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ABSTRACT. In this work, we introduce the concept of x-K-operator frames in Hilbert pro-C*-modules,
which is a generalization of K-operator frame. We present the analysis operator, the synthesis
operator and the frame operator. We also give some properties and we study the tensor product of

x-K-operator frame for Hilbert pro-C*-modules.

1. INTRODUCTION

Duffin and Schaeffer introduced the notion of frame in nonharmonic Fourier analysis in 1952 [3].
In 1986 the work of Duffin and Schaeffer were reintroduced and developed by Grossman and
Meyer [7]. The concept of frame on Hilbert space has already been successfully extended to pro-
C*-algebras and Hilbert modules. Many properties of frames in Hilbert C*-modules are valid for
frames of multipliers in Hilbert modules over pro-C*-algebras [9].

Operator frames for B(?) is a new notion of frames that Li and Cio introduced in [11] and
generalized by Rossafi in [16]. In this work we introduce the notion of x-K-operator frame for the
space Hom’(X) of all adjointable operators on a Hilbert pro-C*-module for X.

This paper is divided into three sections. In section 2 we recall some fundamental definitions
and notations of Hilbert pro-C*-modules. In section 3 we introduce the *-K-operator Frame and
we give some of its properties. Lastly we investigate tensor product of Hilbert pro-C*-modules, we
show that tensor product of x-K-operator frames for Hilbert pro-C*-modules X and ), present an
x-K-operator frames for X ® ), and tensor product of their frame operators is the frame operator

of their tensor product of *-K-operator frames.
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2. PRELIMINARIES

The basic information about pro-C*-algebras can be found in the works [4-6,8,12,14,15].

C*-algebra whose topology is induced by a family of continuous C*-seminorms instead of a
C*-norm is called pro-C*-algebra. Hilbert pro-C*-modules are generalizations of Hilbert spaces
by allowing the inner product to take values in a pro-C*-algebra rather than in the field of complex
numbers.

Pro-C*-algebra is defined as a complete Hausdorff complex topological *-algebra .4 whose
topology is determined by its continuous C*-seminorms in the sens that a net {ay} converges to 0

if and only if p(ay) converges to O for all continuous C*-seminorm p on A [8,10,15], and we have:

1) p(ab) < p(a)p(b)

2) p(a*a) = p(a)
foralla,be A
If the topology of pro-C*-algebra is determined by only countably many C*-seminorms, then it is
called a o-C*-algebra.
We denote by sp(a) the spectrum of a such that: sp(a) = {\ € C: A14 — a is not invertible } for
all a € A. Where A is unital pro-C*-algebra with unite 1 4.
The set of all continuous C*-seminorms on A is denoted by S(A). If AT denotes the set of all

positive elements of A, then AT is a closed convex C*-seminorms on A.
Example 2.1. Every C*-algebra is a pro-C*-algebra.

Proposition 2.2. [8] Let A be a unital pro-C*-algebra with an identity 1 4. Then for any p € S(A),

we have:

(1) p(a) =p(a*) forallac A

(2) p(la)=1

(3) Ifa,be A" and a < b, then p(a) < p(b)

(4) If 14 < b, then b is invertible and b= < 14

(5) Ifa,b € AT are invertible and 0 < a < b, then 0 < b~! < a71
(6) Ifa,b,c e Aand a < b then c*ac < c*bc

(7)

7) Ifa,be At and 8> < b2, then 0 < a< b

Definition 2.3. [15] A pre-Hilbert module over pro-C*-algebra A, is a complex vector space E
which is also a left A-module compatible with the complex algebra structure, equipped with an
A-valued inner product (.,.) E x E — A which is C-and A-linear in its first variable and satisfies

the following conditions:

1) &, m)*=(n¢&) forevery §,n e E
2) (€,€) >0forevery€ € E
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3) (¢, ¢§)=0ifandonly if € =0
for every £, m € E. We say E is a Hilbert .A-module (or Hilbert pro-C*-module over A ). If E is

complete with respect to the topology determined by the family of seminorms

pe(§) = Vp({£.€)) &€ E peS(A)

Let A be a pro-C*-algebra and let X and )Y be Hilbert .A-modules and assume that | and J be
countable index sets. A bounded A-module map from & to ) is called an operators from X to ).

We denote the set of all operator from X to ) by Homu(X, ).

Definition 2.4. [1] An A-module map 7 : X — ) is adjointable if there isamap T*: Y — X
such that (T&,m) = (£, T*n) forall £ € X,m € ), and is called bounded if for all p € S(A), there
is M, > 0 such that py(T§) < Mpypx(€) for all £ € X.

We denote by Hom’(X,)), the set of all adjointable operator from X' to ) and Hom’(X) =
Hom* (X, X)

Definition 2.5. [1] Let A be a pro-C*-algebra and X', ) be two Hilbert A-modules. The operator
T : X — Y is called uniformly bounded below, if there exists C > 0 such that for each p € S(A),

py(TE) < Cpx(§),  forall{e X
and is called uniformly bounded above if there exists C’ > 0 such that for each p € S(A),
Py(T€) > C'px(€), foralléec X
|T|looc = inf{M : M is an upper bound for T}
py(T) =sup{py(T(x)) : €€ X, px(§) <1}

It's clear to see that, p(T) < [|T || for all p € S(A).

Proposition 2.6. [2] Let X be a Hilbert module over pro-C*-algebra A and T be an invertible
element in Hom’(X') such that both are uniformly bounded. Then for each £ € X,

T2 (6. €) < (T&, TE) < [ TIRAE &),

3. *-K-OPERATOR FRAME FOR Hom’(X)
We begin this section with the definition of a K-operator frame.
Definition 3.1. Let {T;}ic; be a family of adjointable operators on a Hilbert A-module X" over a

unital pro-C*-algebra, and let K € Hom’(X). {T;}ie/ is called a K-operator frame for Hom’; (X),

if there exist two positive constants A, B > 0 such that

A(K*E, K™ ) < ) (Ti6, Tié) < B(£, &), VEe X, (3.1)

i€l
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The numbers A and B are called lower and upper bound of the K-operator frame, respectively. If
AK*¢, K*€) = ) _(Ti&, Ti€),
icl
the K-operator frame is an A-tight. If A =1, it is called a normalized tight K-operator frame or a

Parseval K-operator frame.
We will now move to define the x-K-operator frame for Hom? (X).

Definition 3.2. Let {T;};c; be a family of adjointable operators on a Hilbert A-module X over
a unital pro-C*-algebra, and let K € Hom*(X). {Ti}ie/ is called a x-K-operator frame for
Hom’(H), if there exists two nonzero elements A and B in A such that
A(K*E, KTOA" <> (Ti€, Ti€) < B(£.£)B* V€ € X. (32)
icl
The elements A and B are called lower and upper bounds of the *-K-operator frame, respectively.
If

AK*E, K*6)* = ) (Ti&, Ti€),
i€l
the x-K-operator frame is an A-tight. If A= 1, it is called a normalized tight *-K-operator frame

or a Parseval x-K-operator frame.

Example 3.3. Let /*° be the set of all bounded complex-valued sequences. Forany u = {u;}jen, v =

{Vj}jen € I°°, we define
uv = {uyijen, o = {Gkjen, [lull = supuj].
j€

Then A = {/*,|.||} is a C*-algebra. Then A is pro-C*-algebra.

Let X = Cp be the set of all null sequences. For any u, v € X we define
(u,v) = uv® = {ujlij}jen.
Therefore X is a Hilbert A-module.

Define f; = {f/}ien- by £/ =L+ L ifi=jand f/ =0if i #j Vj € N*.

Now define the adjointable operator T; : X — X, T;{(§)i} = (E,-f,-j),'.

Then for every x € X we have

1 1 1 1

>_(T€.T€) = {5 + S tien (€. {5 + S Hien-.
JEN

So {T;}, is a {3 + +}/en--tight x-operator frame.

Let K : H — H defined by K& = {&} -

Then for every £ € X we have

1 1 1 1
(K7€, K*€) <) (T Ti€) = {5 + Shien- (€. 615 + S hien-

JEN
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This shows that {T}}jen is an x-K-operator frame with bounds 1, {3 + 3}jen-.

Remark 3.4. (1) Every x-operator frame for Hom* (X') is an *-K-operator frame, for any K €
Hom*(X): K # 0.
(2) If K € Hom’(X) is a surjective operator, then every *-K-operator frame for Hom? (X) is

an *-operator frame.

Example 3.5. Let X' be a finitely or countably generated Hilbert A-module. Hom}(X). Let
K € Hom’(X) an invertible element such that both are uniformly bounded and K # 0. Let
{Ti}ies be an x-operator frame for X with bounds A and B, respectively. We have

A€ EA <Y (TiE, Tié) < B(£.€)B* Ve X.

i€l

(K*¢, K*&) < ||K[13.(6.6). V€ € X.
Then

1Kl ACK*E, KO IKIILA) <> (Tig, Ti€) < B £)B*, V€ € X.
iel
So {T;}ies is *-K-operator frame for X with bounds ||K||Z!A and B, respectively.

In what follows, we introduce the analysis, the synthesis and the frame operator. We also
establish some properties.

Let {T;}ie/ be an *-K-operator frame for Hom*(X). Define an operator R : X — [>(X) by
R¢ ={Ti&}ic;, V€ € X, then R is called the analysis operator. The adjoint of the analysis operator
R, R*: [2(X) = X is given by R*({&;}i) = 3 ¢, T7&i, V{&}i € I2(X). The operator R* is called
the synthesis operator. By composing R and R*, the frame operator S : X — X" is given by
SE=R'RE=)_ i T/ TiE.

Note that S need not be invertible in general. But under some condition S will be invertible.

Theorem 3.6. Let K be a surjective operators in Hom*(X). If {T;},e; is an x-K-operator frame
for Hom’(X), then the frame operator S is positive, invertible and adjointable. In addition we
have the reconstruction formula, £ =) _;., T,-*T,S‘%, V€ e X.

Proof. We start by showing that, S is a self-adjoint operator. By definition we have V¢, n € H

(S¢.m) = <ZT,-*T,-5,n>

i€l
= (T Ti&m)
el

=Y (& T Tim)

i€l
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= <£,ZT,-*Tm>

iel
= (£, Sm).
Then S is a selfadjoint.
The operator S is clearly positive.
By (2) in Remark 3.4 {T;}¢ is an *-operator frame for Hom’ (X).
The definition of an *-operator gives
ALE AT <> (T Tié) < B &)B".
i€l
Thus by the definition of norm in /2(X)
pr(RE)? = pa(Y_(Ti€, Ti€)) < pa(B)p((£.€)), V€ € X. (33)
i€l
Therefore R is well defined and px(R) < px(B). It’s clear that R is a linear A-module map. We
will then show that the range of R is closed. Let {R{,}nen be a sequence in the range of R such

that lim,_ o R€E, =n. For n,m € N, we have

P(AEn —Em &n — EmAT) < P((R(En —Em). R(En — Em))) = Px(R(&n — gm))2-

Seeing that {R¢,}hen is Cauchy sequence in X, then
P(AEn —Em. &En — Em)A*) — 0, as n, m — oo.
Note that for n,m € N,

P((€n = Em €n — €m)) = P(ATTA(E, — Em. € — Em)AT(A)TY)
< P(A71)2P(A<£n —&m. &n — EmAT).

Thus the sequence {&,}qen is Cauchy and hence there exists £ € X such that £, — £ as n — .

Again by (3.3), we have
Pr(R(&n = &m))* < px(B)*p((En — € €n — €)).

Thus p(R¢, — R€) — 0 as n — oo implies that RE = n. It is therefore concluded that the
range of R is closed. We now show that R is injective. Let £ € & and R{ = 0. Note that
A€, E)A* < (R, RE) then (£,€) =0 so £ =0 ie. R is injective.

For £ € X and {¢;}ie) € I(X) we have

(REA&itien) = {Tilier A&iYie) = ) _(Ti&. &) =) (&.Tr&) =€) _Tré).
icl icl icl
Then R*({&i}ier) = 2_jc; T/ Since R is injective, then the operator R* has closed range and
X = range(R*), therefore S = R*R is invertible
U
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Let K € Hom*(X), in the following theorem we constructed an *-K-operator frame by using an

x-operator frame.

Theorem 3.7. Let {T;};c; be an x-K-operator frame in X with bounds A, B and K € Hom’(X') be
an invertible element such that both are uniformly bounded. Then {T;K}ic; is an x-K*-operator
frame in X with bounds A, |K||sB. The frame operator of {TiK}ic; is S = K*SK, where S is

the frame operator of {T;}c/.

Proof. From
Al EA <Y (TiE, Ti€) < B(£,§)B", Ve X.
icl

We get for all £ € X,

AKE KEA <Y (TiKE TiKE) < B(KE, KE)B* < [|K 0B, &) ([IKlloo B)".

icl
Then {T;K}ic/ is an x-K*-operator frame in X’ with bounds A,
By definition of S,we have SK§ =3 ., T/ T;KE. Then

Kl B.

K*SK=K*Y T/TiKE=) KT/ TiKE.
i€l i€l

Hence S' = K*SK. O

Corollary 3.8. Let K € Hom*(X) and {T;}ic; be an x-operator frame. Then {T;S™'K}ic; is an

x-K*-operator frame, where S is the frame operator of {T;}ic;.

Proof. Result of the Theorem 3.7 for the *-operator frame {T7;S 1} ,¢;. ]

4. TeENsoOR ProbpucTt

We denote by A ® B, the minimal or injective tensor product of the pro-C*-algebras A and B, it
is the completion of the algebraic tensor product A®,4 B with respect to the topology determined
by a family of C*-seminorms. Suppose that X is a Hilbert module over a pro-C*-algebra A and
Y is a Hilbert module over a pro-C*-algebra B. The algebraic tensor product X ®,4 Y of X and
Y is a pre-Hilbert A ® B-module with the action of A® B on X ®,4 ) defined by

(teom(avb)=¢a@nb forallé e X, ne), ac Aand be B
and the inner product
() (X Qalg V) X (X Ralg V) = A @alg B. defined by

(€1 @mM, & @m) = (€1, &) @ (M, m)

And we know that for z = )" ; £;®n; in X ®,/4) we have (z, z) o8 = Z,-J-<£,', £)a®ni,nj)s >0
and (z, z) ugp = 0 iff z=0.
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The external tensor product of X and ) is the Hilbert module X ® ) over A ® B obtained by the
completion of the pre-Hilbert A ® B-module X ®44 V.

If P e M(X) and Q € M(Y) then there is a unique adjointable module morphism P ® Q :
ARB— X®Y such that (P®Q)(a® b) = P(a) @ Q(b) and (P® Q)*(a® b) = P*(a) ® Q*(b)
for all a € A and for all b € B (see, for example, cite The minimal or injective tensor product of
the pro-C*-algebras A and B, denoted by A® B, is the completion of the algebraic tensor product
A ®qg B with respect to the topology determined by a family of C*-seminorms. Suppose that X
is a Hilbert module over a pro-C*-algebra A and ) is a Hilbert module over a pro-C*-algebra B.
The algebraic tensor product X ®,4 )V of & and ) is a pre-Hilbert A ® B-module with the action
of A® B on X @,y YV defined by

Eom(awb)=E,axnb forall{ e X, neY,ac Aandbe B
and the inner product

(o) (X Ralg y) X (X ®alg y) — A ®alg B. defined by

(€1 0m, L M) =(£1,£) ® (N1, m2)

We also know thatfor z = Y7 ; £,®@n; in X®,/4) we have (z, Z) g = Z,-J-<£,-, £)a®(ni.mj)s >0
and (z, z) aep =0 iff z=0.
The external tensor product of X and ) is the Hilbert module & ® Y over A ® B obtained by the
completion of the pre-Hilbert A ® B-module X @44 V.

If P € M(X) and Q € M(Y) then there is a unique adjointable module morphism P ® Q :
ARB — X®Y such that (P Q)(a® b) = P(a) @ Q(b) and (P® Q)*(a® b) = P*(a) ® Q*(b)
for all a € A and for all b € B (see, for example, [9])

Let | and ] be countable index sets.

Theorem 4.1. Let X and Y be two Hilbert pro-C*-modules over unitary pro-C*-algebras A and
B, respectively. Let {T;}jc; C Hom%(X) be an x-K-operator frame for X with bounds A and B
and frame operators St and {P;}jc; C Homji(Y) be an x-L-operator frame for IC with bounds
C and D and frame operators S;. Then {T; ® L;}ic; jcy is an x-K®L-operator frame for Hibert
A ® B-module X ® Y with frame operator ST ® Sp and bounds A® C and B ® D.

Proof. The defintion of x-K-operator frame {T;};c; and x-L-operator frame {P;}c gives

AK™E, K 4A" <) (Ti€& Tié)a < B(E,§)aB™ VE€ X.
i€l

C(L*n, L*n)pC* <Y (Pm, Pm)s < D(n,m)gD*,¥n € Y.
Jjed


https://doi.org/10.28924/ada/ma.2.4

Eur. J. Math. Anal. 10.28924/ada/ma.2.4

Therefore
(A(K™E, K*E) AA™) @ (C{L™n, L*n)sC™)
<Y (T Ti&a®) (Pm Pm)s
iel JjeJ
< (B §uB") @ (D(n,mpD*), V§ € X, Vne V.
Then

(A© O)((K™E, KA @ (L'n, L)) (A" © C7)

< Y (Ti&Ti&)a® (Pm, Pm)s
ieljed

< (B®D)((£&a® (n.mp)(B*®D"), Ve € X,Vne .
Consequently we have
(A C)K™E @ L', KE® L™'n) asp(A® C)*
< > (Ti€@Pm, T£® Pm)ass
icljed
< (BRD)(E®n E@Naes(B® D) V€ X, Vne ).
Then forall E®n in X ® ) we have
(A O)(Ke L) (€en). (Ke L) (€®@n)es(A® C)*

< Y ((Ti@eP)Ean). (TieP)(E®n) s
i€l jed

< (B®D)(¢®n @M aes(B® D)".

The last inequality is true for every finite sum of elements in X ®,4 Y and then it's true for all
z € X ®K. It shows that {T; ® P;}ic jey is an *-K @ L-operator frame for Hilbert A ® B-module
X ® Y with lower and upper bounds A® C and B ® D, respectively.

By the definition of frame operator St and Sp we have

Sré=) T/TEVEEX.
icl
Spn=) PRm.¥neY.
jeJ
Therefore
(ST®Sp)(E®N) =STE® Spn

=) TTé®) FAm

icl jed
= ) TIT&@RAn
ieljed

= 2 (TFep)(TiE® pm)
i€ljed
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=) (TTep)Tier)Esn)
ieljed
= ) (TeR)(TepR)Ean)
ieljed
Then by the uniqueness of frame operator, the last expression is equal to St p(£®n). Consequently
we have (ST®Sp)(£®M) = STerp(£®@m). The last equality is true for every finite sum of elements
in X ®,14 Y and then it's true for all z € X @ Y. It follows that (S5 ® Sp)(z) = Step(z). Thus

Step = ST ® Sp. OJ
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