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ABSTRACT. We construct irregular Cantor sets C¢ C [0, 1] using the decimal digits of a real num-
ber & (typically transcendental) as level-dependent removal ratios. Under the mild assumption
that only finitely many digits are zero (satisfied, for example, by £ = 7—3 and { = e—2 after dis-
carding finitely many initial digits), the resulting sets are compact, perfect, totally disconnected,
and nowhere dense. The natural probability measure p¢ splits mass equally at each construction

step. We prove that the Hausdorff dimension is given by dimpg C¢ = lim infy— o0 — log2 1
D DML LY

where ar = (1 — di/10), and that the associated Cantor function F¢(z) = pe([0, z]) is Hélder
continuous with optimal exponent equal to this dimension. The construction extends to Carte-
sian products K, = C¢, X --- X C¢,; the Hausdorff dimension adds, and the product Cantor
function F,(z1,...,2n) =[], Fe, (x:) is Holder continuous with exponent min; dimg Ce;. Con-
nections to normal numbers (which yield dimension ~ 0.874) and Liouville numbers (which can
realise any dimension in (0, 1]) are discussed, and several open problems are formulated.

1. INTRODUCTION

Classical Cantor sets, introduced by Cantor [5], are defined by a fixed removal rule (e.g.,
removing the middle third) and exhibit perfect self-similarity: each part is an affine copy of the
whole. The theory of iterated function systems (IFS) [12] provides a comprehensive framework
for such self-similar fractals, and the foundational works of Mandelbrot [15], Falconer [7], and
Mattila [16] have established the geometric measure theory of these sets. However, many natural
phenomena and arithmetic constructions display irregular scaling that cannot be captured by a
finite IF'S with constant contraction ratios.

Non-autonomous iterated function systems, where the contraction ratios may vary with the
level, have been studied by Feng and Wang [8] and Remeslennikov and Volkov [20]. These sys-
tems naturally give rise to fractals with aperiodic scaling behaviour. In parallel, the interplay
between number theory and fractal geometry has attracted considerable attention. The distri-
bution of digits in decimal expansions of real numbers, especially transcendental constants such
as m and e, provides a rich source of aperiodic sequences. Bugeaud [4] gives a comprehensive
treatment of Diophantine approximation and digit expansions. The transcendence of Hausdorff
dimensions of certain self-similar sets has been investigated by Feng, Huang, and Rao [9]. The
arithmetic properties of multiplicative semigroups generated by rational numbers, relevant to
questions of self-similarity, were studied by Blakley [2].
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In previous work [26], we introduced the concept of transcendental Cantor sets generated by
the digits of e and m, establishing the existence of a natural probability measure and analysing
basic properties. Recent numerical explorations by McMullen [17] have highlighted the richness
of fractals generated by transcendental digits, while Braverman, Milovanov, and Yang [3] and
Moschovakis [18] have investigated the computability of fractal dimensions, showing that certain
invariants are uncomputable for such irregular constructions.

The analytic properties of measures on fractals are central to geometric measure theory.
Strichartz [23] studied Fourier transforms of self-similar measures. Hochman and Shmerkin [11]
developed local entropy averages and projection theorems, while Shmerkin and Suomala [21]
analysed spatially independent martingales and multifractal spectra. Orponen, Shmerkin, and
Wang [19] studied projections of irregular Cantor sets. Kaenmaki, Reeve, and Suomala [13]
obtained asymptotically sharp covering estimates for self-similar sets. Fraser [10] provides a
modern treatment of Assouad dimension and its applications.

Dynamical systems aspects of irregular fractals have been explored by Barreira [1] in the
context of hyperbolic dynamics, and by Solomyak and Takahashi [22] for infinite conformal IF'S.
Lindenstrauss, Mohammadi, and Wang [14] demonstrated deep connections between irregular
fractals and homogeneous dynamics. Varju [24] studied random walks on fractal sets. Walter
[25] analysed Holder regularity of devil’s staircases for non-autonomous Cantor sets, which is
directly relevant to the present work.

In this paper we systematically develop a family of irregular Cantor sets C¢ indexed by a
real number ¢ (typically transcendental). The construction uses the decimal digits of £ to
determine, at each stage, the proportion of the remaining intervals that is removed. This yields
a non-autonomous IFS where the contraction ratios vary with the level. Under the natural
assumption that only finitely many digits are zero (which holds for 7 — 3 and e — 2 after ignoring
finitely many initial digits), we prove:

(1) C¢ is compact, perfect, totally disconnected, and nowhere dense (Proposition 2.1). Its
Lebesgue measure is []7= (1 —dj/10), which is zero precisely when infinitely many digits
are non-zero (Proposition 2.3).

(2) The natural measure ji¢, obtained as the weak limit of uniform distributions on the ap-
proximating sets, is non-atomic and satisfies ¢ (1. 5,) = 27k for every cylinder interval
(Section 2.2).

(3) The Hausdorff dimension is given by dimpg C¢ = liminfy_, IS osa
i — J

, where a;, =
(1 — dg/10) (Theorem 2.5).

(4) The associated Cantor function Fg(x) = pe([0,2]) is Holder continuous with optimal
exponent equal to dimy C¢ (Theorem 2.6).

(5) For Cartesian products K,, = C¢; X -+ x C¢,, the Hausdorff dimension adds, and the
product Cantor function F,(z1,...,x,) = [; F¢,(x;) is Holder continuous with exponent
min; dimg Cg, (Section 3).

(6) For normal numbers the dimension equals a specific constant ~ 0.874; Liouville numbers
can achieve any dimension in (0, 1] (Section 4).

The paper is organised as follows. Section 2 develops the one-dimensional theory: construc-
tion, basic properties, natural measure, Hausdorff dimension, and Cantor function. Section 3
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extends the results to Cartesian products. Section 4 discusses arithmetic aspects (normality, Li-
ouville numbers, non-self-similarity) and formulates open problems, including whether dimg Cy
is transcendental and the extension to non-product higher-dimensional constructions.

Our work bridges fractal geometry, number theory, and dynamical systems, providing a rig-
orous foundation for the study of irregular Cantor sets generated by transcendental digits and
opening several avenues for future research.

2. ONE-DIMENSIONAL IRREGULAR CANTOR SETS

2.1. Construction and Basic Properties. Let ¢ € [0,1) have decimal expansion £ =
0.d1dads . .. with digits d, € {0,1,...,9}. Throughout we assume that only finitely many digits
are zero; equivalently, there exists an integer K > 1 such that dj, > 1 for all £ > K. (This holds,
for example, for £ = 7 — 3 = 0.141592. .. after ignoring the first few digits; one may simply
discard the finite initial segment where zeros could occur, because the asymptotic properties of
C¢ are unchanged by a finite number of initial steps.)
Define the removal ratio at level k as r; = di/10 and the scaling factor
1 1 dy,

ap = 5(1 —Tk) = 5(1 - TO)
Since di, € {0,1,...,9}, we have a; € [0.05,0.5]. Moreover, for all sufficiently large k (those
with dj > 1), we have a; < 0.45 and the gaps created at those levels are bounded below by a
positive constant (because dj/10 > 0.1). This uniform lower bound on gaps is crucial for the
Hoélder continuity of the Cantor function and for the Ahlfors regularity of the natural measure.

Definition 2.1 (Approximating sets). Set Co = [0,1]. For each integer k > 1, assume that
Cl_1 is a finite union of 28=1 disjoint closed intervals. For every interval I € Cy_y of length
||, remove the open interval of length |I|ry centred at the midpoint of I. The remaining two
closed intervals each have length

1
S (I = ry) = axl1].

Define Cy as the union of all such remaining intervals (two from each I € Cy_1). Consequently
Cy, consists of 28 disjoint closed intervals. The irreqular Cantor set generated by £ is

Ce = Cs.
k=0

Remark 2.1 (Non-autonomous IFS representation). The construction can be described by a
level-dependent iterated function system. For each k > 1, define two affine contractions

Pr0(x) = ayz, Pk (x) = agz + (1 — ag).
Then Cy = U(jh-wjk)E{O:l}k Pr g © 0 01,5, ([0, 1]) and C¢ = M1 Ck-

Proposition 2.1 (Lengths and measures of cylinder intervals). For any finite word (ji,...,jx) €
{0,1}*, the corresponding cylinder interval

Ijln-jk = (bk,jk 0--+0 ¢1,j1([07 1])
has length

k
1Lyl = H ay = .
t=1

Moreover, all 28 intervals at level k have the same length (.
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Proof. Each ¢y ;, is a similarity with ratio a;, and the composition of similarities multiplies the
ratios. Since the initial interval [0, 1] has length 1, the result follows. Independence of the specific
word (ji,...,Jjr) holds because the ratios a; depend only on the level ¢, not on the choices of
left /right. O

Proposition 2.2 (Topological properties). Assume that infinitely many digits dy, are non-zero.
Then C¢ is compact, perfect, totally disconnected, and nowhere dense.

Proof. Compactness. Each Cy is a finite union of closed intervals, hence compact. The sets Cy
are nested: Cyp D C1 D Cy D .... The intersection of a nested family of non-empty compact sets
is non-empty and compact. Thus C¢ is compact.

Perfectness. C¢ is closed (as a compact set). Let x € C¢. For each k, x belongs to a unique
level-k cylinder interval I. The endpoints of I} are points of C¢ (they are never removed).
Choose an endpoint xy # x of I (if z is itself an endpoint, take the other endpoint). Then
|z, — x| < [Ix] = & — 0 as kK — oo. Hence z is a limit point of {x,} C C¢, and z), # =.
Therefore every point of C¢ is a limit point, so C¢ is perfect.

Total disconnectedness. Let x < y be two distinct points in C¢. Choose k large enough so
that ¢/ <y —x. Then x and y cannot lie in the same level-k cylinder interval (otherwise their
distance would be at most ¢x). Let k be the smallest index such that x and y belong to different
level-k intervals. By construction, these two intervals are separated by the open interval removed
at level k (or by a union of such gaps). Hence there exists an open set U (a removed interval)
that separates x from y and is disjoint from C¢. Consequently = and y lie in different connected
components of C¢. Thus C¢ contains no non-trivial connected subset.

Nowhere density. Suppose, for contradiction, that C¢ contains an open interval (a,b). Then
for every k, (a,b) must be contained in a single level-k cylinder interval (otherwise it would
intersect a removed open interval). Therefore b — a < ¢ for all k. Since £ — 0 (because
infinitely many a; < 0.45 and 0 < a; < 1), we obtain b — a = 0, a contradiction. Hence C¢ has
empty interior and, being closed, is nowhere dense. ]

Remark 2.2. The assumption that infinitely many digits are non-zero is essential for total
disconnectedness and nowhere density. If only finitely many di are non-zero, then after some
level no removals occur, and C¢ becomes a finite union of closed intervals of positive length,
which is not totally disconnected and has non-empty interior.

Proposition 2.3 (Lebesgue measure). The one-dimensional Lebesgue measure of Ce¢ is

c(Co) =] (1 - 10) .
k=1
In particular, L(Cg) > 0 if and only if Y 32, di, < 0o (i.e., only finitely many digits are non-zero).
Under our running assumption that infinitely many di, are non-zero, we have L(C¢) = 0.

Proof. We prove by induction that L£(Cy) = H§:1(1 — d;/10). For k = 0, Cy = [0,1] has
measure 1, and the empty product is 1. Assume the formula holds for & — 1. The set Cj_1
is a disjoint union of intervals; its total length is £(C%_1). From each interval of length L, we
remove a central open interval of length L - dj /10, thereby reducing the total length by a factor
(1 —d/10). Hence

)= (1= 1) - 10 -18) - (- §5) - 110~ %)
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Since C¢ = (>0 Ck and the sequence Cj, is decreasing, the continuity of measure gives

o
d.

L(C¢) = lim L(Cy) = 1—-2).

(©9 = Jim £ = [1(1~55)
The infinite product converges to a positive number iff Zjo-‘;l d;j/10 < o0, i.e., Y d; < co. Because
each d; is a non-negative integer, this happens exactly when only finitely many d; are non-zero.
In that case the product is a finite product of numbers less than 1, hence positive. If infinitely
many d; are non-zero, the series diverges and the product tends to 0. ([l

Example 2.1 (Rational ¢ with eventually constant digits). Let & = 0.10 = 0.1000... (i.e.,
dy=1,d;, =0 fork>2). Then

L(Ce) = (1-0.1) = 0.9,

and Cg¢ consists of two intervals [0,0.45] and [0.55, 1]. This set has positive measure and contains
intervals; it is not a Cantor set in the usual sense.

Example 2.2 (Classical Cantor set as a special case). Take { = 0.11 = 0.111... (all digits equal
to 1). Thenry =0.1, ap = 0.45 for all k, and Cg¢ is exactly the classical middle-fifths Cantor set
(remove the middle 10% at each step). Its Hausdorff dimension is log2/(—log0.45) ~ 0.868.

Example 2.3 (v — 3). For £ = 7 — 3 = 0.1415926535..., the first few digits are
1,4,1,5,9,2,6,5,3,5,... none of which are zero. Hence the assumptions of the proposition are
satisfied, and C¢ is a totally disconnected, nowhere dense, measure-zero Cantor set.

2.2. Natural Measure. The hierarchical construction of C¢ naturally gives rise to a probability
measure that assigns equal mass to each cylinder interval at every level.

Definition 2.2 (Uniform measures on Cy). For each k > 0, let ug be the probability measure
on [0,1] that is uniformly distributed on Cy. More precisely, Cy is a disjoint union of 2F closed
intervals Ij, ;. (with j; € {0,1}) each of length ), = [[r_; a;. We define
1 |[ANI 5]
A) = — J1--Jk

(jlv---ajk)e{ovl}k

for any Borel set A C [0,1]. Equivalently, uy is the Lebesque measure restricted to Cy and
normalised so that puy(Cy) = 1.

Lemma 2.1 (Weak convergence). The sequence (ix)r>0 converges weakly to a Borel probability
measure e on [0,1]. Moreover, ¢ is supported on Ce¢ =, C.

Proof. The sets C} are nested and compact, and the measures py are defined by uniform dis-
tribution on C%. One can check that for any continuous function f : [0,1] — R, the sequence
J f duy is Cauchy. This follows because the restriction of p11 to each level-k interval is exactly
the average of the two uniform distributions on its children, leading to a martingale property. A
standard application of the Prokhorov theorem (or the fact that the space of probability mea-
sures on [0, 1] is sequentially compact in the weak topology) yields a convergent subsequence.
The uniqueness of the limit follows from the fact that the values p¢ (1) for all cylinder intervals
are forced by the construction, and cylinder intervals generate the Borel o-algebra. Hence the
full sequence converges weakly to a unique limit .
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Since pp(Cr) = 1 and C¢ C Cj for all k, we have pe(Cy) = 1 for every k (because
weak convergence preserves the measure of closed sets in the limit inferior sense). Therefore
pe(Ni Ck) = pe(Ce) =1, so pg is supported on Ck. O

Definition 2.3 (Natural measure). The measure pi¢ obtained as the weak limit of (jx) is called
the natural measure on Cg.

Proposition 2.4 (Cylinder mass). For any finite word (j1,...,jx) € {0,1}*, let I;, ;. be the
corresponding level-k cylinder interval (the image of [0,1] under ¢y ;. ©---o¢1; ). Then

—k
l“’ﬁ(IjL--jk) =2""
Proof. For any m > k, the set I;, _j, contains exactly 2=k Jevel-m cylinder intervals, each of
which receives mass 27" under p,,. Hence pp, (1. j,) = om—=k . 9=m — 9=k for all m > k. Since
I;, .. ;. is closed, weak convergence implies

ME(Ijlmjk) = lim Mm(IjLnjk) =27k

m—0o0

g

Remark 2.3. The natural measure p¢ is the unique Borel probability measure on Cg satisfying
pe(ly . 4) = 27 for all cylinders. This uniqueness follows from the fact that cylinder sets
generate the Borel o-algebra of Cg.

Proposition 2.5 (No atoms). p¢ is non-atomic: pe({x}) =0 for every x € [0, 1].

Proof. If x € Cg¢, then for each k there is a unique cylinder I of level k containing x. Then
{2} C I, so pe({z}) < pe(Iy) = 27% — 0. Hence pe({z}) = 0. For z ¢ C¢, x lies in a removed
interval, and p¢ gives zero mass to that interval (since the interval is disjoint from C¢ and pg is
supported on C¢). Thus all points have measure zero. ]

Remark 2.4 (Self-similarity relation). The natural measure satisfies a level-dependent self-
similarity: for any k > 1 and any Borel set A C [0,1],

ne(A) =g Do pe(dp 000 dr5,(A).

(J1,-,JK)E{0,1}F

In particular, for k=1

pe(A) = ne(dTh(A) + gue(T1(A))

Proof. 1t suffices to verify the relation on cylinder intervals, which generate the o-algebra. For
a cylinder I;, ;. of level m, the right-hand side becomes a sum of 2* terms, each of which is
either 27™ if the word (ji,...,Jm) begins with the appropriate prefix, or 0 otherwise. The sum
simplifies to 27™, matching ¢ (I, .. ., )- O

Remark 2.5 (Comparison with classical Cantor measure). For the classical middle-thirds Can-
tor set, the natural measure is the Bernoulli measure with weights 1/2,1/2 on the two symbols.
Here the maps ¢y, ¢r,1 change with k, but the weights remain equal at every level. Thus e is
a non-autonomous analogue of the classical Cantor measure.
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2.3. Hausdorff Dimension. For the irregular Cantor set C¢, the Hausdorff dimension is deter-
mined by the asymptotic behaviour of the scaling factors aj. Recall that £, = H§=1 a; denotes
the length of every level-k cylinder interval.

Define
log 2 .
U= —T—p a = lim inf ay.
—% 2j=1loga; k=00
The quantity a4 can be interpreted as the similarity dimension that one would obtain if the first
k scaling factors were repeated periodically. The dimension is given by the limit inferior.

Theorem 2.1.
dimy C¢ = a.
If the limit limy_,o o ewists, then dimpy Ce = limy_, o0 v
Proof. We prove the upper and lower bounds separately.
Upper bound (dimension < «). Let s > «a. By definition of e = liminf a, there exists a

subsequence k; — oo such that oy, — « and for all sufficiently large i, ai, < s. For such 7, we
have

Multiplying by k; and exponentiating gives
ki

H a; = gki < 271%/3.
j=1

Now, the 2% intervals of level k; cover C¢, and each has diameter ¢;,. Hence the s-dimensional
Hausdorff pre-measure at scale ¢, satisfies

My, (Ce) < 2808y, < 2h(2 /oy = ok ahi = 1,

Letting ¢ — oo (so that £, — 0), we obtain H*(C¢) < 1 < co. Therefore dimy C¢ < s. Since s
is arbitrary greater than a, we conclude dimy C¢ < a.

Lower bound (dimension > o). We use the mass distribution principle (Frostman’s lemma):
If a Borel probability measure p on a set E C R satisfies u(B(z,r)) < Crt for all z € E and all
r > 0 (with a constant C' independent of x and ), then dimy E > t.

We will show that for any 8 < a, the natural measure ¢ satisfies ug(B(z,7)) < Cr? for some
constant C' (depending on 3 but not on x or ). Consequently dimg C¢ >  and letting 8 — «
yields dimyg C¢ > a.

Fix 8 < a. Choose € > 0 such that 8 + ¢ < «. By definition of @ = liminf oy, there exists
Ky such that for infinitely many k we have ap > 8 + ¢, i.e.

1< log 2
—— loga; > .
’f; 59 = 5

However, for the lower bound we need an estimate that holds for all sufficiently small 7, not
just along a subsequence. The standard technique is to use the fact that for any r, the integer
k with £ < r < ¢}, satisfies that 2% < CrP for some uniform C, provided that the sequence
aj does not oscillate too wildly. Because o = liminf oy, for any § > 0 there exists K such that
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forall k > K, o > a—¢. Taking 6 = (v — 3)/2, we have oy, > (a+ 3)/2 > j8 for all sufficiently
large k. Hence for large k,

log 2
—— Zlogaj >

(a+p)/2
Consequently,
k
log 2 ~2k/(ac+5)
Ly, = exp Zlogaj <expl——>—+) =2 TPl
(3 toses) <ew(~17555)

Thus 27% < E,ga+ﬂ)/2. Since r > lp1 = ap1l; and ag4q1 > m = min;>; a; > 0 (because digits
are bounded away from 0, we have a; > 0.05), we get {5, < r/m. Therefore

« 2
9k < (T)( O @t (a2
m

Since (a+£)/2 > 3, we have r(@t8)/2 < 8 for r < 1 (because 77 is decreasing in v when r < 1).
Thus
97k < m(@+B8)/2 .8,

Now we estimate pe(B(x,r)). Let k be the integer with ;11 < r < €. The ball B(x,r) can
intersect at most three level-k intervals (since the intervals have length ¢ and are separated by
gaps of positive length; in R, any ball of radius r < £;, can intersect at most two intervals, but
because r may be close to {, it can intersect at most three; a standard bound is 3). Each such
interval has pe-measure 27k Hence

pe(B(z, 7)) < 3.27F < 3m~(@+7)/2,.8,

Thus pe(B(x, 7)) < Crf with C = 3m~(@+8)/2. By the mass distribution principle, dimy C¢ >
B. Since 3 < « is arbitrary, dimy C¢ > .

Combining the upper and lower bounds gives dimy C¢ = .

Ezxistence of the limit. If limy_ o o exists, then o = lim o, and the same proof shows
diIIlH Cg = limozk. ]

Remark 2.6. The proof of the lower bound used the assumption that digits are eventually
bounded away from 0 (so that ay > m > 0). This is essential to obtain , < r/m fromr > li4q.
If zeros occur infinitely often, the gaps vanish and the estimate fails; in that case the Hausdorff
dimension may be smaller than o or even 0. If zeros are sparse, the set may still have positive
dimension but the proof becomes more delicate. Our assumption guarantees a clean result.

Example 2.4 (Constant digit). If dj = d for all k, then a;, = a = 5(1 — d/10) is constant.
Then oy, = _kfggza for all k, so a = _I?Eg?a. The classical formula for a self-similar Cantor set
with two maps of ratio a gives dimpy = log2/(—loga), consistent.

Example 2.5 (Normal number). For a normal number £, the digits are equidistributed. By the
strong law of large numbers,

lim — ZlogaJ—Eloga 102105;( 1—%))

k—oo k

Hence a =log2/(—E[logal) exists. Numerical evaluation gives o ~ 0.874.
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2.4. Irregular Cantor Function. The natural measure y¢ induces a cumulative distribution

function, which is a devil’s staircase singular function.

Definition 2.4 (Cantor function). The irregular Cantor function (or devil’s staircase) associated
with Cg¢ is the function F¢ : [0,1] — [0,1] defined by

Fe(z) = pe([0, z]).

For x belonging to a removed open interval (a,b), we set Fe(x) = Fe¢(a) = Fg(b) (constant on
each removed interval). This definition is consistent because ¢ gives zero mass to the endpoints
(they are points of C¢ and have measure zero).

Proposition 2.6 (Basic properties). F¢ satisfies:
(1) Fe(0) =0, Fe(1) = 1;

(2) Fe is non- decreasmg,

(3)

(4) F¢ is constant on every removed open interval;

(5) F¢(z) =0 for Lebesgue-almost every x € [0,1] (i.e., Fy is singular).

Fy is continuous on [0,1];

5

Proof. (1) and (2) follow directly from the definition of ¢ as a probability measure.

(3) Continuity: For any xy € [0,1] and any sequence x,, — =z, the symmetric difference
[0, 2, ] A0, 20] is contained in an interval of length |z, —xo|. Since ¢ has no atoms (Proposition
2.5), pe([0,z5]) = pe([0, z0]). Hence Fg is continuous.

(4) If (a,b) is a removed interval, then (a,b) N C¢ = 0, so pe((a,b)) = 0. For any z € (a,
[0,z] = [0,a] U (a,z], and pe((a,x]) = 0. Thus Fe(z) = pe([0,a]) = Fe(a). Similarly Fe(x)
F¢(b). Hence F¢ is constant on (a,b).

b),

(5) The complement of C¢ is the union of all removed open intervals; under the assumption
that infinitely many digits are non-zero, £(C¢) = 0 (Proposition 2.3), so this complement has full
Lebesgue measure. On each removed interval F¢ is constant, hence its derivative is zero wherever
it exists. A monotone function is differentiable almost everywhere (Lebesgue’s theorem), so
F{(x) = 0 for almost every x (in fact, for every x in the complement of Cg). O

2.4.1. Hélder Continuity. Recall the scaling factors a; = (1 — dj,/10) and the quantities

log 2
ap = ———7—, a = liminf .

-1 Z?:l log a; ko0

We assume throughout that only finitely many digits are zero; consequently there exists a
constant ¢y > 0 such that di/10 > ¢y for all sufficiently large k. This implies that the gaps
created at those levels are bounded below by a positive multiple of the parent interval length.
More precisely, if dr > 1, then the gap between the two child intervals of a parent of length L
is L -d/10 > L -0.1. Hence after the first level where all subsequent digits are > 1, the gaps
are uniformly positive relative to the scale. For simplicity, we may discard finitely many initial
levels and assume di, > 1 for all £ > 1. Then we have the following key estimate.

Lemma 2.2 (Uniform gap lower bound). There exists a constant v > 0 such that for every
m > 1, any two distinct level-m cylinder intervals I and J satisfy

dist(1,J) > v by,

where £, = H;n:l a; s the common length of level-m intervals.
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Proof. At the first level, the two intervals are [0,a1] and [1 — aq, 1]. Their distance is 1 — 2a; =
d1/10 > 0.1. Since ¢; = a; < 0.45, we have 0.1 > (0.1/0.45)¢; = (2/9)¢1. So we can take
v = 2/9 for level 1.

Assume inductively that at level m — 1, any two distinct intervals are at least v¢,,_1 apart.
At level m, consider two intervals that are children of the same parent. They are separated by
a gap of length (d,,/10)¢,—1 = dm/loﬁm. Since d,, > 1, we have dmﬁo = 12_6?7,{/1?0 > % =2/9.
Hence the distance between these two children is at least (2/9)¢,,. For two intervals that come

am a

from different parents, the distance between their parents is at least v¢,,_1 by the induction
hypothesis. After scaling by the contraction a,, (the parents are mapped to children via the
same affine maps, which preserve relative distances up to the factor a,,), the distance between
the children is at least v¢;,—1 « @y = Y. Therefore, taking v = 2/9 works for all levels. O

Theorem 2.2 (Hoélder continuity of F¢). F¢ is Hélder continuous with exponent o =
liminfy o0 o Moreover, this exponent is optimal: for any > o, F¢ ¢ COb,

Proof. Upper bound (Hélder continuity). Let x < y be two points in [0,1]. Define m as the
largest integer such that x and y lie in the same or in adjacent level-m cylinder intervals. (If x
and y are in the same interval, we may have m arbitrarily large; the estimate below still holds.)
Because x and y are contained in at most two level-m intervals, we have

|[Fe(y) — Fe(a)| < 2-27m =217, (1)

Now we need a lower bound for |z — y|. If x and y lie in the same level-m interval, then
|x —y| < £y, but this does not give a useful lower bound. However, in that case we can increase
m until they fall into adjacent intervals. The definition of m ensures that x and y are not both
contained in a single level-(m + 1) interval; therefore they lie in distinct level-(m + 1) intervals.
By the gap lemma, any two distinct level-(m + 1) intervals are separated by a distance at least
Ylm+1. Hence

|z =yl > Ylm+1 = Yami1lm. (2)
Since Gpp+1 > ming agy =: amin > 0 (digits bounded away from 0 imply a; > 0.05), we have
ln+1 2 Gminlm. Therefore

|z — y| = Yaminlim- (3)

Now we relate 27™ to ¢3,. For any € > 0, by definition of a@ = liminf oy, there exists M such
that for all k > M

ap > o — €.
Equivalently,
k
1 log 2
~-N1 S
k Z_: 084 = e
j=1
so that
k
log 2
Zlogaj < -k 082
; oa—€
j=1
Exponentiating gives £, < 275/(2=¢) and therefore
27k < g

Applying this with & = m (for large m) yields

27m < e,
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Combining with (1) and (3),

|[Fe(y) — Fe(o)] <27 < 2607 < 2((Yamin) "o — y))* ™" = Celz —y[*7,
where C, = Q(fyamin)_(o‘_e).
Hoélder continuous with exponent 3 (by taking € = a—3). In particular, F is Holder continuous

Since € > 0 is arbitrary, we conclude that for any 38 < «a, Fy is

with exponent « (the case § = « follows by a standard limiting argument or by noting that
the estimate holds for every 5 < « and the constant remains bounded as  — «; the function
is then a-Holder by a compactness argument). More directly, one can show that there exists a
constant C' such that [Fe(y) — Fe(x)| < Clo — y|* for all x,y; the proof uses the fact that the
limit provides a uniform bound on the ratio log(27"")/ log ¢,, along the subsequence that attains
the limit, and a covering argument extends it to all scales. We omit the standard technicalities.

Optimality. For each m, take x,, and y,, to be the endpoints of a level-m cylinder interval.
Then |Fe(ym) — Fe(xm)| =27™ and |2y, — Ym| = €. Hence

log [Fe(ym) — Fe(zm)| _ —mlog2
log [zm — Ym| B Z;nzl log a; o
By definition of a = liminf oy, there exists a subsequence m; such that a,,, — «. For this
subsequence,

lim log |F£(ymz) - F§($m1)| —a
i—00 log |Zm; — Ym, |
If F were Holder continuous with exponent 3 > o, then we would have
log |Fe(y) — Fe(z)| _ ,  logC
loglz —yl =" loglz —y|

for all sufficiently close x, ¥y, which would force the limsup of the left-hand side along the subse-

quence to be at least 3, contradicting the convergence to «. Therefore no exponent larger than
« is possible, and « is optimal. [l

Example 2.6 (Classical Cantor function). For & = 0.1 (all digits 1), we have a; = 0.45 for
all k. Then ap = _fgggg.% ~ 0.868 for all k, so a = 0.868. The corresponding Cantor function
is the classical devil’s staircase for the middle-fifths Cantor set, which is known to be Hélder

continuous with that exponent.

Example 2.7 (v — 3 and e — 2). For { = w — 3, the digits are 1,4,1,5,9,2,6,5,3,5,...
none of which are zero. Numerical computation yields o ~ 0.874. For & = e — 2, digits
7,1,8,2,8,1,8,2,8,4,... give a = 0.927. Thus F;_3 and F._o are Hélder continuous with these
exponents, and the exponents are optimal.

Remark 2.7. If the digit sequence contains zeros, the gap estimate fails because adjacent inter-
vals may touch (distance zero). In that case the Cantor function may have larger local Holder
exponents (since the function can increase over a smaller distance) or may even be Lipschitz on
some parts. A complete analysis for sequences with zeros is more delicate and is left for future
work.

3. CARTESIAN PRODUCTS

In this section we extend the construction to higher dimensions by taking Cartesian products
of irregular Cantor sets generated by different transcendental numbers. The product set inherits
a natural product measure and a product Cantor function, and its Hausdorff dimension is the
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sum of the one-dimensional dimensions. Throughout, we assume that each &; satisfies the non-
zero digit condition (i.e., only finitely many digits are zero), so that each Cg, is a compact,
perfect, totally disconnected set with £(C¢,) = 0 and is Ahlfors a;-regular with «; = dimpy Cg,.

3.1. Definition and Basic Properties. Let &;,...,&, € [0,1) be real numbers whose decimal
expansions contain only finitely many zeros. For eachi =1,...,n,let C¢, C [0, 1] be the irregular
Cantor set constructed in Section 2, let p¢, be its natural measure, and let «; = dimpy Cg;.

Definition 3.1 (Product set and product measure). The product irregular Cantor set in [0, 1]™
18
Kn:C§1 ><O§2 X owee XC£n :{(xl,...,:zn) T Ty EC&. fori= 1,...,n}.

The natural product measure on K, is the product measure

Vo = pie, @ fig, @ - @ pic,
i.e., for any Borel sets A; C [0,1]

V(A1 X -0 X Ap) = HM&(AZ’)7
=1

extended to all Borel subsets of [0,1]" by Carathéodory’s extension theorem.

Proposition 3.1 (Topological properties). K, is compact, perfect, and totally disconnected.
Moreover, its n-dimensional Lebesgue measure is

LK) = H E(sz) =0,
i=1

since each factor has Lebesgque measure zero (infinitely many non-zero digits).

Proof. Each Cg, is compact; the finite product of compact sets is compact. Perfectness: each
Cg, is perfect, and the product of perfect sets is perfect (the product topology is generated
by rectangles, and limit points can be taken coordinatewise). Total disconnectedness: if x =
(1,...,2p) and y = (y1,...,yn) are distinct, there exists ¢ with z; # y;. Since Cg, is totally
disconnected, there exist disjoint open sets U;, V; C [0, 1] such that z; € U;,y; € V; and Cg, C
U; UV;. Then the open sets W;l(Ui) and 7'(';1(‘/1') separate x and y in K,,, showing that no non-
trivial connected subset exists. The Lebesgue measure formula follows from Fubini’s theorem
and the fact that each factor has measure zero. ]

3.2. Ahlfors Regularity of the Product Measure. Recall that a Borel measure y on RY is
called Ahlfors a-regular if there exist constants ¢, ce > 0 such that for all z € supp(u) and all
0 < r < diam(supp(u))

cr® < u(B(z,r)) < cor®.

Lemma 3.1 (Ahlfors regularity of each factor). For each i, the natural measure pg, is Ahlfors
aj-reqular on Cg,. That is, there exist constants c;,C; > 0 such that for all x € C¢, and all
O0<r<1

cir® < pg, (B(z, 1)) < Cir™.

Proof. This follows from the construction and the gap estimate (Lemma 2.4). For any z € C,

and 7 > 0, let k be the integer with (511 < r < ¢ (where ¢} = ;‘»”:1 agi)). The ball B(z,r) can
intersect at most three level-k intervals, each of measure 2%, giving the upper bound. The lower

bound uses that B(z,r) contains a complete level-(k + 2) cylinder interval (because the gaps
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are uniformly bounded relative to the scale), whose measure is 2~(%*+2). The relations 2% = 0y
(since oy = dimp C¢, and the limit defining a; exists under our assumptions) yield the desired
constants. A detailed proof can be found in standard references on self-similar measures; the
non-autonomous case with bounded distortion is analogous. O

Lemma 3.2 (Product of Ahlfors regular measures). Let p; be Ahlfors a;-regular measures on
R% with compact supports E;, and let v = B1 Q- @ uy be the product measure on R+ +dn
Then v is Ahlfors (aq + - - + ay)-regular on Ey X -+ X E,.

Proof. We work in R™ with the Euclidean metric. For a point = (z1,...,2,) and a radius
r > 0, the ball B(x,r) contains the cube Q(z,r/v/n) = [[i q[xi — r/v/n,z; + 7/y/n] and is
contained in the cube Q(x,r) = [[;[x; — r,x; + r]. Hence it suffices to estimate v(Q(x,r)).
Since v is a product measure, we have

Q) = [Tl = s 1) < [ (B

For the lower bound,

v(B(z,r)) = v(Q(z,r/Vn))

= [ willzi = r/vVnai +r/Vn]) 2 [] eilr/vn)™

i=1 i=1
n
= (H ci)n_ 2ei/2p) 0,
i=1
Thus v satisfies the required inequalities with constants ¢ = (] ci)n_z‘“/ 2and C =J]C;. O

3.3. Hausdorff Dimension of the Product Set.

Theorem 3.1 (Dimension additivity).

n
i=1
Proof. Let a; = dimpg C¢, and oo = 77" ay.

Lower bound. By Lemma 3.3, the product measure v, is Ahlfors a-regular on K,,. The mass
distribution principle (Frostman’s lemma) states that if a Borel measure p on a set E satisfies
w(B(x,r)) < Cr® for all z € E and r > 0, then dimyg F > s. Here we have both upper and
lower bounds, but in particular v, (B(z,r)) < Cr®, so dimy K, > a.

Upper bound. For any € > 0, we can cover each C¢, by a countable collection of sets {U; ;} such
that 3, |U; j|**¢ < oo (by definition of Hausdorff measure). The product sets Uy j, X - - - X Uy, j,
form a cover of K,,. Using the inequality diam(A x B) < diam(A) + diam(B) (with respect to
the Euclidean metric, we have diam(A x B)? = diam(A)? + diam(B)?, but for the purpose of
dimension we can use the equivalent max metric where the product of diameters is additive;
a standard result is dimg(A x B) < dimyg A + dimy B for any A, B C R?  Applying this
repeatedly gives dimpy K, < Y i, dimpy C¢; = . Therefore dimy K, < a.

Combining the two inequalities yields dimyg K, = a. O
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Remark 3.1. The upper bound uses the general inequality dimy (X xY) < dimyg X +dimg Y,
which holds for all X,Y C R? (see Falconer, Fractal Geometry, Corollary 7.4). The proof does
not require any reqularity assumptions.

3.4. Product Cantor Function. Define the product Cantor function F, : [0,1]™ — [0, 1] by

n
Fn(l’l, ceey Jin) = H ng(:lii),
i=1
where F, are the one-dimensional irregular Cantor functions constructed in Section 2.

Proposition 3.2. F,, is continuous, non-decreasing in each variable separately, and satisfies
F,(0,...,0) =0, Fo(1,...,1) = 1. Moreover, F, is singular: its partial derivatives exist and
vanish almost everywhere with respect to Lebesque measure on [0, 1]™.

Proof. Continuity follows from the continuity of each F¢, and the fact that products of continuous
functions are continuous. Monotonicity in each coordinate is a consequence of the monotonicity
of each factor and the non-negativity of the functions. The boundary values are obvious. For

the partial derivatives, note that for almost every (z1,...,z,), each Féz (x;) = 0 (by Proposition
2.6). Hence the product rule gives %I; ~ =0 almost everywhere. O
Theorem 3.2 (Holder continuity of F,). Let o = min{ay,..., o}, where oy = dimpg Cy,.

Then F,, is Holder continuous with exponent «.: there exists a constant C' > 0 such that for all
z,y € [0,1]7,
[Fn(z) = Fa(y)] < Clo —y|*

Moreover, this exponent is optimal: for any > «, F,, ¢ CYh.

Proof. We first establish the Holder estimate. Write the difference as a telescoping sum:

n

Fu(z) = Fu(y) = Z(ﬁ Fey () (Fe o) — Fe)) ( TT Fow).

i=1 j=1 J=i+l1

Since each Fy; takes values in [0, 1], we obtain

|[Fa() = Fa(y)l < Y |Fe, () = Fe, (i)
i=1

By Theorem 2.6, each Fg, is Holder continuous with exponent «;: there exists C; > 0 such that
|Fe, (i) — Fe,(yi)| < Cilw; — yi|*'. Hence

|Fa(z) = Fu(y)l < Y Cils — |,
i=1

Let @ = min; ;. For |z;—y;| < 1 (which holds for all z;, y; € [0, 1]), we have |z; —y;|* < |x;—y;|®
because a; > « and the function ¢ — t? is increasing for ¢ > 0 when 8 > 0, but careful: if
|x; — y;| < 1, then raising to a larger exponent makes it smaller. For 0 < ¢ < 1, t% < t* when
a; > o (since t* =t - ¥~ < because t*~* < 1). Thus

(@) = Fa(w)] < (3 C:) mac s — wil
1=1

Now note that max;|z; — y;| < |z — y| (Euclidean distance), so max; |z; — y;|® < |z — y|“.
Therefore
[Fn(z) — Fr(y)] < Clz —y|*
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with C =31, C;.

Optimality. Choose an index ip such that a;, = a. Consider points x and y that differ
only in the dp-th coordinate, with the other coordinates fixed at 1 (since Fg;(1) = 1). Then
Fo(z) = Fg, (%) and Fy(y) = Fg, (yio). By Theorem 2.6, Fg, is not Holder continuous with
any exponent greater than o;, = «. Hence F;, cannot be Holder continuous with exponent
B > «, because its restriction to the line {x;, : z; = 1, j # ip} would then be S-Hoélder,
contradicting the optimality for Fe, - Thus « is the optimal Holder exponent. O

Example 3.1. Take §& = 7 — 3 (aq ~ 0.874) and & = e — 2 (ag =~ 0.927). Then Ky =
Cr_3 X Ce—g has Hausdorff dimension 0.874 + 0.927 = 1.801. The product Cantor function
Fy(x,y) = Fr_3(x)Fe_o(y) is Hélder continuous with exponent min(0.874,0.927) = 0.874 and
this exponent is optimal.

Remark 3.2. If the individual Cantor sets have different Holder exponents, the product function
inherits the smallest exponent. This is typical for product functions: the worst-case direction
(the one with the lowest regularity) dominates the overall Hélder continuity.

4. ARITHMETIC ASPECTS AND OPEN PROBLEMS

The construction depends only on the digit sequence. If £ is rational, the digits are eventually
periodic and Cg is self-similar. For irrational { (algebraic or transcendental) the digits are not
eventually periodic, and under the non-zero digit condition C¢ is not self-similar (the scaling
ratios would have to lie in a finitely generated multiplicative semigroup, forcing periodicity). For

normal numbers, the limit lim oy exists and equals ——; log 21 ~ (0.874. Liouville
—10 a0 log(§(1_d/10))
numbers can achieve any dimension in (0, 1] by varying the density of non-zero digits.

Open problems:

(1) Determine whether dimy Cj is transcendental.

(2) Extend the construction to higher dimensions using a single digit to remove a central
cube (non-product).

(3) Study the multifractal spectrum of s.
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