(t) < —kig(t), vVt > 0.
By H1 we have
HE(Q) N HA(R2) < W 2P H(Q) = HA(Q) — L2(%).
The Lemmas below will be a important role in this manuscript.

Lemma 2.1. (Sobolev Poincaré inequality) Let p be a number with 2 < p < oo if n = 1,2 or
2<p<

2n
P if n > 3, then there exists a constant C > 0 such that

lul, < C|Vu|,Yu € H}(RQ)

Lemma 2.2. (Technical lemma) For v € C1(0, T; H}(S2)), we have

tg(t —5)Vv-Vvidsdx = %(g/on)(t) - %g(t)|Vv(t)|2

_%% [(gon)(t) - (/Otg(s)ds) IVV(t)IQ],

where (go Vu)(t) = /Otg(t —5)|Vu(s) — Vu(t)|?ds.

Proof. Differentiating the term (g o Vu)(t) we arrive to the above inequality. O
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3. POTENTIAL WELL

In this section, we use the potential well theory, a power full tool in the study of the global
existence of solution in partial differential equation. See Payne-Sattinger [17]. It is well-known
that the energy of a PDE system, in some sense, splits into kinetic and potential energy. The source
term induces potential energy in the system that acts in opposition to the effect of the stabilizing
mechanism. In this sense, it is possible that the energy from the source term destabilizes all the
system and produces a blow-up in a finite time. To provide a global solution, we are able to
construct a stability set corresponding to the source term created from the Nehari Manifold, see Y.
Ye [20]. In the stability set, there exists a valley or a well of the depth d created in the potential
energy. If d is strictly positive, then we find that, for solutions with the initial data in the good
part of the potential well, the potential energy of the solution can never escape the potential well.
In general, the energy from the source term causes the blow-up in a finite time. However, the
good part of the potential well is an invariant set where it remains bounded. As a result, the total
energy of the solution remains finite for any time interval [0, T], providing the global existence of
the solution.

For the model considered here, the total energy is given by
1 2
E(t) =5 [lut(t)l2 AP + IVu(t)p + (g0 Vu)(D)
t 5 2
([ st9es) 1vaor + Siuor a1

-2 [1ucor mlucolox|

and satisfies
d 2
E() < —IVu(e)P. 32

From (Hs) we get

10 = 3 I+ (1= [ a(s)ds) IBa(0)+ (g0 a0+ 2Tu(e)g

, ; (3.3)
#5100 =3 [ uol mluolax|.
Then, we introduce the functional J : H}(Q) N H?(2) — R defined by
s =3 (1= [ storas) 180 + Zwaols + (9o vy + Sluo);
(3.4)

=2 [ ) in ju(e)dx |
rJa
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For u € H§(2) N H?(Q), we have

A2 t 5 AP A
JOw) = > 1—u | g(s)ds| |Aul +?|Vu(t)|g+§(g<>Vu)(t)
0
A ;A ,
+ Z|u(t)|r - lu(t)]" Infu(t)|dx. (3.5)
Q
Associated with J, we have the well-known Nehari Manifold given by
def 1 5 d
N = {u € Hy(2) N H=(Q2) \ {0}; [CD\J(AU)] = O]» (3.6)
A=1

or equivalently,

N o= {ueH&(Q)mH?(Q))\{O};(1—u/0tg<s>ds) AP

1
+ ITueig + 50 Vue) = [ (ol nfanlax] 57)
Q
We define as in the Mountain Pass theorem due to Ambrosetti and Rabinowitz [4]
d % inf sup JOA).

ue(HI(Q)NH2(2)\{0} x>0

similar to the result in [21] one has 0 < d = inf_J(u).
ueN

Now, we introduce
W=A{ue Hé(Q) N HQ(Q); J(u) < d}yu{0}

and partition it into two sets W = W; U W, as follows

Wy, = {uGW;(l—u/Otg(s)ds) |Aul?

+ 2IVOR+ (90 VU0 + 5lu(ol; > 5 [ uol mlu(olax} U o)
(3.8)

and

Wo = {UGW; (1—u/0tg(s)ds) |Aul?

+ iIVu(t)|g+(g<>Vu)(t)+r22|u(t)|£<3/Q|u(t)|rln|u(t)|dx}.
39)

So, we define by Wi the set of stability for the problem (1.5)-(1.7), and before starting the section

of existence and uniqueness of solution, we will prove that W is invariant set for sub-critical initial

energy.

Proposition 1. Let ug € Wy and uy € HA(Q). If E(0) < d then u(t) € Wh.
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Proof. Let T > 0 be the maximum existence time. From (3.2) we get
E(t) < E(0) < d, forall t €[0, 7).

and then,
1

/ () dx + J(u(D)) < d. for all t € [0, T). (3.10)
2 Ja

Arquing by contradiction, we suppose that there exists a first ty € (0, T) such that /(u(tg)) =0
and /(u(t)) > 0 for all 0 < t < tp, that is,

(10 [ a(s)as) IBatea) + 21utwlp + (g0 Tu)(t) + lulco)l:

2
=2 [ lute)l nu(zo)lx
rJa
From the definition of N, we have that u(tg) € N, which leads to
J(u(ty)) > inf J(u(t)) =d.
(u(t0)) 2 inf J((t)
We deduce
1
/ |ut(7.“o)|2 dx + J(u(tp)) > d,
2 Jg
which contradicts with (3.10). Then u(t) € Wy forall t € [0, T). O
4. EXISTENCE OF STRONG SOLUTIONS

Next, we shall state the main results of this paper.
Theorem 4.1. Consider the space
H3(Q) ={ue H3(Q)lu=Au=0o0nT}.

If ug € Wi N HE(Q), J(uo) < d, uy € HE(Q) and the hypothesis (H1)-(Ha) holds, then there exists
a function u : Q2 x (0, T) — R such that

v e L0, T; (H§(Q) N H?(Q))) N L>=(0, T; HX(Q)), (4.1)
ue € L0, T; L2()) N L2(0, T; Hy(Q) N H(Q)), (4.2)
ure € L=(0, T: H (), (4.3)

us(t) € K a.e. in [0, T], (4.4)

-
[(ute, v — ue) + (B%u, v — ur) — (Bpu, v — uy)

t
+ (/ g(t —s)Au(s)ds,v —us | — (Aug, v — ur) (4.5)
0

— (Ju"2uln]ul, v = u)] > 0
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for all v € L?(0, T; H}(Q)), v(t) € K a.e. in t and initial data

u(0) = ug, us(0) = 1.

The proof of Theorem 4.1 is given in Section 5 by the penalization method. It consists in con-
sidering a perturbation of the problem (1.5) adding a sinqular term called penalization, depending
on a parameter € > 0. We solve the mixed problem in Q for the penalization operator and the
estimates obtained for the local solution of the penalized equation, allow to pass to limits, when €
goes to zero, in order to obtain a function u which is the solution of our problem. First of all, let

us consider the penalization operator
B Hy(2) — HTH(RQ)

associated to the closed convex set K, cf. Lions [16], p. 370. The operator B is monotonous,

hemicontinuous, takes bounded sets of H3(2) into bounded sets of H~1(Q), its kernel is K and
B: L%(0,T; H§(Q)) — L2(0, T; (H1(Q))

is monotone and hemicontinous. The penalized problem associated with the variational inequality

(1.5)-(1.7), consists in given 0 < € < 1, find u* satisfying
t
S, + D2uf — Aput + / g(t — s)Auc(s)ds — Aug
0
1
+-(B(u5)) - lu€" € Injul =0, in Q (4.6)

and
u(x,0) = ueo(x), uf(x,0) = te1(x) in 2.

4.7
uf(x.t) = Auc(x,t) = 0 on O x RT. 47)

Definition 4.2. Suppose that uqg € W1, J(ueo) < d, uer € H3(Q) and hypothesis (H1) — (Ha)
holds. A strong solution to the boundary value problem (4.6)-(4.7) is a function u® such that

Ut € L0, T; Hy (Q) N H*(Q)),
ué € L0, T; L%(Q)) N L2(0, T; H3(Q)),
uge € L2(0, T; (Hg() N H*(22)))

satisfying for all w € H3(Q) N H?(Q)
%(ui(t), w) + (Auc(t), Aw) + (—Apus(t), w) + /0 g(t —s)(Au(s), w)ds

+(Vue(t), Vw) + %(B(UE(t))v w)=(Ju*(8)[""2uf(t) Inus(t)]), w) = 0
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and initial data

UE(O) = Ue0, Ug(o) = Ueq.

The solution of problem (4.6)-(4.7) is given by the following theorem:
Theorem 4.3. Assume that hypotheses (H1) — (Ha4) holds,
o € Wi, J(ueo) < d and uer € HA(R), (4.8)

then, for each 0 < € < 1, there exists a function u® strong solution of (4.6)-(4.7).

5. PENALIZATION METHOD

In order to prove Theorem 4.1, we first prove the penalized Theorem 4.3. The existence of
global solutions will be given by using Faedo-Galerkin method. First we consider the approximate
problem. Then we obtain the a priori estimates needed to passage to the limit in the approximate

solutions.

5.1. Approximate problem. Let {w;} be the Galerkin basis given by eigenfunctions of A? with
boundary condition v = Au = 0 on [ x R and let V},, C N be the subspace spanned by the

vectors wy, Wo, ..., Wny.. Consider
m
W) =Y Ggm(t)wy
j=1

solution of approximate problem

(U (t), w)+ (AU (t), Aw)+(—Aputm(t), W)—I—/tg(t —s)(AuM(t), w)ds
0

1
—(|u€m(t)|r*2u€m(t) In|u™|, w) + (Vue(t), Vw) + E(B(uﬁm)(t), w)=20 (5.1
with initial conditions

U™ (0) = Ueom — Ueo strongly in H2(Q) N HE (), (5.2)
UE™(0) = Uerm — Uer strongly in L2(Q). (5.3)
The system of ordinary differential equation (5.1) in the variable t has a local solution u™(t)

defined in [0, t[, O <t < T. In the next step obtain priori estimates for the solution u(t) that

permits us to extend this solution to the whole interval [0, T].
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5.2. First estimate. We consider w = uf™ in (5.1) to obtain

d

1 1 1 1
S| B OR £ SBum R + SOl + Sl

2
2 [l or mlem@iax] + [wumoR + @), o)

= [ ot - (), vir(enas
0

We have (B(ug™(t)), uf™(t)) > 0. Then from Lemma 2.2 and (Ha)

1d
2 dt

[16m @ + @) + 2 veem(eyg + (g0 Verm)(o)
([ sas) 1w+ S
0

2
2 [l or e @iax] + [wuror
Q

< 500 Vu)(1) ~ gDV (O <0,
Let
Eun(®) = 5 [ 14707 + 186 (O + 5 |Tum (@) + (g0 V(1)
([ sas) 1vmop + S

—f/Q|u€m(t)|rln|uem(t)|dx].

So, by (5.5) and (5.8), we have
d em 2
them(t) < —|VUt (t)| .

Integrating from O to ¢, t < t,;, we obtain
t
Eem(t) +/ IVuE™(t)]? < Eem(0).
0
By (H3), it follows

@+ (1w [ o91ds) 180m(OP 450 T 0+ 2 Tun o)

2 2
+2U€"’(f)lﬁ—/ luem(t)lrmluem(t)ldX]
r rJo

t
1
0

where C; > 0 is a positive constant, independent of m and t.
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We have J(ugem) < d and by (5.3), there exists a constant C, > 0 such that
t
2
|ug™ ()17 + (1 —M/ g(S)dS) \Auem(t)|2+(9<>Vuem)(f)JrEWUem(t)lﬁ
0
2 em r 2 em r em 59
+ﬁ|“ (t)|,—? Q|u ()" In|u™(t)|dx (5.9)

t
+/ VU™ ds < Co.
0

From (3.7) and (5.9) we get

AuE™ — Auf in (0, T; L2(Q)), (5.10)

uE™ — 1€ in L%°(0, T; H3(Q) N H(Q)), (5.11)

—Apuf™ — x in L2(0, T; H1(Q)), (5.12)

uE™ — S in L%°(0, T; L2(Q)) N L3(0, T; H3(Q)), (5.13)
B(uE™) —p in L2(0, T; HH(Q)). (5.14)

Follows from(5.11), (5.13) and Aubin-Lions Theorem, for any 7 > 0,

ue™ — 1€ in L2(0, T; H3(Q)), strong and a.e. in Q. (5.15)

Now, we prove that x(t) = —Ap,uc(t). We consider x,y € R,p > 2. Then the elementary
inequality

[Ix[P=2x = Iy [P~2y] < C(IXIP2 + [y1P%) Ix = v (5.16)

is a consequence of the mean value theorem. Using (5.16) and Holder generalized inequality with
p—2 1 1
-1 2 - !
we deduce for 6 € D(0,7) and v € V},,

.
‘ [ (oun - (st v>pe<r>dt'
= ‘/T/ (IVuE™ () P2V e (t) — |Vu(£)|P 2V (1)) Vv dx 6(t) dt
0 Q
.
< Cleloo/ [ (IVuE™(£)[P=2 + |Vue(£)[P=2) [VuE™(t) — Vus(t)||Vv| dx dt (5.17)
0 Q
i
<G [ (IOl + IO ) V670 — T (09l
T
< c2/ VU (1) — V(D) dt
0

where C; and C, are positive constants independent of m and t.
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Now, from estimate (5.10) and (5.11), we have

%IVuem(t) = VuE(t)]? < 218w (t) — u¥(8)[|V (ug™ (t) — ug ()] < Ca,

where C3 is a constant independent of m and t.

So,
|us™(t) — ue(t)|H[1)(Q) € HYo, T] — C[o, T],

whence Vu(t) — Vué(t) a. e. in [0, T]. Therefore, x = —Apuc.

Now, we observe that Sobolev inequality

Llluem(t)|r2uem(t) Infum(t)][Pdx < |uE(B)3; < CIV U ()
< plCTAUET (1) < Ca,
where C4 is a constant independent of m and t.
Then
(|u€™|"=2u™ In [u€™]) is bounded in L2(0, T; L%(Q)) = L?(Q). (5.18)

Using continuity of function s — |s|""2sIn|s| and (5.15) we have
[ 20 0 (U™ — |u€)" 20 In |uf] ace. in Q. (5.19)
By (5.18), (5.19) and applying Lions Lemma (Lemma 1.3, page 12, [16]), we get
|UE™) 20 0 U™ — |uf| 2 uf In|uf| weakly in L2(0, T; L2(R)). (5.20)
5.3. Second estimate. Let us consider the initial data
Ueo € HE(Q), uer € H3(Q) and u§™ = Au§™ =0 on T. (5.21)

We consider w = —Aug™ in approximate equation (5.1).
Then we have

d 1 m 1 em em em
S 3V + Va0 @7} + o0, 870

AT + (B (). ~Bu™(1))
= (U2 0 0 (1), D" (1))

+/tg(t— S) (DU (s), AuE™(t))ds.
0

Now,

(Bpu™ (1), BUET(D)) = (Do (1), B () — Iy,


https://doi.org/10.28924/ada/ma.2.5

Eur. J. Math. Anal. 10.28924/ada/ma.2.5

where
S = /Q {(p =2V (@) P~H (VU (t) - Vug™ (1)) V™ (1)
+|Vu€’”(t)|p_2Vu§m(t)} - VAu™(t)dx.
Then
i {1|Vu€m(t)|2 + 1|VAUE’"(1E)|2 + (Apu(t) Aue’”(t)>}
dt |2t 2 P '
—|-|Au§’”(t)|2 + %(,B(uﬁm(t)), —Auf"(t)) = I+ o+ .
where
_ em r—2,em em em
= [ 02w (©]80 ()
and

s = /Ot g(t — $)(DUE™(s), AuE™(£))ds.

(5.22)

Let us the right hand side of (5.22). We denote by C a generic positive constant not depending

on m, t. By estimate (5.9) and

p—2 1 1

CE R CE

[ Al < (P—l)/QIVue’"(t)l”2|VU§m(t)|IVAu€m(t)ldX

< (p = DIVET (D182 |V (8)ao1y VAU (D)
< CIVUE™ (D)oo [ VAE(1).

How H3(2) N H?(Q) — W01’2(Q), we have
VU (8) () < HolBUET (2,
where s > 0 is the corresponding embedding constant. Then

1
Al < SI8GET () + CIVAET (1),

(5.23)
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Let Q1 = {x € Q : |[v"(t)] < 1} and Qp = {x € Q : |u*"(t)| > 1}. By (5.9) and Sobolev

inequality

|2 S/ uE™ ()2 u In |ue™ ()| Aug™ (t) | dx
Q1
+[ ||u€m(t)|r_2u€mln|u€m(t)|Au§m(t)|dx
Qo

o -1 em X . -1 em r—1 em X

< (e(r U)“LMW(ﬂW T (e(r n>~Lw ()1 HAuE™ (1)) d

< 2(e(r = 1))+ LIBuEM(0)P + 2(e(r — 1) 2 (OELY + SlAuT ()

< 2(e(r — 1)) + IAET(BR + 2C(e(r — 1) ZTu (B2

<C+ %|Au§’"(t)\2 (5.24)

where we have used |x"~!Inx| < (e(r —1))7! for 0 < x < 1 and
Inx < (e(r —1))7*x"1 if x > 1.

Remark 5.1. We note from the Cauchy-Schwarz inequality and Fubini’s Theorem follows

g Vulli2) < 19ll100,00) VUl 12()

Again from estimate (5.9) and remark 5.1
< ([ ot = sauoias ) 1aaime) (525
< Cllgl 2o D™ (1)
< C AP

Follows from (5.22)-(5.25) that

& [verm@p « Jvaem@ « (0, a0 |
FSIBETOR + (BT (), A" (2)) (5:20)
< C+ C|VAuE™(1))?.
Now, observe that
(Bou™(0) B ()] < [ VU ()P VA0 dx
< AU ()[BT IVALE (1) (5.27)

2(p—1)
< C+ |[VAUE™(1)]?,
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and then
C+ |VAL/E’”(7_‘)|2 + (Aputm(t), Aut(t)) > 0.

Therefore, there exists Cg > 0 such that

% [;|Vu§m(t)|2 + %IVAU“”U“)I2 + (Bpu (1), A“Em(t»]

1 1 5.28

S IBUET () + (BT (), —BuE(1)) 29
< Co + Co| VAU (8) 2 + (Aput™(t), Auc™(t)).

Taking into account that (B(u™(t), —Aui™(t)) > 0, (5.21), integrating from O to t and applying

Gronwall inequality, we obtain

t
|Vusm(t)]? + |VAufm(t)|2+/0 AU (1)]? < C, (5.29)
then
U™ — € in L%°(0, T; H3(Q)), weakly star. (5.30)
U™ — Ut in L2(0, T; H3(Q) N H?(Q)), weakly (5.31)
Auf™ — Aue in L0, T; H3(Q)), weakly star. (5.32)

5.4. Third estimate. Let P, be the ortogonal projection Py, : L?(Q2) — Vi, that is

P =) (&, wj)w;, ¢ € L*(Q).

n=1

Remark 5.2. By remark 5.1, we observe that if
t

Y € L2(0,T; H}(2)) then / g(t —s)Y(s)ds € L%(0, T; H1(Q))
and by (5.12) —A,us™ € L2€o, T: (HY(Q)).

We obtain using the notation and ideas of Lions [16], pages 75-76, remark 5.2 and estimates

above that
uem — g, in L2(0, T; (H7Y(Q)), weakly. (5.33)

(5.31), (5.33) and Aubin-Lions compactness Theorem imply that there exists a subsequence from

(ug™), still denoted by (uf™), such that
uE™ — u¢ strongly in L2(0, T; H3(Q)) and a.e. in Q. (5.34)

Now, we are in position to prove Theorem 4.1.
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5.5. Strong solution. Let v € L2(0,T; H3(Q2)) be v(t) € K a. e. for t € (0,T). From (4.6);
follows that

-
/(uttv ut)dt—l—/ (A0, ug)dt—l—/ (=Apuf, v —ug)dt

—|—/O (/ g(t —s)Au(s)ds, v—ut) dt+/ (—=Aug, v —ug)dt

. (5.35)
—/.WHr%ﬂMva—@Mt=/ (B, uE — v) dt
0 € Jo

1 T
=€L (B(uf) — By, u — v) dt > 0,

because v € K (B(v) = 0) and 3 is monotone.
From (5.11), (5.12), (5.15), (5.20), (5.30), (5.31), (5.33), (5.34) and the Bannach-Steinhauss The-

orem, it follows that there exists a subsequence (u€)p<e<1, such that it converge to u as € — 0,

that is
Ue — u in L¥(RT; H3(Q) N H?(Q)), (5.36)
—Apte = —Apuin L2(0, T; HH(Q), (5.37)
Ue — uin L2(0, T; H3())and a.e. in Q, (5.38)
Ue — uin L>(0, T; H3(Q)), (5.39)
ué — up in L2(0, T; H(Q) N H3(Q)), (5.40)
U, — uge in L2(0, T; HY(Q)), (5.41)
|é|" 20 In [uf| — |ul"2uln|u| in L2(0, T; L2(Q)), (5.42)
ué — up in L2(0, T; H3(Q)) and a.e. in Q. (5.43)

The convergences above are sufficient to pass to the limit in (5.35) with € > 0 to conclude that
(4.5) is valid. To complete the proof of Theorem 4.1, it remains to show that u:(t) € K a.e.
In the position, we observe that using convergences (5.10)-(5.16) and (5.30)-(5.32), making m —

oo in (5.1), we can find v such that
t
S, + Duf — Aput + / g(t — s)Aus(s)ds
0
1
— A — |uf|" 20 In|uf| + E5(u§) =01in L2(0, T; H Y(Q). (5.44)

Then,

t

B(uf) = e[—uf, — D2uf + Apuf — / g(t — $)Au(s)ds + Aus + |uf| 20 In |uf]. (5.45)
0

So,
B(uf) = 0in D'(0,T; H Q).
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From (5.45) it follows that
B(uf) is bounded in L2(0, T; H1(Q)),
therefore
B(uf) — 0 weak in L2(0, T; H1Q). (5.46)

On the other hand we deduce from (5.45) that

-
0< / B(ug), uz)dt <eC. (5.47)
0
Thus
-
/ B(ug), ug)dt — 0. (5.48)
0
We have that

)
jo (B(E) — Blo), U — ©) dt = 0, Yo in L2(0, T: HA(Q)),

because G is a monotonous operator. Thus,
T T T
| e ae= [ @wd.orde- [ 60). - 9)dt >0 (5.49)
From (5.40), (5.46) and (5.48) we obtain

-
/O (B(@), ue(t) — @) dt <O0. (5.50)

Taking ¢ = ur — Av, with v € L2(O, T: Hcl)(Q)) and A > 0, we deduce using the hemicontinuity
of B that

Bue(t)) =0, (5.51)

and this implies that u(t) € K a. e.

6. UNIQUENESS

Let u!, u? two solutions of (4.5), w = u?> —ut and t € (0, T). Because u; € L2(0, T; Hi(Q), we
can talking u} (resp. u?) in the inequality (4.5) relative to v2 (resp. v!) and adding up the results

we obtain

—/Ot(thv we)ds — /Ot(AQWv we)ds + [Ot(Apuly wi)ds — /Ot(ApUQ’ w)ds
_|_/Ot (/Otg(t — s)Aw(s)ds, Wt) ds + /Ot(AWt, we)ds

t t
—/ (u1|r2ulln|u1|,wt)ds+/ (|u?|" 202 In |u?], we)ds > 0,
0 0
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thus, we have

[ L 0P + owoP) as+ [ 19w(oyPas

< /;(Apul(t) — Apu2(t), we(t))ds + /Ot/Otg(t— s)(Vw(s), Vwe(t))dsdo

/t (I B 2ut () Infut ()] — [P0 2w (t) In[u?(t)], we(t)) ds.
0
By Lemma 2.2, we derive

[ 2 wor + wor - ([ sas) wwcor + oo vio ] as

+ | Vwe(t)2ds < / 1Bt (1) — Bpi(8), we(£))|ds (6.1)

—l—/ot/Q (Ju* () 2ut () In[ut(£)] — [? ()| 2P (t) In [u? (L), we(t)) dxds.
From Mean Value Theorem,
[(Bpu™(1) — BptP(2), we(1))]
< C(IVur (15,2 1)+ IVia(B)5,2 1) ) IVW(8) o1y [T we( )]
< Claw(B)? + 3 IVwe(t)P, (62)
for some constant C > 0, and

// (12 (8)] 2 (1) In [ (8)] — |2 () 262() In [62(0)], we(£)) dxdis
0 Q

t
< [ [ 106t + (1 - )ReNI (o) llwe(D)]dxds 63)
0 JQ ;
- 1)/ / 00X (£) + (1 — 6)12"21n |00 (¢)
0 JQ
+(1 = 0)P(t)||w(t)|we(t)|dxds =11 + 15,0 < 8 < 1.
Hence, from the Hélder inequality and Sobolev inequality, we have
/ 16u (1) + (1 — 6)u ()| 2w ()| we(t)|dx
Q
< 106 (1) + (1~ 0)P (DI oy | W(E)| 2 [we (D)
1
< CI2GGslAw (1) [Vwe ()] < ClAw(t)? + ZIVWt(t)Fv (6.4)
where C1, Cy and C3 are constants satisfying

6t (8) + (1= 0)u*(t)]1 2 )| < Calbu' (2) + (1 = 6) (L),

w(t)] 2o < Clw(t)] < CofAw(t)] and [w(t)] < C3[Vw(t)].
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2n
_2'

Also we used the condition n(p —2) < p

Now, using the calculation similar to (5.24), it follows that

[ 00 (£) + (1 — 6)02)2In B0 (£) + (1 — 0)u2(£)|"dx

Q

< (e(r —2)™)I + (e(r — 2) 166X (8) + (1 — O)A(D)["2) (6.5)
< (e(r — 2" + (e(r — 2))"LCalBu (£) + (1 — B)R(1)|"2) < C.

Inserting (6.5) into /o, we have

l2:(r—1)/;/9|0u1(t)+(1—9)u2|r_2ln|9u1(t)

+(1 = 0) P (t)||w(t)|we(t)|dxds
s (6.6)

< (r—1)lot (/Q||9u1(t)+(1—9)uj|'_2ln|9u1(t)+9u2(t)||”dx)n
X[ we()[[w(t)] 20 ds < Claw(t)[* + Z|VWt(t)’2-
By (6.1), (6.2), (6.4) and (6.6) we get

/Ot;,t {|Wt(t)|2+ Aw(t) (/Otg(s)dS) |VW(t)|2+(9<>VW)(t)} ds 67

+/Ot IVwe(t)|?ds < C[Ot(|AW(t)|2 + | Vwe(t)]?)ds.
Putting,
(1) = [we () + |Aw(t)]? — (/0 g(S)dS) IVw(8) + (g0 Vw)(t)

and using (Hs), we have

Aw(D)]? - ( / g(s)ds) VWO > 1AW > 0.

t
d
As (go Vw)(t) > 0, we have from (6.7) that / Eq)(t) < C®(t) and because ®(0) = 0, follows
0

from the Gronwall lemma that
we (8)]? + 1|Aw(1)[> < d(1) <0,

which proves that w = 0 in H3(Q) N H?(Q).
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