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Abstract. This article establishes two new one-parameter variants of the Hardy-Hilbert inte-
gral inequality. These results are derived by modifying an existing framework that incorporates
the absolute difference between unity and the product of two variables, raised to an adjustable
power parameter. By employing two distinct approaches, we obtain different weighted integral
norms for the primary functions. The proofs are presented in comprehensive detail and are
entirely self-contained.

1. Introduction

We begin by presenting a fundamental result in the theory of mathematical inequalities: the
classical Hardy-Hilbert integral inequality. Let p > 1, q = p/(p − 1) satisfying 1/p + 1/q = 1,
and f, g : (0, +∞) → (0, +∞) be two (measurable) functions such that∫︂ +∞

0
fp(x)dx < +∞,

∫︂ +∞

0
gq(y)dy < +∞.

Then we have∫︂ +∞

0

∫︂ +∞

0

1
x + y

f(x)g(y)dxdy ≤ π

sin(π/p)

[︃∫︂ +∞

0
fp(x)dx

]︃1/p [︃∫︂ +∞

0
gq(y)dy

]︃1/q

. (1)

Beyond the well-established sharpness of the upper bound and its optimal constant factor [8,
9, 18], the study of Hardy-Hilbert-type integral inequalities continues to expand. In particular,
two-dimensional variations have received considerable attention [1,2,4–7,10,11,16,17], and recent
efforts have pushed these results into higher dimensions [3, 12,14,15,19,20].

For the purposes of this study, we present a specific variant of the Hardy-Hilbert integral
inequality that incorporates the absolute difference between unity and the product of two
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variables, as established in [5, Theorem 2.1]. Let λ ∈ (0, 1), p > 1, q = p/(p − 1), and
f, g : (0, +∞) → (0, +∞) be two functions such that∫︂ +∞

0
fp(x)x(1−λ/2)p−1dx < +∞,

∫︂ +∞

0
gq(y)y(1−λ/2)q−1dy < +∞.

Then we have∫︂ +∞

0

∫︂ +∞

0

1
|1 − xy|λ

f(x)g(y)dxdy

≤ 2B

(︃
λ

2 , 1 − λ

)︃ [︃∫︂ +∞

0
fp(x)x(1−λ/2)p−1dx

]︃1/p [︃∫︂ +∞

0
gq(y)y(1−λ/2)q−1dy

]︃1/q

, (2)

where B(a, b) =
∫︁ 1

0 ta−1(1 − t)b−1dt, a, b > 0, is the beta function at a and b.
This inequality serves as an alternative formulation to the one presented in [13, Corollary

3]. It possesses a notably more complex architecture than the classical Hardy-Hilbert integral
inequality. Specifically, the primary integrand incorporates the function |1 − xy|λ, the constant
factor is determined by the beta function, and the norms of f and g are modulated by power-type
weights of x and y.

In this article, we propose a modification of this framework by considering a special double
integral, given by ∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)
|1 − xy|λ(1 + xy)λ

dxdy

with λ > 0. The primary novelty lies in the denominator term, which establishes a multiplicative
relationship between |1 − xy|λ and (1 + xy)λ. This relationship can be treated in several ways,
depending on the research objective.

To be more specific, this study pursues two primary objectives:

(1) For λ ∈ (0, 1), applying the algebraic identity

|1 − xy|λ(1 + xy)λ = |1 − x2y2|λ,

we demonstrate how the inequality established in Equation (2) can be utilized to derive
a Hardy-Hilbert integral inequality for the double integral under consideration.

(2) For the specific range λ ∈ (1/2, 1), another approach is proposed. We establish a Hardy-
Hilbert-type integral inequality through a systematic decomposition of the integrand and
rigorous integral calculus.

The two results operate under different assumptions, yielding distinct weighted integral norms
for the primary functions.

The rest of the article is as follows: Section 2 is dedicated to presenting our results, which
are subsequently followed by concluding remarks in Section 3.

2. Results

2.1. A result derived from Equation (2). We present a result derived from the inequality
in Equation (2).
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Theorem 2.1. Let λ ∈ (0, 1), p > 1, q = p/(p − 1), and f, g : (0, +∞) → (0, +∞) be two
functions such that∫︂ +∞

0
fp(x)x(1−λ)p−1dx < +∞,

∫︂ +∞

0
gq(y)y(1−λ)q−1dy < +∞.

Then we have∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)
|1 − xy|λ(1 + xy)λ

dudv

≤ B

(︃
λ

2 , 1 − λ

)︃ [︃∫︂ +∞

0
fp(x)x(1−λ)p−1dx

]︃1/p [︃∫︂ +∞

0
gq(y)y(1−λ)q−1dy

]︃1/q

.

Proof. Let us consider the double integral

I =
∫︂ +∞

0

∫︂ +∞

0

[f(x1/2)/x1/2][g(y1/2)/y1/2]
|1 − xy|λ

dxdy.

Then, performing the changes of variables x = u2 and y = v2, and applying the algebraic identity
|1 − u2v2|λ = |1 − uv|λ(1 + uv)λ, we get

I = 4
∫︂ +∞

0

∫︂ +∞

0

f(u)g(v)
|1 − u2v2|λ

dudv

= 4
∫︂ +∞

0

∫︂ +∞

0

f(u)g(v)
|1 − uv|λ(1 + uv)λ

dudv. (3)

We recognize the double integral under consideration (multiplied by 4).
On the other hand, we can bound I directly. Applying Equation (2) to the functions

f(x1/2)/x1/2 and g(y1/2)/y1/2, making the changes of variables x = u2 and y = v2, and us-
ing 1/p + 1/q = 1, we have

I ≤ 2B

(︃
λ

2 , 1 − λ

)︃ [︄∫︂ +∞

0

[︄
f(x1/2)

x1/2

]︄p

x(1−λ/2)p−1dx

]︄1/p [︄∫︂ +∞

0

[︄
g(y1/2)

y1/2

]︄q

y(1−λ/2)q−1dy

]︄1/q

= 2B

(︃
λ

2 , 1 − λ

)︃ [︃∫︂ +∞

0
fp(x1/2)x(1−λ)p/2−1dx

]︃1/p [︃∫︂ +∞

0
gq(y1/2)y(1−λ)q/2−1dy

]︃1/q

= 2B

(︃
λ

2 , 1 − λ

)︃ [︃
2

∫︂ +∞

0
fp(u)u(1−λ)p−1du

]︃1/p [︃
2

∫︂ +∞

0
gq(v)v(1−λ)q−1dv

]︃1/q

= 4B

(︃
λ

2 , 1 − λ

)︃ [︃∫︂ +∞

0
fp(u)u(1−λ)p−1du

]︃1/p [︃∫︂ +∞

0
gq(v)v(1−λ)q−1dv

]︃1/q

. (4)

It follows from Equations (3) and (4) that

4
∫︂ +∞

0

∫︂ +∞

0

f(u)g(v)
|1 − uv|λ(1 + uv)λ

dudv

≤ 4B

(︃
λ

2 , 1 − λ

)︃ [︃∫︂ +∞

0
fp(u)u(1−λ)p−1du

]︃1/p [︃∫︂ +∞

0
gq(v)v(1−λ)q−1dv

]︃1/q

,
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so that, after a simplification and a minor change in the notation,∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)
|1 − xy|λ(1 + xy)λ

dudv

≤ B

(︃
λ

2 , 1 − λ

)︃ [︃∫︂ +∞

0
fp(x)x(1−λ)p−1dx

]︃1/p [︃∫︂ +∞

0
gq(y)y(1−λ)q−1dy

]︃1/q

.

This completes the proof. □

Compared with the inequality in Equation (2), we note that the constant factors differ by
a multiplicative factor, and the weighted integral norms for the primary functions have been
adapted accordingly.

In the section below, we outline an alternative strategy. Conceptually, this approach relies on
a pointwise proof and applies the algebraic identity |1 − x2|λ = |1 − x|λ(1 + x)λ to evaluate a
new constant factor.

2.2. Another result. The theorem below establishes this result alongside a complete, self-
contained proof. Compared with Theorem 2.1, it focuses on the parameter range λ ∈ (1/2, 1)
and incorporates distinct weighted integral norms for the primary functions.

Theorem 2.2. Let λ ∈ (1/2, 1), p > 1, q = p/(p − 1), and f, g : (0, +∞) → (0, +∞) be
two functions such that∫︂ +∞

0
fp(x)x(2λ−1)p−1dx < +∞,

∫︂ +∞

0
gq(y)y(2λ−1)q−1dy < +∞.

Then we have ∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)
|1 − xy|λ(1 + xy)λ

dxdy

≤ C

[︃∫︂ +∞

0
fp(x)x(2λ−1)p−1dx

]︃1/p [︃∫︂ +∞

0
gq(y)y(2λ−1)q−1dy

]︃1/q

,

where

C = 1
2 (B (1 − λ, 1 − λ) + B (2λ − 1, 1 − λ)) . (5)

Proof. Using a special integrand decomposition and 1/p + 1/q = 1, we can write∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)
|1 − xy|λ(1 + xy)λ

dxdy

=
∫︂ +∞

0

∫︂ +∞

0

f(x)y(1−2λ)/px(2λ−1)/q

|1 − xy|λ/p(1 + xy)λ/p
× g(y)x(1−2λ)/qy(2λ−1)/p

|1 − xy|λ/q(1 + xy)λ/q
dxdy. (6)

Based on this, it follows from the Hölder integral inequality that∫︂ +∞

0

∫︂ +∞

0

f(x)y(1−2λ)/px(2λ−1)/q

|1 − xy|λ/p(1 + xy)λ/p
× g(y)x(1−2λ)/qy(2λ−1)/p

|1 − xy|λ/q(1 + xy)λ/q
dxdy

≤ A1/pB1/q, (7)
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where

A =
∫︂ +∞

0

∫︂ +∞

0

fp(x)y1−2λx(2λ−1)p/q

|1 − xy|λ(1 + xy)λ
dxdy

and

B =
∫︂ +∞

0

∫︂ +∞

0

gq(y)x1−2λy(2λ−1)q/p

|1 − xy|λ(1 + xy)λ
dxdy.

We first analyze the term A, before proceeding to the evaluation of the term B.
For the term A, using p/q = p − 1 and arranging the integral in a suitable way, we obtain

A =
∫︂ +∞

0

∫︂ +∞

0

fp(x)y1−2λx(2λ−1)p/q

|1 − xy|λ(1 + xy)λ
dxdy

=
∫︂ +∞

0

∫︂ +∞

0

fp(x)y1−2λx(2λ−1)(p−1)

|1 − xy|λ(1 + xy)λ
dxdy

=
∫︂ +∞

0
fp(x)x(2λ−1)p−1Ixdx

where

Ix =
∫︂ +∞

0

(xy)1−2λ

|1 − xy|λ(1 + xy)λ
xdy. (8)

Let us now determine Ix. Making the change of variables z = xy, we get

Ix =
∫︂ +∞

0

z1−2λ

|1 − z|λ(1 + z)λ
dz.

Based on this expression, the Chasles integral relation, the changes of variables u = z2 and
v = 1/u, and the definition of the beta function give

Ix =
∫︂ 1

0

z1−2λ

|1 − z|λ(1 + z)λ
dz +

∫︂ +∞

1

z1−2λ

|1 − z|λ(1 + z)λ
dz

=
∫︂ 1

0

z1−2λ

(1 − z2)λ
dz +

∫︂ +∞

1

z1−2λ

(z2 − 1)λ
dz

= 1
2

∫︂ 1

0

u−λ

(1 − u)λ
du + 1

2

∫︂ +∞

1

u−λ

(u − 1)λ
du

= 1
2

∫︂ 1

0

u−λ

(1 − u)λ
du + 1

2

∫︂ 1

0

v2λ−2

(1 − v)λ
dv

= 1
2

(︃∫︂ 1

0
u(1−λ)−1(1 − u)(1−λ)−1du +

∫︂ 1

0
v(2λ−1)−1(1 − v)(1−λ)−1dv

)︃
= 1

2 (B (1 − λ, 1 − λ) + B (2λ − 1, 1 − λ))

= C, (9)

where C is given in Equation (5). Combining the above equations, we get

A = C

∫︂ +∞

0
fp(x)x(2λ−1)p−1dx. (10)
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For the term B, we proceed similarly, paying attention to the variables x and y under consider-
ation. We have

B =
∫︂ +∞

0

∫︂ +∞

0

gq(y)x1−2λy(2λ−1)q/p

|1 − xy|λ(1 + xy)λ
dxdy

=
∫︂ +∞

0

∫︂ +∞

0

gq(y)x1−2λy(2λ−1)(q−1)

|1 − xy|λ(1 + xy)λ
dxdy

=
∫︂ +∞

0
gp(y)y(2λ−1)q−1Jydy,

where
Jy =

∫︂ +∞

0

(xy)1−2λ

|1 − xy|λ(1 + xy)λ
ydx = Iy

and Iy is defined as in Equation (8) with x = y. Therefore, using Equation (9), we have

Jy = C.

Combining the above equations, we get

B = C

∫︂ +∞

0
gq(y)y(2λ−1)q−1dy. (11)

It follows from Equations (6), (7), (10) and (11) and 1/p + 1/q = 1 that∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)
|1 − xy|λ(1 + xy)λ

dxdy

≤
[︃
C

∫︂ +∞

0
fp(x)x(2λ−1)p−1dx

]︃1/p [︃
C

∫︂ +∞

0
gq(y)y(2λ−1)q−1dy

]︃1/q

= C

[︃∫︂ +∞

0
fp(x)x(2λ−1)p−1dx

]︃1/p [︃∫︂ +∞

0
gq(y)y(2λ−1)q−1dy

]︃1/q

.

This concludes the proof. □

Theorem 2.2 complements Theorem 2.1, though the differing weighted integral norms com-
plicate any direct comparison.

3. Conclusion

In conclusion, this article establishes two new one-parameter Hardy-Hilbert integral inequal-
ities by employing precise integral decomposition. These results, characterized by their explicit
constant factors involving the beta function, provide a sophisticated extension to the classical
theory of integral inequalities. Natural perspectives of this research include the investigation of
Hardy-Hilbert integral inequalities derived from

• the double integral ∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)
|1 − xy|λ(1 + xy)τ

dxdy

with λ, τ > 0, the introduction of the parameter τ adding a new dimension to the
problem,

https://doi.org/10.28924/ada/ma.6.11
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• the triple integral∫︂ +∞

0

∫︂ +∞

0

∫︂ +∞

0

f(x)g(y)h(z)
|1 − xyz|λ(1 + xyz)λ

dxdydz,

with λ > 0, where h : (0, +∞) → (0, +∞) is an additional function.

Each of these directions promises to yield novel results and further enrich the field of integral
inequalities.

Competing interests: The authors declare that there is no conflict of interest regarding the
publication of this paper.
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