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ABSTRACT. In this paper, a two-step iterative method based on conformable fractional deriva-
tives is proposed for solving nonlinear equations. The convergence analysis confirms that
the method achieves fourth-order convergence. Numerical experiments on real-world prob-
lems reveal that the method significantly reduces the number of iterations compared to clas-
sical schemes. The method is also tested on several important models, including the Van der
Waals equation, blood flow dynamics, population growth laws, chemical engineering models,
and Planck’s radiation law, demonstrating its wide applicability. Furthermore, the basin of
attraction analysis shows improved stability and efficiency, highlighting the method’s potential

as a reliable alternative for nonlinear problem-solving.

1. INTRODUCTION

The conceptual foundation of fractional calculus can be traced back to 1695, when Leibniz and
L’Hopital initiated a discussion on the possibility of defining derivatives of arbitrary, non-integer
order—such as the intriguing case of a derivative of order one-half. Since then, researchers have
introduced a variety of definitions for fractional derivatives that retain key features of traditional
calculus. These formulations have proven particularly useful for modeling intricate behaviors
in real-world systems, making them a valuable asset in numerous scientific and engineering
applications [3, 10].

Several recent contributions in the literature have introduced Newton-type iterative algo-
rithms incorporating fractional derivatives such as the Caputo and Riemann—Liouville defini-
tions [1,4,9,16]. These methods are designed to approximate solutions & € R of nonlinear
equations, where the function g : I C R — R remains continuous within its domain. Nonethe-
less, these fractional schemes often struggle to maintain the theoretically predicted order of

convergence when applied in practice. To address this issue, enhanced Newton-type iterations
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based on the conformable derivative were proposed in [5,6], both in scalar and vector formula-
tions. These revised techniques not only retain the expected convergence rate but also exhibit
strong alignment between theoretical analysis and numerical performance.

We begin by presenting some fundamental aspects of conformable fractional calculus. Let
g : [a,00) — R be a function defined on the real line, and consider a point « > a, where a € R.
The left conformable derivative [13,19] of order « € (0, 1] starting from a is given by:

T29)(a) — tog L8 =)' —(x)

e—0 €

(1.1)

If this limit exists, the function g is said to be conformably differentiable of order «.. In the case

where g is differentiable, this derivative reduces to a simpler form:

(Te9)(x) = (z — a)' =g/ (2). (1.2)

Moreover, if g is conformably differentiable on an interval (a,b) for some b € R, then the
value of the conformable derivative at the left endpoint a is obtained via the right-hand limit
(T2g)(a) = lim, 4+ (T2g)(2).

One of the notable features of this definition is that it retains properties analogous to those
of the classical derivative. For instance, the conformable derivative of a constant function is
zero, i.e., T3C = 0 for any constant C. In contrast to other popular fractional derivatives
such as the Riemann-Liouville and Caputo derivatives, the conformable approach does not
depend on special functions like the Gamma or Mittag-LefHer functions. This simplicity makes
it particularly attractive for both theoretical and computational applications.

The following theorem presents a generalized Taylor series representation for a function g(x),
wherein the conformable derivatives are computed starting from a reference point a, which is

distinct from the location a; at which the series is evaluated. .

Theorem 1.1. (Theorem 4.1, [18]). Assume that the function g(x) is infinitely many times
differentiable in the conformable sense of order a where 0 < o < 1, within a neighborhood of the
point ay. Suppose that these conformable derivatives are taken with respect to a fized point a.

Then, the function g(x) admits the following conformable Taylor-type expansion centered at aj:

(T 9)(a1)é1 N (T4g)*(a1)d2

g($) :g((l]_)—|— o 202 —f—RQ(CC,al,CL), (13)
where T¢g denotes the conformable derivative of order o with respect to a, and 6§ = H* —
L% 5= H?* —[?*_2[%, -, withH=2—a and L = a; — a.

Furthermore, for higher-order terms, it can be shown that §y = 67, d3 = 3, and so on, sug-
gesting a pattern that simplifies the expansion. Hence, the expression for g(z) can be compactly

rewritten as:<

+R2($,CL1,(I), (]‘4)

g(x) = g(ar) + (ng)oial)al 1 U9 (an)or

202

where Rs(x, a1, a) represents the second-order remainder term.
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In this work, we propose a novel two-step fractional iterative method designed for solving
nonlinear equations, accompanied by a detailed convergence analysis. The paper is structured as
follows: Section 2 introduces the construction of the new two-point iterative scheme, formulated
using the conformable fractional derivative. The proposed method achieves a fourth-order rate
of convergence. In Section 3, numerical experiments inspired by real-world scenarios are carried
out to evaluate the effectiveness and efficiency of the method. Section 4 presents a comparative
stability analysis between the newly developed approach and several existing techniques. Finally,
Section 5 concludes the study by summarizing key findings and potential directions for future

research.

2. DEVELOPMENT OF A TwO-STEP FRACTIONAL ITERATIVE METHOD

In this section, we introduce a new two-step fractional iterative method by extending an
existing two-step classical iterative approach. Specifically, we replace the classical derivative
with the conformable fractional derivative to construct a generalized fractional scheme, inspired
by the method proposed by Shengfeng Li [15]. The original two-step iterative method is given
by:

- _g(xn)
Yn = n g,(xn)7
_ o (9@n) —gyn) \ 9(@n)
Tnit = U (g<xn>—2g<yn>>g'<xn>' (21)

To extend this method within a fractional framework, we replace the classical derivative ¢'(zy,)
with the conformable derivative (72¢g)(x,). Consequently, the proposed two-step fractional
iterative method, denoted by NTJ, is formulated as follows:

9(xn) «

(T&‘Q)(:L’n)> ’
_ o (9@) = glm) | _glen) \*
s =at (oo -0 (SO0 ) i) 22

This new approach effectively generalizes the classical method into the fractional setting,

yn:a—l—((a:n—a)a—a

aiming to achieve higher flexibility and improved convergence properties.
We establish the following result regarding the convergence theorem for the fractional iterative

technique given in (2.2).

Theorem 2.1. Let g : I — R be continuous on an interval I containing a simple zero T.
Assume the conformable derivative (T2g)(x), with order a € (0,1], exists, is continuous, and
non-vanishing at T. If xo is chosen close enough to T, the two-step fractional scheme (NTJ)

achieves at least order 4 of convergence, and the associated error equation is:

entl = (O;(a —1)(z —a)**3(3 = 5d3) + a3 (z — a)3*3(3d5 — d2d3)> et +0(ed),  (2.3)
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where the coefficients dy, for k =2,3,4,... are defined as

1 (Ta9)™ (@)

%= Hak (Teg)@)

Proof. Applying the Taylor series expansion (1.4) (see ref. [18]) for g(x,) around Z, and setting

T, = e, + &, we obtain:

9lzn) = (Ta9)(@)|(en +2 — a)* = (& — a)* + da ((en + & — )" — (2 — a)*)*

+ds((en+T—a)®—(Z—a)®) +ds((en+7—a)* — (T —a))| +0(e),

Next, recall the generalized binomial expansion [5] for fractional exponents:
= (r
(z+y)" = Z 2" FyF for k€ {0} UN,
k=0 k

where the binomial coefficients are generalized by

r\  I(r+1)
k) kKT(r—k+1)
Using this, we can further expand g(z,) as:

g(zn) = Ta9)(@) [a(m —a)* e, + (—(a —1)(z—a)* 2 +a%(z - a)20‘_2d2) e2

11—/

Knowing that the conformable derivative satisfies (T%g)(z) = (z — a)'~*¢'(x), and by utilizing the

generalized binomial expansion again, the conformable derivative of g(z,) can be expanded as

(Tag)(xn) = (Tg) (%) [1 + (20(2 — a)*'da) en + (ala — 1)(Z — a)*ds + 30%(Z — a)”* 2ds) €,

+ (%(a —D(a=2)@ —a)* dy + 30 (a — 1)(Z — a)** *ds +4a°(z — a)***ds) €}, (2:5)

+O(ey).
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After performing some simplifications, we obtain

{

SR

(a—1D)(a—2)(Z—a)* *+a* (@ —a)* ?(2d5 — 2d3) — a*(a — 1)(Z — a)2°‘73d2} el

2

—eHa D@ - (go‘ - %) +a*(a— 1)(T — a)***(3d3 — 3ds)

+a'(z — a)** 7" (—4d3 + Tdads — 3da) } e, + - ] :
consequently, we get

(Tn —a)” —a

g(x”) — (— )a

— +a*(7 — )** Pdael,
Teg) () (@ =) ds

+ {042(04 —1)(Z — a)** Pdy — (% — ) (2d5 — 2d3)} el

- {Of (0= 1@ — @)%z — oo — 1)(@ — 0)** 'z (3o — 1)

+a®(a—1)(z — a)***(3d} — 3d3) + a* (T — a)***(Tdads — 4d — 3d4)}ei +--

Applying the generalized Binomial theorem once more, we obtain

1
|20 — ) — aggfisedS]

=(Z—a)+ |a(@—a)® ‘deel + {a(a —1)(Z —a)* %dy — a*(a —1)(Z —a)** %(2d5 — 2d3)} el
- {O‘(a 1)@ —0) 2 —ala— 1)(F - a)*Pda(2a— 1) +a(a—1)F — ) (3d3 — 3ds)
4 6 6
+0%(E — a)** 3 (7ds — 4d3 — 3d4)}eﬁ PR % (é - 1) [0 (7 — ) d3eh + O(E)] ++--  (26)

Now

9(@n) )]1/0‘.

bn =t [(“"" ~ O ),

(2.7)
Therefore, by applying equation (2.6) into the equation (2.7)

eny +T=a+7—a+a(@—a)® tdee?

+ {a(a - 1)(z - a)o‘_2d2 — 2a2(a - 1)(z - a)%‘—?(d% — d3)} ei

Y012 - )" 3ds — ala— 1)(F — )" 3da(2a — 1)
1 6" 6
+ (T — a)**? (3d3 — 3d3) + & (Z — a)***(Td3 — 4d3 — 3dy)
1/1 e
~3 (a_l) >z — a)? 3d%}ei+~-~ , (2.8)
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=a(Z —a)®* 'dee?  + {a(a —1)(Z — a)* 2dy — 202 (a — 1)(Z — a)**%(d3 — dg)} el

- {Z(a ~1D*(@ —a)*?dz — ala —1)(@ — a)**dy (za - g)
o®(a—1)(Z —a)>**3(3d5 — 3d3) + (T — a)**?(Tdads — 4d3 — 3ds)
1/1
“2\a 1) o’ (7 - a)2“_3d§}ei +oee (2.9)

Now, we have

9lyn) = % [a(gz —a)* e, + {%(a — 1)@ —a)* 2+ 2@ — a)QHdg} €2, + ] . (2.10)

Substituting equation (2.9) into expression (2.10) and performing some simplifications, we obtain
Tag)(z . o e _ \sa-
o) = T2 a2z = apezanet 4 {oda - (e - 0 - 200 - P - ) e
11
- {a2(a —1)(z — a)®>*dy <7a + > +a®(a—1)(z — a)®**~* (2d5 — 3d3)

+a*(z — a)*** (Tdads — 3d3 — 3dy) }e;ﬁ + O(e;”l)} .

Now,
9(xn) — g(yn) = % [a(a‘: —a)* e, + %(a D) - a)* %2
@ - 1)@= 2@ -0+ 0@ - ) P23 - dy) | €
; {2‘“4(@ 12— 3)(E —a)** + ¥ — 1)(E - a)*"t (—gdg +4d3>
05— a)' (<2 -+ Tdad —30) b+ O(c]). 1)
and

9(zn) = 29(9) = (T29)(D)(@ — @) e [1 +{Fa-nE-07 —a@ -0 e

1
6
+ {(i(a —D(a—-2)(a=3)(T—a)+ala—1)(Z—a)® ds (—%a + %)

7d3) + 0 (7 — a)** " (14dads — 643 — 5ds)) } €
+ O(eﬁ)} : (2.12)
From (2.11) and (2.12), we arrive at the following expression

S g
S — 1 4oz —a) tdacn+ { 2ot~ 1)@ — 0)* s + %2 - )22y - )}

+ {Oﬁ‘(a —1)(a—2)(7 —a)* *da + o’(a — 1)(@ — a)*** (—2d5 + 2d3)

+0® (& — a)?* 7 (—2dads — 2d5 + 3d4)}ei +O(en).
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Now,

9(n) —g(yn)  g(zn)
9(wn) —29(yn) (T4g)(zn)

= 2 |oE =0 e+ Jala = 1@ - + o~ (o -2 -
+ {%(OZ — 1)(04 — 2)(0[ — 3)({3 _ a)a—4 + a3(a _ 1)(@ . a)3a—4 (—d%)

+at(a—1)(z — a)"** (dods — 3d3) }efl + O(ei)} .

Thus, by applying the generalized Binomial theorem, we obtain the result

{(I 0P —a 9(zn) — g(yn)  g(zn) }
" 9(xn) = 29(yn) (T49)(2n)

=(Z—a)*+ {ag(a —1)(z —a)**1d3 + a*(z — a)** " (3d5 — dgdg)}ei +0(ed).

Next,

1
a

l:(x _ a)a —a g(l‘n) - g(yn) g(In) :l
" 9(xn) = 29(yn) (T49)(xn)

=(r—a)+ é Hag(a —1)(z —a)®***d2 + otz — a)*4(3d5 — d2d3)}€i:| ((z — a)o‘)éfl
=r—a+ {az(oz —1)(z —a)**?d5 + a*(z — a)** 3 (3d5 — dgdg)}efl +0(e?). (2.13)

Employing the substitution x,,+1 = en4+1 + T in equation (2.13), the following expression is obtained.
2
@
ni1t+T=a+%—a+ {2(a —1)(z —a)**73d3 + (7 — a)>*3(3d5 — d2d3)}ei +0(€d),
or,

Entl = {az(a —1)(z —a)?**3d3 + o (z — a)>*3(3d5 — d2d3)}6i +0(e).

It follows that the method presented in (2.2) achieves a convergence order of four. O

3. NUMERICAL RESULTS AND COMPARISON

In this numerical investigation, we present a detailed comparison of various fractional iterative
methods developed to solve nonlinear equations arising from practical, real-world applications.
The primary objective is to evaluate the performance of our recently proposed fractional iterative
method (NTJ) in comparison with existing approaches such as TeCo, CKeCo, and CeCo from
[7], and to demonstrate its effectiveness across a diverse set of problems. Accordingly, several
application-oriented examples are solved numerically using different iterative schemes, and the
corresponding results are analyzed in this section.

The numerical experiments were carried out using MATHEMATICA 8 with multiple pre-
cision of 200 digits. Each method was executed with a maximum of 500 iterations, and the
stopping criterion was defined as either |g(z,11)] < 1078 or |z,41 — 2, < 1078, For each

test function, we choose a = —10 to ensure that a < x, for all n. Additionally, we consider
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equispaced values of a € (0, 1]. The outcomes of these experiments are summarized in Tables 1
through 5, which report the following performance metrics for each method:

e The absolute residual error |g(zy,)|,

e The absolute error in approximating the root |x,+1 — x|,

e The number of iterations required to satisfy the stopping criterion,

e The number of function evaluations (NFE) per iteration,

The computational order of convergence (COC) [2], given by:

Tns1—Tn
Tn—Tn—1

log

COC ~
log

In—Tn—1
Tp—1—Tn—2

This metric serves as an indicator of how rapidly the iterative sequence converges to the true
solution.

In 2023, Candelario et al. [7] introduced several two-step fractional iterative methods based on
the use of the conformable derivative. These techniques are described as follows:

TeCo is defined as

CKeCo is defined as
o= (fea o - 5[5 EI] ) 4y

CeCo is defined as

Yn=0a+ ((xp, —a)*—«

Tpy1 =0+ ((yn —a)® —« |:g(-’En

S~—
+,
[\
<
—~
<
3
~—
I
—
<
—
<
S
S~—
N———
Q
—~
w
w
~—

Problem 1. (Van Der Walls equation of state [12]) The Van der Waals equation, which serves
as a refinement of the ideal gas law, is formulated as follows:
2
n-a
Here, p, V, and T represent the pressure, volume, and temperature (in Kelvin), respectively,
while n is the number of moles of the gas. The universal gas constant is denoted by R, with a

value of approximately 0.0820578. The constants a and b, known as Van der Waals constants,
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are specific to the gas under consideration. The above equation is nonlinear with respect to V/,

and it can be reformulated into a cubic polynomial of the form:
g(V) = pV?® — n(RT + bp)V? + naV — n3ab. (3.5)

As an example, suppose we wish to determine the volume of 1.4 moles of benzene vapor under
a pressure of 40 atm and a temperature of 500°C. Given that the Van der Waals constants for

benzene are a = 18 and b = 0.1154, the equation becomes:
g1(z) = 4023 — 95.2653511622 + 35.28z — 5.6998368. (3.6)

This cubic equation has three roots, one of which is real: x = 1.97078, while the other two are
complex: = = 0.205425 + 0.173507:. Since volume must be a real, positive quantity, only the
real root is considered physically meaningful. For solving this equation numerically, the initial

approximation xg = 1.6 was used.

TABLE 1. Results for g;(x), with initial estimate z¢ = 1.6.

TeCO Method | CKeCO Method
«o |91 (2pt1)| |Zp+1 — xn| Tterations NEF  p ‘ |91 (2pn11)| |Zpn+1 — xn| Tterations NFE  p
1 0 2.37 x 1079 16 3 308 |135x1071 3.42x10°5 126 3 276
09 7.11x107 529x%x10°6 16 3 281 |136x10712 149 x107° 11 3 279
0.8 4.83x 10713 395x 1077 15 3 287 |580x1071% 3.13x10°8 25 3 295
0.7 7.11x107 4.60 x 10~° 11 3 293 |711x10714 887x 1077 14 3 286
0.6 6.25x10710 1.12x107* 61 3 307 |579%x1071% 4.35x 10710 18 3 294
0.5 2.56 x 10713 7.18 x 106 28 3 281 453 x 1079 2.34x10°% 46 3 268
0.4 3.82x10712 205x107° 23 3 269 |[256x10713 266 x 1078 10 3 292
0.3 821 %1071 5.72x10°° 337 3 265 |711x1071 6.30x 1077 3 287
0.2 2.55x 10713 454 %1077 18 3 287 |255x1071% 5.38x1077 3 3.22
0.1 - - >500 3 - 1.18 x 10712 7.45 x 1077 20 3 286
CeCO Method NTJ Method

a  |g(xns1)]  |Tpe1 —an|  Iterations NFE  p ‘ l91(xnt1)]  |@n41 — xn| Iterations NFE  p
1 426x107* 4.83x10°6 7 3 339 [142x107' 342x107° 3 3 4.50
0.9 4.83x 10713 206 x 107° 7 3 329 |711x107™ 3.51x107° 3 3 449
0.8 4.83x 10713 7.88x107° 7 3 319 |256x1071 3.59x107° 3 3 449
0.7 4.50x 10712 2.71 x 1074 7 3 308 |711x107 3.67x1075 3 3 450
0.6 4.33x10710 839 x 1074 7 3 296 |256x1071 3.76 x 1075 3 3 450
0.5 2.56 x 10713 2.11 x 10710 8 3 379 |256x10713 3.84x107° 3 3 4.50
0.4 256 x 1071 8.06 x 107 8 3 369 |256x1071 3.93x107° 3 3 450
0.3 7.11x1071 241x10°7 8 3 356 |711x107% 4.03x107° 3 3 4.50
0.2 2.56 x 10713 4.56 x 106 8 3 340 |256x1071 4.12x107° 3 3 450
0.1 1.19x10712 596 x107° 8 3 322 |151x10712 421 x107° 3 3 450

Problem 2. (Law of blood flow [17]) This problem is based on a well-known principle formulated
by the French physiologist Jean Louis-Marie Poiseuille in 1840, which describes the flow of blood

through cylindrical vessels such as veins and arteries. According to this law, the flow behavior
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depends on the blood’s viscosity 7, the vessel’s radius R, its length [, and the applied pressure
P. The velocity profile is modeled by a function g(x), where x € [0, R| represents the radial
distance from the vessel’s center.

The law yields the following nonlinear relationship:

_ P 2 2
@) = (R?-2?). (3.7)
For the purpose of numerical simulations, the parameters are taken as P = 4000, n = 0.027,
R = 0.008, and | = 2. The function gs(x) is to be evaluated across the interval =z € [0, R],

representing the region within the blood vessel where flow velocity is analyzed.

TABLE 2. Results for go(x), with initial estimate z¢ = 0.9.

TeCO Method ‘ CKeCO Method

a  |g2(Tni1)]  |Tne1 — xn| Tterations NFE  p ‘ lg2(Xn41)]  |Tnt1 — zn| Tterations NFE  p

1 0 6.35 x 10711 8 3 292 0 6.35 x 10711 8 3 292
0.9 1.06 x 10712 7.04 x 10~1 8 3 292 [1.06x10712 7.21x10"1 8 3 292
0.8 1.06 x 10712 7.79 x 10~ 8 3 292 |3.16x10712 817 x 10712 8 3 292
0.7 1.04x107'2 8.62x 10711 8 3 291 |1.06x10712 9.24 x 101! 8 3 2091
0.6 1.06 x 10712 9.53 x 10~ 8 3 291 |1.06x10712 1.04x 10710 8 3 2091
0.5 1.04x107'2 1.05 x 10710 8 3 291 |3.16x107'2 1.18 x 10710 8 3 2091
0.4 3.14x1071%2 1.16 x 10710 8 3 291 |3.16x10712 1.33 x 10710 8 3 291
0.3 1.06 x 10712 1.28 x 1010 8 3 291 |1.06x107'2 1.50x 10710 8 3 2091
0.2 3.16 x 10712 1.41 x 10710 8 3 291 |317x10712 1.69 x 10710 8 3 291
0.1 3.15x 1072 1.56 x 10710 8 3 291 |3.15x107'2 1.90x 10710 8 3 290

CeCO Method | NTJ Method

a  |g2(Tni1)]  |Tpe1 —an| Iterations NFE  p ‘ lg2(nt1)]  |@n41 — zn| Iterations NFE  p

1 951x1071% 286x107° 6 3 256 0 1.99 x 10710 6 3 3.63
0.9 1.08x107% 2.95x107° 6 3 255 [1.06x10712 2.04 x 10710 6 3 363
0.8 1.22x1079 3.04x107° 6 3 255 |1.04x10712 2.09 x 10710 6 3  3.63
0.7 137x107% 3.13x107° 6 3 254 |1.06x10712 2.15x 10710 6 3 3.62
0.6 1.54x107° 3.23x10°° 6 3 254 |1.06x10712 221 x 10710 6 3 3.62
0.5 1.74x107% 3.32x107° 6 3 253 |1.04x10712 226 x 10710 6 3 3.62
0.4 1.95x107% 342x107° 6 3 253 [315x10712 2.32x10°10 6 3 3.62
0.3 220x107% 3.52x107° 6 3 252 |3.15x10712 238 x 10710 6 3 3.62
0.2 247x107% 3.63x107° 6 3 252 |5.25x10712 244 x 10710 6 3 3.62
0.1 277x1079 3.74x107° 6 3 251 |3.15x10712 2,50 x 10710 6 3 3.62

Problem 3. (Chemical Engineering [14])

In chemical engineering, the acidity of a solution composed of magnesium hydroxide (MgOH)
dissolved in hydrochloric acid (HCl) can be evaluated based on the concentration of hydronium
ions, denoted as [H3O"]. The relationship governing this concentration is given by the equation:

3.64 x 10711

= [H301] +3.6 x 1074
[H30+] [ 3 ]+ X
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To simplify the expression, let z = 10*[H3O7], resulting in the following nonlinear polynomial

model:

g3(z) = 23 — 3.62% — 36.4.

The solutions to this equation include two complex roots, x = —3 + 2.3i and z = —3 — 2.3i, as
well as one real root, x = 2.4, which is physically relevant in the context of acidity calculations.
From the results corresponding to the NTJ method, it can be observed that when a = 1,
which represents the classical (non-fractional) case, the method requires 9 iterations to reach
the desired tolerance. However, for fractional values of «, the NTJ method converges in fewer
iterations compared to the classical case. This clearly indicates that the fractional version of

the NTJ method improves convergence efficiency over its classical counterpart.

TABLE 3. Results for gs(x), with initial estimate z¢ = 1.6.

TeCO Method \ CKeCO Method
«a |g3(2nt1)| |Zpt1 — xn| Iterations NFE  p ‘ lg3(zpnt1)| |Zn+1 — xn| Tterations NFE  p
1 711x1071 4.71x1077 24 3 316 |463x10710 4.02x107* 96 3 3.88
0.9 6.11x107 8.68x 1078 14 3 293 |590x107 1.39x1078 15 3 3.01
0.8 1.19x 10713 3.94 x 10710 13 3 302 |467x10711 1.97x107% 13 3 274
0.7 9.04x107% 1.17x1073 12 3 270 |822x10712 1.11x10* 13 3 278
0.6 1.17x 10713 259 x 1079 19 3 296 |1.19x1071 6.75 x 1077 27 3 2091
0.5 5.71 x 10710 425 x 10~* 12 3 274 |497x107* 158 x107° 13 3 284
04 625%x107" 1.89x 1079 13 3 299 |6.33x10712 1.02x107* 13 3 278
0.3 748 x 10711 239 x 10~* 11 3 272 |1.76x10713 1.97x 1076 12 3 2.96
0.2 1.95x 107" 1.53x 1074 26 3 275 |149x10713 813 x107° 151 3 296
0.1 - - >500 3 - - - >500 3 -
CeCO Method \ NTJ Method

a  |g3(xnt1)|  |Tn41 —xn| Tterations NFE  p ‘ lg3(xnt1)]  |Tnt1 —zn] Tterations NFE  p
1 711x1071% 3.79 x 1079 35 3 376 [711x107%® 1.97x 1077 9 3 381
0.9 5.90x 1071 1.56 x 10~* 18 3 455 [1.21x10712 453 x 10710 8 3 4.14
0.8 1.19x 10713 4.69 x 10~8 18 3 378 |6.83x10710 5.62x1073 8 3 3.01
0.7 1.14x1071 1.32x10°8 19 3 376 |[T7.11x1071% 4.27x10"1 6 3  3.87
0.6 1.17 x 1071 9.02 x 10712 63 3 411 |7.82x1071% 5.23 x 10710 5 3 4.14
0.5 4.97x107% 1.07x 1078 22 3 374 |782x107 592x10713 5 3 3.92
04 679x107 2.32x1078 25 3 383 |711x107% 538x107° 5 3 343
0.3 1.19x 1071 1.38 x 107 29 3 3.85 [263x10713 6.54x 1078 6 3 3.73
0.2 1.19x 10713 292 x 106 124 3 368 |263x10713 4.03x107? 7 3 3.80
0.1 1.21 x10713 7.90 x 10713 50 3 390 |504x10719 510x1073 8 3 3.03

Problem 4. (Law of population growth [17]) In population dynamics, a widely used mathe-

matical representation is the first-order linear ordinary differential equation given by:

P'(t) = kP(t) + v, (3.8)
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where P(t) represents the population at time ¢, « is the constant birth rate, and v is the constant

immigration rate. Solving this differential equation yields the general solution:
P(t) = Pyexp(st) + —(exp(rt) — 1), (3.9)
K

in which P, denotes the initial population size. By applying a specific initial condition and
parameter values provided in [8], the value of the birth rate x can be determined through the

following nonlinear equation:
435
ga(x) = 1564 — 100 exp(x) — T(exp(:ﬁ) —-1)=0, (3.10)

where x = k is the birth rate to be computed. From Table 4, it is noteworthy that the NTJ
method achieves the prescribed tolerance within only two iterations for o = 0.6 and « = 0.2,
demonstrating its accelerated convergence behavior. In contrast, for « = 1 (the classical case),
the method requires three iterations to reach the same level of accuracy. This clearly indicates
that the fractional-order formulation of the NTJ method enhances convergence efficiency com-

pared to its classical counterpart.

TABLE 4. Results for g4(x), with initial estimate z¢ = 2.

TeCO Method | CKeCO Method

a  |ga(xni1)]  |Tpe1 —an| Iterations NFE  p ‘ |ga(nt1)]  |@n41 — xn| Iterations NFE  p

1 2.85x1071% 1.89 x 106 3 3 294 |161x1074 3.18x 1076 3 3 293
0.9 4.66x 10712 2.02x 1076 3 3 294 |4.66x10712 341x10°6 3 3 293
0.8 525x10°1 2.15x%x 106 3 3 294 |525x10713 3.64x10°6 3 3 2093
0.7 1.54x10712 229 x 106 3 3 294 |154x10712 3.89x10°6 3 3 2093
0.6 1.54x 10712 244 x 1076 3 3 294 |154x10712 4.16x 1076 3 3 2093
0.5 525%x10°1 2,60 x 1076 3 3 294 |525x10713 443 x 1076 3 3 2093
04 154x10712 277 x10°6 3 3 293 |154x10712 4.73x10°6 3 3 292
0.3 1.54x 10712 294 x 1076 3 3 293 |154x10712 5.04%x 1076 3 3 292
0.2 259x%x10712 3.12x10°6 3 3 293 [259x10712 5.36x 1076 3 3 292
0.1 5.68x10712 3.32x10°¢ 3 3 293 |568x10712 570x 1076 3 3 292

CeCO Method \ NTJ Method

«a |ga(zpt1)| |Zpt1 — xn| Iterations NFE  p ‘ |ga(zpnt1)| |Zp+1 — xn| Tterations NFE  p

1 9.43x10737 2.22x 10710 3 3 3.88 [7.02x107°7 248 x 10715 3 3 3.99
0.9 4.66 x 10712 2.49 x 1010 3 3 388 |4.66x10712 3.55x 10715 3 3 3.94
0.8 2.59 x 10712 2.80 x 1010 3 3 388 |1.54x10712 3.55x10715 3 3 395
0.7 5.25x 10713 3.13 x 10710 3 3 38 |525x10713 3.55x 10710 3 3 3.96
0.6 1.54 x107'2 3.50 x 10710 3 3 388 |259x10712 5.95x107* 2 3 -

0.5 5.25x 10713 3.91 x 10710 3 3 387 |525x10713 1.78 x1071° 3 3 4.08
0.4 1.54x10712 4.37x 10710 3 3 387 |1.54x10712 533x10°15 3 3 391
0.3 1.54 x 107!2 4.87 x 10710 3 3 387 |154x10712 888 x 10715 3 3 3.84
0.2 2.59 x 10712 542 x 10710 3 3 387 |259x10712 6.15x 1074 2 3 -

0.1 5.68x107'2 6.02x 10710 3 3 387 |5.68x10712 213x 1074 3 3 3.92

Problem 5. (Planck’s radiation law [11]) Let us consider Planck’s law of blackbody radiation
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as presented in [11]:
8mch

TN (e o)
where 7 represents the spectral energy density, A is the wavelength, T' is the temperature in
Kelvin, k is Boltzmann’s constant, h is Planck’s constant, and c is the speed of light in vacuum.
To identify the wavelength \ at which the energy density attains its maximum, we take the

derivative of v with respect to A:

ch 6%
dry 8mch KT
N -/ <N\ -5+ T _ch
dh 5 (et —1) e — 1
As X approaches 0 or oo, the expression inside the parentheses tends toward zero, and 7y reaches
a minimum at both extremes. The desired maximum occurs when the expression within the

parentheses is equal to zero, leading to:

ch

ch NmaxET
(Amaka) € e

=5,

ch
e/\maka — 1
where Apax represents the wavelength corresponding to the peak energy density. By letting

T = )\mc%, the equation simplifies to:

ax

1—§:e

Now we can define the following non-linear equation,

—x

g5(x) =e ¥ =1+ g

4. NUMERICAL STABILITY OF THE DEVELOPED METHOD

In their investigation of the fractional Newton method’s stability, Akgiil et al. [1] employed
a graphical approach derived from Cayley’s quadratic test. This technique utilizes poly-
nomiographs to illustrate how different regions are influenced by the roots of polynomial func-
tions, depending on the fractional order o. These visualizations offer a deeper understanding of
how the method behaves in terms of stability across varying values of «.

To show the basins of attraction, we selected a rectangular region D within the complex plane
C. We chose the area [—3, 3] x [—3, 3|, which contains all the roots of the equation Q(z) = 0. A
grid of 200 x 200 points was used to create a detailed picture. Each point on the grid represents
a starting value. In the basin of attraction analysis, a point zgy is considered to belong to the
basin of a root z* of the polynomial if the iterative method converges to z* within a tolerance
of |21, — 2*| < 1073 and within a maximum of 25 iterations. Such points are visually represented
using distinct colors corresponding to the associated roots. Within each basin, the shade of the
color indicates the speed of convergence—brighter shades represent fewer iterations, while darker
shades signify a higher number of iterations required. Points that either do not converge within

the iteration limit or diverge to infinity are marked in black, indicating no successful convergence.
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TABLE 5. Results for gs(x), with initial estimate z¢o = —2.5.
TeCO Method | CKeCO Method

o |g5(nt1)] |Zp+1 — xn| Tterations NFE  p ‘ lgs(®ns1)|  |Tne1 — xn| Tterations NFE  p

1 332x10715 1.74x107° 5 3 288 [1.25x1071% 5.61x107° 5 3 286
0.9 0 1.44 x 107® 5 3 288 [6.82x107" 4.63x10°° 5 3 287
0.8 1.42x107% 1.78 x 1071® 6 3 295 [3.69x107 3.80x107° 5 3 287
0.7 1.42x107% 9.65x 1076 5 3 289 [1.99x107" 310x107° 5 3 287
0.6 1.42x107% 7.85x 1076 5 3289 [9.95x10715 252 %107 5 3 287
0.5 1.42x107% 6.35x 1076 5 3 289 [568x1071% 203 x107° 5 3 2.80
0.4 0 5.12 x 1076 5 3 290 [284x10715 1.63x107° 5 3 288
0.3 0 4.10 x 1076 5 3 290 0 1.30 x 1075 5 3 288
02 284x1071% 327x10°6 5 3 290 [284x107'% 1.03x107° 5 3 2.89
0.1 4.26x 10715 259 x 106 5 3 290 [426x1071% 814 x 1076 5 3 289

CeCO Method | NTJ Method

a  |g5(znt1)]  |Tns1 —xn| Iterations NFE  p ‘ lgs(n+1)|  |@nt1 — @n| Iterations NFE p

1 331x10713 774 x10™* 4 3 341 [850x10710 9.85x 1073 3 3 372
09 1.85x 10713 6.84 x 10~* 4 3 342 [815x10710  0.00976 3 3 372
0.8 1.08x 10713 6.03 x 1074 4 3 342 |7.78x 10719 9.07 x 1073 3 3 373
0.7 6.39x107™ 529 x107* 4 3 343 | 741x10°10 957 x 1073 3 3 3.73
0.6 3.55x 107 4.63 x 107* 4 3 343 | 7.02x10710 946 x 1073 3 3 3.73
0.5 2.13x107™ 4.05x 107¢ 4 3 343 ]6.64x10710 935x1073 3 3 3.73
0.4 9.95x 107 352x107* 4 3 344 ]625x10710 9922 %1073 3 3 3.73
0.3 5.68x107% 3.05x 1074 4 3 344 |586x1071% 9,09 x 1073 3 3 3.73
02 2.84x10715 264 x10™* 4 3 345 |5.48x10710 8.96 x 1073 3 3 373
0.1 4.26x 10715 227 x10™* 4 3 345 [5.10x10710 8.82x 1073 3 3 373

Example 1. As a first test case, we consider the polynomial function Qq(z) = 2? — 1.
This is a simple quadratic equation with two real roots, namely z = 1 and z = —1. The basins

of attraction depicted in Figures 1-4 illustrate the convergence behavior of the considered
methods for ()1(z) across different values of a. It is clearly observed that the NTJ method
(Figure 1) exhibits a highly regular and well-structured basin, characterized by a sharp and
smooth boundary separating the regions of convergence. Unlike the other methods, NTJ shows
almost no scattered or chaotic regions, indicating strong stability and minimal sensitivity to
initial guesses. In contrast, CKeCo, CeCo, and TeCo display irregular patterns with noticeable
fractal boundaries and black regions, reflecting divergence or slow convergence. Furthermore,
the basin corresponding to NTJ remains nearly unchanged as « varies, highlighting its
robustness. Overall, the graphical evidence strongly supports that the NTJ method provides

superior convergence behavior with enhanced stability and reliability.
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FIGURE 4. Basins of attraction for @1(z) by using CKeCo

Example 2. Next, we consider the polynomial Q2(z) = 2% — 1, which has three complex roots:
z=12=—-3+ ‘/ng', and z = —1 — ‘/ng The basins of attraction for Q2(z) illustrated
in Figures 5-8 further emphasize the superior performance of the NTJ method. As seen in
Figure 5, the NTJ method produces smooth, well-defined, and symmetric basins with very few
irregular or chaotic regions, indicating strong stability and reliable convergence. The boundaries
between attraction regions are clear and exhibit minimal fractal behavior, even as « varies. In
contrast, the basins corresponding to CeCo, TeCo, and CKeCo (Figures 6-8) display highly
intricate fractal structures with significant scattering and numerous black regions, suggesting
sensitivity to initial guesses and a higher likelihood of divergence. Additionally, the NTJ basins
remain nearly unchanged across different values of «;, demonstrating robustness and consistency.
These observations confirm that the NTJ method ensures faster, more stable, and dependable

convergence compared to the competing methods.

Imaginary axis
Imaginary axis
Imaginary axis

-3 -15 0. 15 3
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FIGURE 5. Basins of attraction for Q2(z) by using NTJ
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Example 3. As a third example, we analyze the polynomial Q3(z) = 2% — 1023 — 8, which
has six complex roots. These include z = 0.906359,z = —2.20663, z = 1.103 £+ 1.911¢, and
z = —0.453 + 0.785¢. From Figures 9-12, it is evident that the N'TJ method provides a more
structured and stable convergence pattern for Q3(z). The attraction regions in Figure 9 are
wider and more uniformly distributed, with sharp and less chaotic boundaries. On the other
hand, competing methods such as CeCo, TeCo, and CKeCo generate irregular and highly fractal
basin structures, along with increased non-convergent (black) regions. The minimal variation
in NTJ basins with respect to « further demonstrates its consistency and reduced sensitivity to

parameter changes.

Imaginary axis

FIGURE 9. Basins of attraction for Q3(z) by using NTJ
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Imaginary axis
Imaginary asis

FIGURE 10. Basins of attraction for Q3(z) by using CeCo
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FIGURE 12. Basins of attraction for Q3(z) by using CKeCo

The results presented in Tables 6-8 provide a comprehensive comparison of the considered
methods in terms of black points, average number of iterations, and CPU time for the test
functions Q1(z), Q2(z), and Q3(z). It is evident that the NTJ method significantly outperforms
the other methods across all values of a.. In particular, NTJ consistently produces the smallest
number of black points, indicating a larger region of convergence and higher stability. Moreover,
it achieves the lowest average number of iterations, demonstrating its faster convergence rate.
The computational efficiency of NTJ is further supported by its reduced CPU time in most cases.
In contrast, the other methods exhibit higher iteration counts, increased computational cost,
and a larger number of divergent points. Overall, these results clearly confirm the robustness,
efficiency, and superior performance of the NTJ method over the competing schemes.

Figure 13 compares the average number of iterations for NTJ and the existing methods (TeCo,
CKeCo, and CeCo) over « € [0.1,0.9]. It is observed that the NTJ method consistently requires

the fewest iterations and remains nearly constant across all values of a. In contrast, the other
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methods show an increasing trend in iterations as « grows, indicating slower convergence and

reduced stability. These results highlight the superior efficiency and robustness of the NTJ

method.
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FiGUrE 13. Comparison of the average number of iterations for different meth-

ods with varying values of the fractional parameter a.

TABLE 6. Comparison of methods based on number of black points, average

iterations, and CPU time for Q;(z).

. i Average .

Function o Method Black Points CPU Time
No. of Iterations

Q1(2) 0.2 TeCo 199 3.6246 16.719

CKeCo 201 3.6205 17.781

CeCo 751 3.4019 17.703

NTJ 1 2.5672 12.375

0.5 TeCo 17 3.6806 15.625

CKeCo 17 3.6740 17.156

CeCo 104 3.5661 17.438

NTJ 1 2.5675 12.125

0.9 TeCo 1 3.6862 15.391

CKeCo 1 3.6881 17.328

CeCo 3 3.5163 17.531

NTJ 1 2.5706 13.047



https://doi.org/10.28924/ada/ma.6.15

Eur. J. Math. Anal.

TABLE 7. Comparison of methods based on number of black points, average
iterations, and CPU time for Q2(%).

Average

Function « Method Black Points CPU Time
No. of Iterations
Q2(2) 0.2 TeCo 2903 4.8295 28.39
CKeCo 3793 4.8635 35.188
CeCo 4602 4.1237 35.344
NTJ 4 3.1714 15.047
0.5 TeCo 1992 5.1907 27.781
CKeCo 2666 5.2964 33.218
CeCo 3214 4.6715 33.156
NTJ 1 3.1689 15.86
0.9 TeCo 1086 5.4495 26.969
CKeCo 1537 5.6802 31.781
CeCo 2034 5.1166 32.062
NTJ 1 3.1653 16.093

TABLE 8. Comparison of methods based on number of black points, average
iterations, and CPU time for Qs(z).

Function a Method Black Points Average CPU Time
No. of Iterations

Qs(z) 0.2 TeCo 6450 5.0615 55.172
CKeCo 8117 4.9457 66.531

CeCo 8274 4.3074 68.953

NTJ 16 3.4019 23.781

0.5 TeCo 6318 5.1379 2.859
CKeCo 7873 5.0738 63.453

CeCo 7768 4.5936 64.078

NTJ 4 3.4092 24.000

0.9 TeCo 5818 5.4028 52.016
CKeCo 7534 5.2733 64.750

CeCo 7037 4.9006 63.110

NTJ 1 3.4071 924.328

5. CONCLUSION

In this study, we have developed a novel two-step fractional iterative method by incorporating
the conformable derivative into an existing classical two-step scheme. The convergence behav-
ior of the proposed method has been rigorously analyzed, and it has been established that the
method achieves fourth-order convergence. Through various real-world examples and compar-

ative numerical experiments, the method has demonstrated superior performance, particularly
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in terms of reducing the number of iterations required. Furthermore, the basin of attraction

analysis reinforced the method’s robustness and efficiency in solving nonlinear equations. The

proposed approach represents a significant improvement over traditional techniques and offers

a promising alternative for tackling nonlinear problems with greater accuracy and stability.
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