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ABSTRACT. In this paper, we introduce unconditional and conditional cyclic inequalities involv-
ing two power parameters. By analyzing the non-negativity of difference functions, we generalize
classical bounds for cyclic rational sums and establish new analytical results. We further de-
termine the precise parameter ranges for which these global inequalities hold and discuss the

conditions for the equality. Finally, several special cases of interest are highlighted.

1. INTRODUCTION

1.1. Context. An inequality involving a set of variables is termed cyclic if it remains invariant
under a forward cyclic permutation. For three variables a, b, ¢, this is represented as (a, b, ¢) —
(b,c,a); that is, the variable a becomes b, the variable b becomes ¢, and the variable ¢ wraps
around to become a. In this three-variable system, the three valid cyclic permutations are given
by

(a,b,¢) — (byc,a) — (c,a,b).

While every symmetric inequality is cyclic, the converse does not hold. This directional symme-
try admits a broader class of algebraic relations in which the ordering of variables determines
precise bounds.

Several classical results rely on cyclic structures to establish fundamental relationships among
variables. Applications are found in optimization, real analysis, and contest mathematics. For

three variables a, b, c > 0, representative examples include those below.

e The Nesbitt inequality: Serving as the canonical cyclic rational inequality, it asserts
that

a b c
+ +
b+c c+a a+bd
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e Cyclic Cauchy-Schwarz applications: Derived from the Titu lemma, these yield

sharp asymmetric inequalities, such as

a’> b 2

—+—+—>a+b+ec

b c a

e Fourth-degree cyclic polynomial bounds: Requiring targeted factorization or ap-
plications of the arithmetic mean-geometric mean inequality, a prominent fourth-degree

bound states that
3 3 3
a’b+b’c+ c’a > abe(a + b+ c).

e Cyclic sum of cubes: Demonstrating that a cyclic sum of mixed-degree terms can be

bounded by a symmetric sum of pure powers, this classical result shows that
a® + 0>+ > a’b+ b’c+ Fa.

Historically, much of the literature on cyclic inequalities has been confined to specific discrete
domains or isolated single-parameter special cases (see, e.g., [1,2,5-12]; see also [3,4] for recent

developments).

1.2. Motivation: unconditional and conditional cyclic inequalities. This paper extends
classical frameworks by introducing unconditional and conditional cyclic inequalities involving
two power parameters p,q € R, and three variables a, b, ¢ > 0. The exposition is structured into
two principal parts.

The first part addresses the unconditional case. To illustrate this regime, our first theorem

establishes that, for any p, ¢ € R, the following inequality holds:

2q2P+a aq(bQP + C2p) op2rta bq(62p + a2p) 2c2Pta Cq(a2p + b2p)

bd + ¢4 cd + a4 af + b
L b e o N e o il +a® + b + P
- b+ cd + ad ad + b |

We emphasize that this bound is unconditional, meaning it imposes no restrictions on the signs
or magnitudes of p and ¢q. The necessity of employing two power parameters in this setting may
be debatable. Indeed, note that, under the reparameterization z = a?, y = bP, z = P, and

r = q/p, this inequality can be rewritten as follows:

Y+ 2T 27 4 g "+ yr
y7"+2 + Zr+2 Zr+2 + xr—i—? {L‘T+2 + yr-‘rQ ) 5 9
= yr+ 2" A " +y" TeTy

It thus deals with only a single power parameter, ». However, this alternate formulation restricts
the parameter space by implicitly requiring p # 0. In addition, it obscures the distinct roles
played by p (which governs the base power scaling) and ¢ (which acts as a weighting exponent
in the denominator sums). To preserve full generality, we choose to retain the two independent

power parameters p and ¢ throughout our framework. The proofs are based on the analysis
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of cyclic difference functions and the sign properties of power expressions. By establishing a
variety of general unconditional bounds of this type, we provide a unified mechanism capable of
recovering classical cyclic inequalities while also generating new ones.

The second part is devoted to the conditional case. To illustrate this regime, our first theorem

presents the two inequalities below.

e For pg > 0 (i.e., p and ¢ share the same sign):

aP bP cP 1 /P+c? P +aP  aP +bP
+ + > = =+ + .
bi4+c?  c14+a? a?+b7 ~ 2\b9+c? c14+a? al+ b4

e For pg < 0 (i.e., p and ¢ have opposite signs):

aP bP cP 1/P+c?  P+al a4+ bP
be + ¢4 +c‘1+aq +aq+b‘1 = 2 (bq+cq + c? + al + aq+b‘1>'
We emphasize that this bound is conditional, meaning that the direction of the inequality is
strictly governed by the sign of the product pq. Unlike the unconditional results, the parameter
space in this regime is partitioned, requiring explicit conditions to dictate whether a lower or
upper bound is attained. As in the unconditional case, the proofs rely on analyzing cyclic
difference functions and evaluating the sign properties of power expressions. Once again, by
establishing a variety of general conditional bounds of this type, we provide a unified mechanism
capable of recovering classical cyclic inequalities while also generating new ones.
In a sense, this work bridges the gap between classical cyclic inequality techniques and gen-
eralized parameterized frameworks through a unified collection of theorems. Furthermore, the
equality conditions for every result are discussed, typically holding for a = b = ¢, or reducing to

identities for trivial values of p and gq.

1.3. Organization. The remainder of this paper is organized as follows: Section 2 outlines the
primary notation and conventions. Section 3 presents the main results concerning unconditional
two-parameter inequalities, while Section 4 investigates the conditional cases. Finally, Section

5 offers concluding remarks and highlights potential directions for future research.

2. NOTATION AND CONVENTIONS

In this paper, the analytical inequality analysis relies on a framework of variables, operators,
and difference functions to evaluate algebraic bounds.

Regarding the variables and parameters, a,b,c > 0 represent the main variables, p,q € R
denote the primary recurrent parameters, and k,r € R serve as secondary parameters.

The cyclic summation may employ the operator Y ... to denote a forward cyclic permutation

cyc

sum. For a given function f(a,b,c) depending on the three variables, it is defined as

Zf(a,b,c) = f(a,b,c) + f(b,c,a) + f(c,a,b).

cyc
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For example, the Nesbitt inequality can be written compactly as

a 3
Zb—kczi

cyc

and the fundamental inequality a? + b> + ¢ > ab + bc + ca can be expressed as
Z a’ > Z ab.
cyc cyc
The operator }_ .. is obviously linear. It also satisfies the following index-shift invariance:
Zf(a,b,C) = Zf(bvc7a) = Zf(c,a,b).
cyc cyc cyc

To maintain conciseness, we adopt the cyclic sum notation 3. . throughout the proofs, whereas

cyc
the theorem statements are written in explicitly expanded form.

Additionally, we introduce the difference function Dy(a, b, c), formed by subtracting one side
of a target inequality from the other, up to an appropriate positive scaling factor. Here, 6
denotes the parameter vector. This framework reduces each proof to establishing the sign of
Dy(a,b,c).

In each theorem, the phrase “equality holds for a = b = ¢” indicates a sufficient condition for
equality. For parametric boundary cases (e.g., ¢ =0, p =0, p = ¢, or p+ q = 0), the cyclic
difference function often satisfies Dy(a,b,c) = 0, transforming the inequality into an identity
valid with no restrictions on a, b, c.

As a final convention, relations and inequalities satisfied for some variables are understood to

hold for all cyclic permutations (a,b,c) — (b, c,a) — (c,a,b) without explicit repetition.

3. UNCONDITIONAL TWO-POWER-PARAMETER CYCLIC INEQUALITIES

This section presents nine unconditional two-power-parameter cyclic inequalities of varying
types. Each proof immediately follows its corresponding statement, and remarks are provided

to highlight special cases of interest.

Theorem 3.1. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:

22T + q?(b?P + ) 20°PH9 4+ p9(cP 4 a?P) 2P 4 A(a?P + b7P)

be + c4 c? 4+ a4 al + be
- p2Pra 4 e2pta o2pta y g2pta o 2pta 4 p2pta T
T b4 cd + ad ad + b '

The equality holds for a = b = ¢ (when g = 0, both sides are identically equal, with no restrictions

on a,b,c).

Proof. Let us define the difference function Dy, 4(a, b, ¢) by subtracting the right-hand side of the

target inequality from its left-hand side, as follows:

2a2Pta 1 aq(b2p + CZP) p2Pra 4 o2t 9
Dpv‘I(a’b’c):Z b + 4 _Z b + 4 _Zap‘

cyc cyc cyc
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Combining the terms into the sums over a common denominator yields
2a%PF9 + 9 (% + c2P) — (b2PH9 + 2PHa) — 2P (b9 + )
b7 + 1 ’

Dpq(a,b,c) =

cyc
Noting that
2a%PT9 4 q9(b%P + PP — (b2p+q + 62p+q) — a2p(bq + ¢9)
— 92a2Pte L q9p2P 4 g1 — p2Pta _ (2pta 0 2Ppa 2P 4
— (a2p+q _ a2pbq + aqb2p _ b2p+q) 4 (a2p+q _ a2pcq + Cch2p _ C2p+q)
= (azp(aq —b?) + b2p(aq — bq)) + (an(aq — )+ P (ad — cq))
= (a® 4+ b*P)(a? — b7) + (a® 4 *P)(a? — %),
we can write

o (@ + 7)Y (a? - b9) (a?? + ¢?P)(a? — c9)
Dpﬂl(aa b? C) - Z bq + cd bq + cd N

cyc cyc

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
(a?? + ¢*P)(a? — c9) R (b*F 4+ a*)(b? — a?) B (a® + b?P)(a? — b9)

b7 + ¢4 cd + af cd + al

Therefore, we have

D (a b c) = Z (a2p + b2p)(aq — bq) . (aQT’ —+ b2p)(aq _ bq)
S cye be + et cyc c?+al
1 1
— 20 4 120 (gd — bl ( B )
;(a +b7)(a Wooa a5
I = A il e Gk
cye (a% + c) (b9 + 1)

2p+b2p (aq_bq)
Z (a4 c) (b9 + c9)

cyc

Because a,b, ¢ > 0, we have a?’ + b%* > 0 and (a? + ¢?)(b? + ¢?) > 0 (and cyclically). Moreover,
we have (a? — b9)2 > 0 for any ¢ € R (and cyclically). This implies that

(a? +b%P)(ad — b7)?
2wt amra 2%

cyc

so that Dy 4(a,b,c) >0, i.e.,
2a2Pta 4 aq(b2p + 6219) 2h2Pta bq(CQP + aQP) 2c2Pta Cq(a2p + 5217)

b + 4 c? + a4 * ad + b4
p2p+a 4 o2rta @ 2pta 4 g2pta g2pta 4 p2pta

+ a® 4 b 4 P,

> +
- b1 + ¢4 c?+ a4 ad + b

The equality holds for a = b = ¢, yielding a common value of 6a?P. O
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Remark 3.1. When p =0, the inequality in Theorem 3.1 simplifies to

al n b? n c? >§
b4+ct  cli4ad al+bl 2

which is exactly the Nesbitt inequality applied to the variables x = a4, y = b%, and z = 4.
This highlights that Theorem 3.1 serves as a two-parameter polynomial power generalization of

classical cyclic rational inequalities.

Theorem 3.2. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:

a?p-l—q(bp +cP) + ap+q(b2p + C2p) pr-l—q(Cp +aP) + bp-i—q(CZp + a2p)
+
b9 + c4 c? 4 al

2PTA(aP 4 bP) + P(a2P + b2P)
+ al + be
S a?P(bPT4 + PF4) + aP (PP T 4 2P N V2P (P9 4 aPTa) + bP(c2PFa 4 q?PHa)
- b1 4+ ¢4 cl + g4

2P (aPT9 4 bPFa) + P (a?PHa 4 b2 T

ad + b '

The equality holds for a = b = ¢ (when g = 0, both sides are identically equal, with no restrictions

on a,b,c).

Proof. Let us define the difference function D, 4(a, b, ¢) by subtracting the right-hand side of the

target inequality from its left-hand side, as follows:

D ; B qrta (P + cP) 4+ ap+q(b2p + C2p) a2p(bp+q + Cp-i—q) + ap(bQP-I-q + C2p+q)
p.q(a, b, ) _Z bd + 4 _Z b + ct .

cyc cyc

Combining the terms into the sums over a common denominator yields

a2PHA(BP 4 P 4 PB4 (2P) — q2P (B 4 (D) — g (b2 4 (20t

Dpqla,bc) =) T

cyc

Observing that
a®P (P 4 cP) + aPTU(DP + c2P) — a2 (BPHT 4 PTT) — gP (b2PTT 4 (2P Ha)
= (a®PTIP 4 qPTIY?P — ¢2PpP I — PpPTI)
F (a2PTIP 4 qPHICRP PP qP2Pta)
= aPbP(aPT + a%bP — aPb? — BPTY) + aPcP (aP T + a9 — aPc? — PT)
= aPt? (a?(a? + b°) — b%(aP 4+ bP)) + aPc? (a(a? + ) — c(aP + cP))
= aPbP(aP + bP)(a? — b)) + aPcP(aP + P)(a? — 7)),

we derive

= aPOP(aP 4 bP)(a — b) alcP(aP + cP)(a? — ¢?)
Dp,q(a, b7 C) - Z bq + cq + Z bq _|_ cd .

cyc cyc
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We shift the indices in the second cyclic sum to align the numerators. The main term shifts as
follows:

alcP(aP + cP)(a? — ¢?) R WPaP (P + aP)(b! —a?) _ aPbP(aP + bP)(a? — b9)

b1 + ¢4 cd + a cd + al

Therefore, we have

> albP(aP + bP)(a? = b7) > albP(aP + bP)(a? — b9)

q t cq q q
p— b? + ¢ e cd+a

:Zapbp(ap—l—bp)(aq—bq)( L )

q q q q
e bl + ¢ cl+a

Dpq(a,b,c) =

(c? 4 a?) — (b7 + 1)
(a? 4 c2) (b7 + c9)

= aPbP(a? + bP)(a? — 1)

cyc
Z aPbP(aP + bP)(a? — b?)?
(a4 c) (b9 + c9)

cyc

Because a,b,c > 0, we have a?b? > 0, a? + 0P > 0, and (a? + ¢?)(b? + ¢?) > 0 (and cyclically).
Moreover, we have (a? — b9)%? > 0 for any ¢ € R (and cyclically). This implies that

aPbP(aP + bP)(ad — b7)?
Z (a? + c9)(b? + c9) =0,

cyc

so that Dy 4(a,b,c) >0, i.e.,

aZP AP + cP) + aPTI(b2P 4 2P)  B2PHI(CP + qP) + bPTI(c2P 4 o2P)
_|_
b + ¢ cd + a4
PP + bP) + cPT9(a?P + b?P)
al + b?
2p(bp+q + P 4 ap(b2p+q + C2p+q) bﬂp(cp—Fq + aPt) 4 bp(02p+q 4 a2p+q)

b + 4 + c?+ al
2P (aPT4 4 PPHO) 4 (P (q2P e 4 p2PTa)

al + bl ’

v

The equality holds for a = b = ¢, yielding a common value of 6aP. ([l

Remark 3.2. When p=1 and g = —1, the inequality in Theorem 3.2 simplifies to

b2+c2+c2+a2+a2+b2> (a n b n c)
alb+c¢)  blc+a) cla+d) — \b+c c+a a+b

which provides a new reciprocal extension of Nesbitt-type inequalities.
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Theorem 3.3. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:
2a2P+4 4 gPHA(bP + cP) + a9(b?P + ) N 202PF4 4 pPHA(cP + aP) + b9 (PP + a?P)
b9 + c4 c? + a4
. 2624 4 PP 4 P + ¢1(a®P + bP)

al + b4
b2Pta o e2pta aP (bPHa  cPHa) c2Pta 4 g2rta bP(cPHa  qPT9)
_|_

- b 4 4 ¢l + g4
a2PTa 4 p2PHa 4 P (gP T 4 pPTHa)
ad + b4
The equality holds for a = b = ¢ (when g = 0, both sides are identically equal, with no restrictions

Eur. J. Math. Anal. 10.28924/ada/ma.6.21

+a®? + %P + P,

on a,b,c).
Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the

target inequality from its left-hand side, as follows:
2a2p+q + aerQ(bp + CP) + aq(bQP + C2p)

Dpq(a,b,c) = Z
cyc ba +ct
- PP P (e ey S
b7 4 c1 cyc ’

cyc
Combining the terms into the sums over a common denominator and splitting the numerator
across two lines for compactness, we get
2q2rta + aPJrlI(bP + CP) + aq(b2p + c?p)
— (b?PH9 4 PPT4 4 P (BP9 4 PT)) — a?P (b9 + )
Dpq4(a,b,c) = Z b o .

cyc

Noting that

24274 4 gPTUBP + cP) + a9(b2P + ¢2P) — <b2p+q 2Py gP(pPT 4 Cp+q))
—a®(b? + 1)

— 9a2PTT o PP 4 PP | qap2P 1 g4 2P 2PHe 20 gppptd

— qPcPTe — g2Ppd — 2P e

= (a%F1 — @%PhT 4 qP TP — qPHPHD | 9b2P — pPHa)

+ (a2 — g2l 4 qPHIP — qPAPT 4 g1 — (2P

= (a®(a = b7) + aPbP(a — b7) + b7 (0 — 7))

+ (an(aq — 1) +aPcP(a? — c?) + c*P(a — cq))

= (a® 4 aPb” + b?P)(a? — b)) + (a®P + aPcP + ¢*P)(a? — 7),

we can write
(aP + aPbP + b*P)(a? — b7) N (a?P + aPcP + ) (a? — 1)

Dp,q(a7 b, C) = Z b + 4 be + c4

cyc cyc
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We shift the indices in the second cyclic sum to align the numerators. The main term shifts as
follows:
(a®P + aPcP + ) (a? — 1) N (V%P + bPaP + a?P)(b? — ad)
b7 + c1 ¢l + a4
(a®P + aPbP + b*)(a? — b7)
c? + al ’

Therefore, we have

(a® + aPbP + b%)(a? — b7) (a® + aPbP + b*P)(a? — b9)
D b,c) = _
p.qla; b, c) Z be + 1 Z cd 4 qd

cyc cyc

1 1
_ 2p p 2D\ (49 _ 1ha _
—E (a*? 4 aPb? + bP)(a b)<bq+c‘1 c‘1+a‘1>

cyc
— 2p 4 P 2P\ (qd — b2 (c? +a?) — (b7 + )
_%}z+aw+bﬂa b)wuwmm+w

B (a® + aPbP + b*P)(a? — b9)?
_Z (a9 + c9)(b? + ¢2)

cyc

Because a,b,c > 0, we have a?’ + aPb? + b* > 0 and (a? + ¢?)(b? + ¢?) > 0 (and cyclically).
Moreover, we have (a? — b9)? > 0 for any ¢ € R (and cyclically). This implies that
(a?P + aPbP + b?P)(ad — b9)? >0

(a? 4 c7)(b7 + c9) -

cyc
so that Dy 4(a,b,c) >0, i.e.,
2a2P+a aPta(bP 4 cP) + aq(pr + CZp) N 2b2P+a bPHa(cP 4 aP) + bq(c2p + a2p)

be + ¢4 ¢4+ a4
. 202+ 4 PHA(gP 4 bP) + (a2P + b2P)
al + be
b2PHa 4 2P 4 gP (WP PTa) 2P 2Pt 4 P (P P T
- be + ¢4 + c? + a4
2p+ 2p-+ + +
QP O (@ LV
ad + b4
The equality holds for a = b = ¢, yielding a common value of 9a?P. O

Remark 3.3. When p =1 and ¢ = —1, the inequality in Theorem 5.5 simplifies to
b+ c? c? +a? a® +b? a b c

> — + —.
a’?(b+c) b (c+a) ca+b) ~ be Ta @

Theorem 3.4. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:
aPbP(a®? + b%7) + 2(ab)Ptd N bPcP (b2 + c29) + 2(be)Pta
aP + bp bP + cP
PaP(c® + a®) + 2(ca)P?
cP + aP

The equality holds for a = b = ¢ (when p 4+ q = 0, both sides are identically equal, with no

< 2(ap+2q 4 pPt2a Cp+2q)‘

restrictions on a, b, c).
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Proof. Let us define the difference function D), 4(a, b, c) by subtracting the right-hand side of the
target inequality from its left-hand side, as follows:
aPbP(a®d 4 b%4) + 2(ab)Pta

aP + b '

ng(a, b, c) — 2(ap+2q + ppt2a + cp+2q) _ Z

cyc
Observing that 2(aP™27 + pPT29 4 PT20) = chc(aerQq + bP*24) and combining the terms into

the sums over a common denominator, we derive

POP (a1 + b2 2(ab)Pta
an(aa b, C) = Z(aerZq + bp+2q) . Z a (a + ) + (CL )

cyc cyc ab + bp
= (aPT2 4 P2 (aP + bP) — aPbP(a? 4 b*T) — 2(ab)P e
N ap + br ’

cyc

Noting that
(aP20 4 pPH20) (P 4 bP) — aPBP(a®? + b2 — 2(ab)PHe

— (a2p+2f1 + ap+2QbP + apbp+2q + b2p+2q) _ (ap+2qbp + anp-i—QQ) _ 2ap+QbP+q

_ a2p+2q _ 2ap+qbp+q + b2p+2q
= (aPT9 — pPT9)2,

we have
(ap-i-q — bp-i—q)?

Dpq4(a,b,c) = Z P

cyc
Because a, b, ¢ > 0, we have a? + b” > 0 (and cyclically). Moreover, we have (aPt9 — pP9)2 > 0
for any p,q € R (and cyclically). This implies that

p+q _ pp+q)2
i i S
e aP + bp

so that Dy 4(a,b,c) >0, i.e.,
aPbP(a?d + b%1) + 2(ab)P*4 N bPeP (% + c29) + 2(be)Pta

ab + bp bP + cP
cPaP(c* + a®®) + 2(ca)* _ 220 4 P2 4 20y
cP + aP -
The equality holds for a = b = ¢, yielding a common value of 6aP+24. ]

Remark 3.4. When p =1 and ¢ = 0, the inequality in Theorem 3./ simplifies to
ab bc ca a+b+c
+ + < )
a+b b+c c+a 2

which is the well-known harmonic mean-arithmetic mean cyclic inequality.

Furthermore, when p =1 and q = 1, the inequality simplifies to
ab(a 4 b) + be(b+ ¢) + calc + a) < 2(a® 4+ b® + ),

which is a classical inequality derived from (a + b)(a — b)? > 0.
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Theorem 3.5. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:
(@ +b%P) (T +b%7)  (b% + ) (%1 + c21)  (c® + a®P) (9 + a?9)
2(aPtq 4 brta) 2(bpta 4 cpta) 2(cPtq 4 qrta)
> aP T4 pPHe 4 P

The equality holds for a = b = ¢ (when p = q, both sides are identically equal, with no restrictions

on a,b,c).

Proof. Let us define the difference function Dy, 4(a, b, ¢) by subtracting the right-hand side of the
target inequality from its left-hand side, as follows:

o (@ +b?P) (a1 + b%9)
Dpa(eb,¢) =2 2(apta + bpta)

cyc

(P g BT 4 ),

Observing that a?*9 4+ b4+ P+ = 37 (aP+94-bPT9) /2 and combining the terms into the sums

over a common denominator, we can write

o (@ +b?P) (a1 + b?9) aPta 4 pPta
Dpala,b,c) = %; oartatbrte) &2
B Z (a2p + b2p)(a2q + b2q) — (ap-i—q + bp-i—q)z
- 2(aPta + ppta) )

cyc

Noting that

(a2p + b2p)(a2q + qu) _ (aerq + bp+q)2
— (a2p+2q + anqu + b2pa2q + b2p+2q) _ (a2p+2q + 2ap+qbp+q + b2p+2q)
— a2Pp2a _ 9qptraprta + b2P 24
= (aPb? — bPad)?,
we derive

B (aPb? — bPad)?
Prala:b:) = 2 o igpra s wray
cyc

Because a,b,c > 0, we have 2(a?*? + pPT7) > 0 (and cyclically). Moreover, we have (a?b? —
bPa?)? > 0 for any p,q € R (and cyclically). This implies that

(aPb9 — bPad)?
E — >0,
2(ap+q + bp+q)

cyc
so that Dy 4(a,b,c) >0, i.e.,
(a® 4 b%P)(a? + b%9)  (b% 4 cPP)(b%1 + 1) (P + a®P)(c* 4 a®9)
2(ap+q + bp—l—q) 2(bp+q + cp-l—q) Q(Cp-i-q + ap—l—q)
> Pt 4 B 4 P T,

The equality holds for a = b = ¢, yielding a common value of 3a?*4. O
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Remark 3.5. When p =1 and q = 0, the inequality in Theorem 5.5 reduces to
a?+b* b4+ E A +ad
+ +
a+b b+c ct+a
which is a well-known consequence of the Titu lemma. Thus, Theorem 3.5 serves as a two-

>a+b+ec,

parameter family generalization of classical polynomial rational inequalities.

Remark 3.6. Setting q = —p, Theorem 3.5 yields
(a® + b*P) (a2 + b~ 2P)

> 1 > 3.

cyc

This can also be proved using the arithmetic mean-geometric mean inequality as (x + y)(1/x +
1/y) > (2/7y) (2«/1/(333;)) =4, and applied to x = a*’ and y = b*P.

Theorem 3.6. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:

aPta bP P pp+a P aP
be + ¢4 (ap+bp+ap+cp)+cq+aq (bp+cp+bp+ap>

cbra aP bP
NPT (cp+ap + cp+bp>
aP ppta cpta bP cpta apPta
> + + +
b +ca \ a? +bP = aP 4 cP cd+a% \bP4cP D 4 aP

cP aPTa ppta
+a‘l—i-b‘l cP 4 aP T 4o )

The equality holds for a = b = ¢ (when g = 0, both sides are identically equal, with no restrictions

on a,b,c).

Proof. Let us define the difference function D, 4(a, b, ¢) by subtracting the right-hand side of the

target inequality from its left-hand side, as follows:

aPta P P aP pr+a cPta
D, (a.b,c) = N ‘
p.a(@:b:¢) qu+cq (ap+bp+ap+cp> ggbwrcq (ap+bp+ap+cp>

cyc

Factorizing and arranging the terms, we get

aPrapp — gPppta  gptacp _ gpebta
ab + bP + aP + cp

Dy q4(a,b,c) = qu—l—cq

Observing that

aPtapP — gPpP+4  gPTacP — gPcPta aPbP(a? — b?)  aPcP(al — )

aP + bp + aP + cP  aP+br ab +cr
we can write PBP(at — 1Y) PeP(ad — )
aPbP(ad — aPcP(a? — ¢
Dpq(a,b,c) = Z (aP + bP) (b9 + 1) Z (aP + cP) (b9 + c7)
cyc cyc

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
aPcP(a? — ) aP(b? —al) aPbP(a? — b?)

(@ +P) (bt 4ct) (P taP)(c+a?)  (aP +bP)(ch +al)
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Therefore, we have

aPbP(a? — b?) aPbP(a? — b?)
D, (a,b,c) = _
pa(®:0;¢) Xy: (P + bP) (b1 + 1) Zy: (@ + b7) (9 + a9)
_Zapbp(aq—bq) ( 11 )
_Cyc aP + bp bl 4+l cd+4ad
)

B Z aPbP(a? — b?) (c? 4 a?) — (b2 + 2
N aP + bp (ad + c4) (b9 + c2)

B aPbP(ad — b?)?
N Z (aP 4 bP)(a? + c9) (b1 + 1)’

cyc

Because a,b,c > 0, we have aPb? > 0 and (a? + bP)(a? + ¢?)(b? + ¢?) > 0 (and cyclically).
Moreover, we have (a? — b9)%? > 0 for any ¢ € R (and cyclically). This implies that

aPbP(a? — b?)?
Z( ( )

2 (ar + ) (at + ca) (bt + ) =

so that Dy 4(a,b,c) >0, i.e.,

aPta bP P ppta P aP
b? 4 ¢t (ap—l—bp + ap+cp) + c? + al (bp+cp + bp+a7’>
chta aP bP
+ ad + b4 (cp+ap + cp+bp>
aP ppta chta b chta abta
> + + +
bi4ct \aP +bP ' aP 4 P ci4+ad \bP+cP P4 aP

cP abta ppta
+aq+bq & + a? +Cp+bp ’

The equality holds for a = b = ¢, yielding a common value of (3/2)a?. t

Remark 3.7. When p=1 and g = —1, the inequality in Theorem 3.6 simplifies to
a’b? + b*c® + 2a® > abe(a + b+ c),
which is a classical degree-four cyclic inequality.

Theorem 3.7. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:

aP-HI(bp + cp) bp-l—tZ(cp + ap) Cp-Hl(ap + bp)
(b7 + 4)? + (¢ + a9)? + (a? + b7)?
aP(bPHd 4 cPT9)  BP(PT 4 aPT) P (aPH 4 HPTY)
(b7 4 c9)? (¢ + a9)? (a? + b9)?

The equality holds for a = b = ¢ (when g = 0, both sides are identically equal, with no restrictions

on a,b,c).


https://doi.org/10.28924/ada/ma.6.21

Eur. J. Math. Anal. 1028024 /ada/ma.6.21

Proof. Let us define the difference function D), 4(a, b, c) by subtracting the right-hand side of the
target inequality from its left-hand side, as follows:

ap+q(bp 4 Cp) aP(bPJrq + CP+¢1)
Dpq(a,b, c) _ZW_Z (b7 + )2

cyc

cyc
Combining the terms into the sums over a common denominator yields

aP-H](bP + cp) _ ap(bp-i-q + CIH—‘])
Praleb.) =2 GETD: |
cyc

Noting that
ap—l—q(bp + Cp) _ ap(bp+q + Cp+€{) — ap+qbp + ap+qcp _ apbp-i-q _ apcp+q

— (aer(IbP _ apbP+Q) + (aerqcp _ apcPJrfI) — apbp(aq _ bQ) + apcp(aq _ C(I)’

we derive
= aPOP(a? — bY) aPcP(a? — c?)
Dpq(a,b,c) = g; (b9 + 9)2 + %; (b + )2
We shift the indices in the second cyclic sum to align the numerators. The main term shifts as
follows:
apcp<aq _ cq) bpap(bq _ aq) apbp(aq — bq)
R S A = -
0+ cip? (@+a? ~ (@t ar?
Therefore, we have
| aPbP(a? — bY) aPbP(a? — b?)
Dpqla,b,c) = %2 (b7 4 c1)2 %; (¢ 4+ a?)?
1 1
= apbp (lq - bq ( - )
; ( ) (bq + cq)2 (Cq + QQ)2

(c? + a)? — (b + c9)?
(b9 + ¢7)2(cq + a?)?

= Zapbp(aq —b?)

cyc
B Z aPbP(a? — b9)%(ad + b9 + 2c9)
B (a + ¢9)2(b9 + ¢9)? '

cyc
Because a,b,c > 0, we have aPb? > 0, a? + b? + 2¢? > 0, and (a? + c?)?(b? + ¢?)? > 0 (and
cyclically). Moreover, we have (a? — b7)? > 0 for any q € R (and cyclically). This implies that

3 aPbP(a? — b9)%(a? + b7 + 2c7) -0
(a9 + ¢2)2(b9 + ¢2)? -7

cyc
so that Dy 4(a,b,c) >0, i.e.,

aP-I—Q(bp + Cp) N bp-I—Q(Cp + ap) n Cp+£1(ap + bp)
Grvap T arap T @ty

N aP(bPH 4 PHa)  BP(cPHa 4 qPHa) P (qPTT 4 pPHa)

(b7 4 c9)? (¢ + a9)? (a? + b9)?

The equality holds for a = b = ¢, yielding a common value of (3/2)a?~4. O
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Remark 3.8. When p =1 and ¢ = —1, the inequality in Theorem 3.7 simplifies to
be ca ab be ca ab
a(b+c) * b(c+a) * c(a+0b) =2 ((b—i—c)2 * (c+a)? * (a+b)2) '
Theorem 3.8. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:
aPta(bP + cP)  BPTI(P +aP)  PTI(aP + bP)

be + c4 c? + a4 ad + be
ap(bp+q + Cp+q) WP (Pt 4 ap+q) Cp(ap+q + bp+q)
- b4 4+ ¢4 cd + a4 al + b4

The equality holds for a = b = ¢ (when g = 0, both sides are identically equal, with no restrictions

on a,b,c).

Proof. Let us define the difference function D, 4(a, b, ¢) by subtracting the right-hand side of the
target inequality from its left-hand side, as follows:

aP-l—Q(bp + cp) ap(bp-l-q + CP-HI)
Dp,q<avb7c)zzbq+—cq_z b + c4 '

cyc cyc

Combining the terms into the sums over a common denominator yields

a]H—Q(bP + CP) — ap(bp-i-q + CP-HI)
Dpalab.¢) =2 be + ¢4 :

cyc

Observing that
aPTUOP + P) — aP (P11 + PT9) = aPalb? + aPa’lc — aPbPb? — aPcPc?
= (aPa®V? — aPbPb?) + (aPalc? — aPcPc?)
= aPtP(a? — b?) + aPP(a? — ),

we can write ( ) (
aPbP(a? — b1 aPcP(al — )
Dyp.q4(a,b,c) :Z— Z—
cyc be + cyc ba +
We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
alcP(a? — ) WaP (b —a?)  aPbP(a? —b7)

ba + c4 c? 4+ a4 cl + a4

Therefore, we have

aPbP(a? — b?) aPbP(a? — b?)
Dypqla,b,c) = Z T bt Z T tal

cyc cyc

1 1
=2 _a’t’(a’ —b) (bq Fol o+ aq>

cyc

(c? +af) — (b7 + c?)
(ad + c) (b9 + c9)

B aPbP (a9 — b?)?

N Z (a9 + c)(b? 4 )’

cyc

— 3" aPbP(a? — b7)

cyc
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Because a,b,c > 0, we have a?b? > 0 and (a9 + ¢?)(b? + ¢?) > 0 (and cyclically). Moreover, we
have (a? — b9)? > 0 for any ¢ € R (and cyclically). This implies that

Z aPbP (a9 — b7)? >0
(a? + c?)(b? 4 1) —

cyc

so that Dy 4(a,b,c) >0, i.e.,
aP-I—Q(bP + cp) bp-l—g(cp + aP) CP+Q(ap + bp)
bQ+Cq cl + a4l QQ+bq
aP (BP9 4 cPHa)  pP(cPHe 4 qPTD)  (P(qPTI 4 pPTa)
- b9 + c4 c? + a4 ad + b4

The equality holds for a = b = ¢, yielding a common value of 3a%?. g

Remark 3.9. When p =1 and q = 1, the inequality in Theorem 5.8 reduces to

5 o o ad®+c) b +a?)  c(a®+b?)
b > .
LR b+c + c+a + a+b

Furthermore, when p =2 and q = —1, the inequality simplifies to

B+ PF4a®> P+

>a+b+c
b+c c+a a+b

Theorem 3.9. Let a,b,c > 0 and p,q € R. The following inequality unconditionally holds:

al(b? +cP)  bi(cP +aP) = cl(aP + bP) S bicP + 1P claP 4+ alc?  albP + blaP
be + ¢4 c? + a4 a?+b1 T b9+ c? 4+ a4 a? + b1

The equality holds for a = b = ¢ (when g = 0, both sides are identically equal, with no restrictions

on a,b,c).
Proof. Let us define the difference function D, 4(a, b, ¢) by subtracting the right-hand side of the

target inequality from its left-hand side, as follows:
al(b? + cP) > bicP + cIbP

Dpqla,b,c) = Z ba + ¢4 bd + 4

cyc cyc

Combining the terms into the sums over a common denominator yields

al(bP + cP) — (b9cP + c1bP)
Dpqla,b,c) = b T o .

cyc

Noting that
al(b? + cP) — (bIcP + cIbP) = a%bP + ac? — bicP — cIbP
= (alc® = b1cP) 4 (albP — cIbP)
=P(a? = b7) + VP (a? — ),

we derive

b))
Dp,q(a,b,c)—z T ol +Z TR

cyc cyc
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We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
bP(a? — ) P —a?)  Pla? =09

b9 4 c4 c? 4 ad c? 4 al

Therefore, we have

Dy o(a,b,c) = Z P(a? =07 Z cP(a? — b?)

g+ 4 q q
e b? + ¢ oe Cta

et (L)
b1 +ct  c?+ al

cyc

B piq oy +a?) — (b7 + )
ZC (Cl —b) (aq+cq)(bq+cq)

cyc
_ Z Cp ad — bq)
e aq + Cq bq + cq)

Because a, b, ¢ > 0, we have ¢ > 0 and (a? + ¢?)(b? 4+ ¢?) > 0 (and cyclically). Moreover, we
have (a? — b9)2 > 0 for any ¢ € R (and cyclically). This implies that
cP(ad — b?)?

Z (a? + ) (b + c9) =0,

cyc

so that D 4(a,b,c) >0, i.e.,
al(bP + cP) N bl(cP + aP) N cl(aP + bP) S bicP + P claP + alc?  albP + blaP
b + ¢4 c? + a4 a? +b4 T b4+ ¢ c? + a4 a? +bd
The equality holds for a = b = ¢, yielding a common value of 3aP. (|

Remark 3.10. When p =1 and g = —1, the inequality in Theorem 3.9 simplifies to
bec  ca ab>b2+02+62+a2 a® + b?

a b ¢~ b+ec c+a a+b’

4. CONDITIONAL TWO-POWER-PARAMETER CYCLIC INEQUALITIES

This section presents seventeen conditional two-power-parameter cyclic inequalities of varying
types. Once again, each proof immediately follows its corresponding statement, and remarks

are provided to highlight special cases of interest.

Theorem 4.1. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of the
product pq.
e Forpq >0 (i.e., p and q share the same sign):
a? n bP n cP >1<bp+cp c? 4 aP ap+bp>
bi+ct  ct+a? a?4+b7  2\b14+c?  cl4a?  ad+ b4
e For pq <0 (i.e., p and q have opposite signs):
aP bP P 1 /P+c? P+aP  aP + P
b7 + ct +cq—kaq +aq—H)q = 2 (bqicq + cqiaq + aqibq>
The equality holds for pg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).


https://doi.org/10.28924/ada/ma.6.21

Eur. J. Math. Anal. 1028024 /ada/ma.6.21

Proof. Let us define the difference function D), 4(a, b, c) by subtracting the right-hand side of the
first target inequality from its left-hand side, multiplied by 2, as follows:

2aP bP + P
Dpq(a,b,c) = Z T %; be 4’

cyc

Combining the terms into the sums over a common denominator yields

2aP — (bP + cP)

Dpq(a,b,c) = Z b1 o

cyc
Observing that
2aP — (P + P) =2aP — 0P — P = (a? = V) — (! — dP),

we can write
aPl — bP c? —a?
Dy q(a,b,c) = Z ba + ¢4 _Z be 4 e’

cyc cyc

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
c? — a? aP — bP

— .
be + ¢4 c? + al

Therefore, we have

aP — bP aPl — bP
Dypq(a,b,c) :Z ba + ¢4 _Zcq+aq

cyc cyc

1 1
= p— —_—
Z(a ) (b‘l—i-cq cq—i-a‘l)

O e e L N (R A )
_Z( bp) (aq+cq)(bq+cq) z; (aq_|_CQ)(qu,—cq)'

cyc

Because a,b,c > 0, we have (a? 4+ ¢?)(b? 4+ ¢?) > 0 (and cyclically). The sign of the entire sum
relies strictly on the product of differences (a? — b”)(a? — b?) (and cyclically).

e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(z) = aP and g(x) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a?—b7) always have the same sign, yielding (a? — bP)(a? —b?) > 0 (and cyclically). This
implies that

aP? — bP)(a? — b
> (s e

cyc

so that Dy 4(a,b,c) >0, ie.,

aP n bP n P >1<bp+cp c? + aP ap—i-bp)
b9 4+ct  cld4a? al?+b?7 T 2\b94+ct  cl4+al al+b1)’

e Case 2 (pg < 0): The exponents p and g have opposite signs. One function is strictly

increasing while the other is strictly decreasing. Consequently, the two difference factors
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will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This
implies that

@ =W -m) _
2 (at +en) (it en) =
so that D) 4(a,b,c) <0, i.e.,
aP n bP N P <1<bp+cp+cp+ap+ap—l—bp>'
bi+c? cl4a? a94b7 ~ 2\b1+c? cl+a? al+ b0

The equality holds for pg # 0 and a = b = ¢, yielding a common value of (3/2)a?~1. d

Remark 4.1. When p = q, the inequality in Theorem /.1 simplifies to

aP N bP n cP >3
bP+cP  cP+aP  aP+bP T 2’

which is exactly the Nesbitt inequality applied to the variables x = aP, y = bP, and z = cP.
This highlights that Theorem /J.1 serves as a two-parameter polynomial power generalization of

classical cyclic rational inequalities.

Remark 4.2. Setting p =2 and g =1, a consequence of Theorem 4.1 is

2 2 2 2 2 2 2 2 2
a n b n c >1 b*+ ¢ c“+a a“+b >a+b+c7
b+c c+a a+b "2\ b+ec c+a a+b | — 2

providing a two-stage refinement of the Titu lemma bound for cyclic squares.

Theorem 4.2. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of the
product p(p + q).
e Forp(p+q) >0 (i.e., p lies outside the interval between 0 and —q):

albP(a? 4+ 09)  bPP (b +c?)  PaP(c? + a?)
aP + bp bP + cp & + a?

< aPte 4 pPTa 4 P,

e Forp(p+q) <0 (i.e., p lies strictly between 0 and —q):

alPbP(a? 4+ 09)  bPP(b? + ) N cPaP(c? + a?)

S P4 ppta 4 b
aP + bp bP + cP cP + aP a7+ te

The equality holds for p(p + q) # 0 and a = b = ¢ (when p = 0 or p = —q, both sides are

identically equal, with no restrictions on a,b,c).

Proof. Let us define the difference function D, 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, multiplied by 2, as follows:

2aPbP (af + 1Y)
Dp,q(a, b7 C) = Z ap—_’_bp — 2(ap+q -+ bIH’(I + Cp+q)

cyc
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Noting that 2(a?*9 4-bPT9 + P*9) = 37 (aPT9 + HP*9) and combining the terms into the sums
over a common denominator, we derive
2aPbP(a? 4 b9)

Dy q(a,b,c) = Z T _ Z(azﬂrq + pta)

cyc cyc

2aPbP(a? + b7) — (aPT9 + bPT9) (aP + bP)

:Z aP + bp ’

cyc

Observing that
2aPbP (af + b7) — (aP+9 + P (aP + bP)
— (Qap+qbp + 2apbp+q) _ (a2p+q + aPTapP 4 gPpPte 4 62p+q)
= _q2PTa 4 gPrapp 4 gPpPTe _ p2pta
— _(a2p+q — aPbPte _ gptapp o b2p+q)
= —(a” — ") (@ 5,
we can write

(aP — bP)(aP*e — bPHa)
aP + bp '

Dpq4(a,b,c) = — Z

cyc
Because a, b, ¢ > 0, we have a? +bP > 0 (and cyclically). The sign of the entire sum relies strictly

on the leading minus sign and the product of differences (a? — bP)(aP™? — bPT1) (and cyclically).

e Case 1 (p(p + q) > 0): The exponents p and p + ¢ share the same sign. The power
functions f(z) = 2P and g(x) = aP*Y share the exact same monotonicity. Therefore,
(aP —bP) and (aPt?—bPT9) always have the same sign, yielding (a? —bP)(aPT9—bPT7) > 0
(and cyclically). This implies that

P _ p+q _ pp+q
_Z(a bP)(a bPa) <o,
ab + bp

cyc

so that Dy 4(a,b,c) <0, i.e.,
aPbP(a? +b2)  WPP(b?+c?)  PaP(c? + af)
ab + br bP + cP cP + aP
e Case 2 (p(p+ q) < 0): The exponents p and p + g have opposite signs. One function is

< @Pta 4 pPTa 4 P,

strictly increasing while the other is strictly decreasing. Consequently, the two difference
factors will always carry opposite signs, forcing (a? —bP)(aPT7—bPT7) < 0 (and cyclically).
This implies that

P _ p+q _ pptq
_Z(a bP)(a bPTa) >0,
apP + br

cyc

so that D, 4(a,b,c) >0, i.e.,
aPbP(a? +b9) PP (b4 )  PaP(c? + ad)
ab + br bP 4 cP P + aP
The equality holds for p(p + q) # 0 and a = b = ¢, yielding a common value of 3a?*4. O

> aPTa 4 ppta + cPta.
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Remark 4.3. When p =1 and g = —2, the inequality in Theorem 4.2 reduces to

2 b2 b2 2 2 2 1 1 1
a® + +c c"+a >, 0.1
abla+b)  be(b+c¢) calc+a) “a b ¢

Theorem 4.3. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of the
product pq.

e Forpq >0 (i.e., p and q share the same sign):

aP N bP n cP >1<bp+cp P + aP ap+bp)
bicd  clad  alb? T 2\ bicd clad alb? )

e For pq <0 (i.e., p and q have opposite signs):
a? n bP . P <1<bp—|—cp c? +a? ap+bp)
bict  c%a9  aib? — 2\ bicq clal atbl )’

The equality holds for pqg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a, b, c).

Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, multiplied by 2, as follows:
2a? bP + P

D a,b,c) = —_— — e
p.q ( » ) bq cd bq cd
ye cyc

Combining the terms into the sums over a common denominator yields

2aP — (bP + cP)
ng((l, b, C) = Z T

cye
Noting that
— (VP +cP)=2d" — b — P = (aP — V) — (P — aP),
we derive
a? =~ —ad
bicd e bict

Dp:l] (a7 b’ C) =
cyc
We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
c? —a? aP — P

—
bicd clad

Therefore, we have

aP — bP aP — bP
an(a, bc) = ; bict ; clal

1 1
e (- )

e bic?  clad
aq _pa (a? — bP)(a? — b7)

_ P _
B C%;(a Vatbics = ; aqchq

Because a, b, ¢ > 0, we have a?b%¢? > 0 (and cyclically). The sign of the entire sum relies strictly

on the product of differences (a? — bP)(a? — b?) (and cyclically).
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e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(z) = 2P and g(z) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a9 —b?) always have the same sign, yielding (a? —b”)(a? — %) > 0 (and cyclically). This
implies that

(o = 1) a? — 1)

Z adbdcd = 0,

cyc

so that Dy 4(a,b,c) >0, i.e.,

aP n bP n cP 1(bp+cp c? + aP ap+bp).
bic?  cla? = alb? T 2\ bict clad albd
e Case 2 (pg < 0): The exponents p and ¢ have opposite signs. One function is strictly
increasing while the other is strictly decreasing. Consequently, the two difference factors
will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This
implies that

(a = 1) a? = 1)

Z adbicd <0,

cyc

so that Dy 4(a,b,c) <0, ie.,

aP n bP n cP <1(bp+cp P + aP a”+b”)
bicd = a9  a9b9 — 2\ bdct clad aibd )’

The equality holds for pg # 0 and a = b = ¢, yielding a common value of 3a?~%4. O
Remark 4.4. Setting p=1 and g = —1, the inequality in Theorem 4.3 simplifies to
1
3abe < 3 (be(b+ )+ calc+a) +abla+1D)).

The theorem below differs from subsequent results by incorporating an additional power

parameter r € R.

Theorem 4.4. Let a,b,c > 0 and p,q,r € R. The inequalities below hold based on the sign of
the product pq.

e Forpq >0 (i.e., p and q share the same sign):

al(b" +c")  P("+a")  Pa”+b") < bPc" + cPb” N cPa” + aPc” n alb” + bPa”
b9 + 4 cd + a9 al +b1 T b4t ¢l + a4 al +b1 -

e For pq <0 (i.e., p and q have opposite signs):

aP(b"+c")  WP("+a")  Pla"+0b") < bPc” + P cPa” +aPc”  aPb" + bPa”
be + c4 c? + a4 a?+b4 T b9+ cd c? + al al + b1
The equality holds for pqg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).
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Proof. Let us define the difference function D, 4, (a,b,c) by subtracting the right-hand side of

the first target inequality from its left-hand side, as follows:

(b ) bc” + cPb’
Prar(ebe) =3 e = e

cyc
Combining the terms into the sums over a common denominator yields

aP(b" + ") — (bPc" + cPb"
Dp:‘]ﬂ"(av b> C) = Z ( ) ( ) .

q 4
e bl + ¢

Observing that
a’(b" 4 ") — (WP + Pb") = aPb" + aPc” — bPc" — Pb”
= (aPc" —bPc") + (aPb" — Pb")
=c"(a? = bP) = b" (P — dP),

we can write
c"(aP — bP) b" (P — aP)
Prarlebhe) =2 ™ ~ 2 Ty

cyc cyc
We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
(P — P T(qP —
(P — aP) ¢ (aP — bP)
bd + ¢4 cd + a4

Therefore, we have

o (aP =) c"(aP — bP)
Dypgr(asb,c) = %; b+ ct %; ol + at
= Zcr(ap — ) ( LI )
e b1 +c?  c?+ ad
a1 gq) — (b9 4 4 (P — a_ pa
:Zcr(ap—bp)(c +a?) — (b1 +c?)  ~c(a? =) (a b)'
e (b9 + ¢2)(c? 4 a9) Se (b7 4 c9)(c + ad)

Because a,b,c > 0, we have ¢" > 0 and (b7 + ¢?)(c? + a?) > 0 (and cyclically). The sign of the

entire sum relies strictly on the product of differences (a? — o7)(a? — b?) (and cyclically).

e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(z) = 2P and g(z) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a9 —b?) always have the same sign, yielding (a? —b”)(a? — %) > 0 (and cyclically). This
implies that

c"(aP — bP)(a? — b?
2 (z()q n cq)()c(q +a‘1)) 20,

cyc

so that Dy 4 ,(a,b,c) >0, ie.,

al(b"+c")  bP("+a") Pa"+b") < bPc” + cPb" N cPa” + aPc” N alb” + bPa”
bQ+Cq cd + a4l QQ—}—bq - bQ+cq cd + a4l QQ—f—b‘I
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e Case 2 (pg < 0): The exponents p and ¢ have opposite signs. One function is strictly

increasing while the other is strictly decreasing. Consequently, the two difference factors
will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This
implies that

(P — q_pa
Z c"(aP — bP)(a? — b7) <o,

(b9 + ) (c? 4 a?)

cyc

so that Dp 4 ,(a,b,c) <0, ie.,
a’(b" +c")  WP(c"+a")  Pla"+0b") - bPc” + P cPa” 4 aPc” N alb” + bPa”
be + c4 c? + a4 ad+b4 T b9+t c? + a4 al + be

The equality holds for pg # 0 and a = b = ¢, yielding a common value of 3a?™" 4. O

Remark 4.5. Setting r = p + q in Theorem 4.4 recovers a general form of cyclic rational

inequalities. In particular, when p =1, g =1, and r = 2, this reduces to

a(b® + c?) N b(c? + a?) N c(a® + b?)

> ab + bc + ca.
b+c c+a a+b
For another example, when p=1, ¢q = —1, and r =1, since pq = —1 < 0, Theorem /./ yields
b2 c? c2a? a’b? 3
> abc

b+c + c+a * a+b
This demonstrates how Theorem /./J unifies a broad class of rational inequalities under a single

parameterized framework.

Theorem 4.5. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of the
product pq.
e For pqg >0 (i.e., p and q share the same sign):

abta N bPta N cPta 1 (aq(bp—i—cp) n be(cP + aP) cq(ap+bp)>
b44+ct  cd4+a? a?4b1 2 be + ¢t cd + a ad + b4 '

e Forpq <0 (i.e., p and q have opposite signs):
apta N ppta N chta 1 <aq(bp+cp) N b4(cP + aP) cq(aerbp))
b?+c?  ci4+a? a?4b1 T 2 be + 4 c? + al ad + b ’
The equality holds for pqg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).

Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, multiplied by 2, as follows:

2aPta al(b? 4 cP)
Dp}q(a], b’ C) Z bq + Cq - Z bq + Cq *
Combining the terms into the sums over a common denominator yields

2aP+9 — 9 (bP + cP)
b7 + 1 '

Dpq(a,b,c) =

cyc
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Noting that

2aPT7 — q1(bP + cF) = 2aPT? — WP — e = a%(aP — bF) — al(cP — aP),

we derive
i@ B)  ai(e = )
Dp,q(a, b7 C) = ; W — ; W

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
al(cP — aP) b?(aP — bP)

b + ¢4 c?+ a4

Therefore, we have

o ad(aP —bP) bl (aP — bP)
Dpgla,b,c) = Z Y Z Tt al

cyc cyc

al b¢
_ p_ _
Z(a ) (bq—i-cq cq—i-aq)

- p aQ(CQ+a4)_bQ(bQ+CQ>
= 2 ) e an)

cyc

Observing that
a(c? + a?) — bI(b7 + c1) = ac? + (a?)? — (b7)* — blc?
= ((a")? = (69)?) + (a"e? — e
= (a? = b?)(a? + b?) + c(a? — b7)
— (a% — B1)(a" + b7 + ),
we get

(a? — ) (a7 — b7)

Dpg(a;b;¢) = (a® 4 b7 + ) Z (b7 + c1)(c? + at)

cyc

Because a, b, ¢ > 0, we have a?+ b7+ c? > 0 and (b7 + ¢?)(c?+ a?) > 0 (and cyclically). The sign
of the entire sum relies strictly on the product of differences (a? — b?)(a? — b?) (and cyclically).
e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(x) = 2P and g(z) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a?—b7) always have the same sign, yielding (a? — bP)(a? — b?) > 0 (and cyclically). This

implies that
(a — ) (at — )
(b9 + ¢?)(c + a?)

>0

(a?+ b1 +cq)z

cyc

)

so that D, 4(a,b,c) >0, i.e.,

abta N brta N cPta >1<aq(b”+cp) ba(cP + aP) cq(ap—l—bp))
bi+c?  ct4a? a?+0b7 " 2 be + c4 c? + al al + be '
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e Case 2 (pg < 0): The exponents p and ¢ have opposite signs. One function is strictly
increasing while the other is strictly decreasing. Consequently, the two difference factors
will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This
implies that

(a” = ) (a? - b7)

<0
(b9 + c?)(c? +a9) —

(a? + b7 +Cq)z

cyc

so that D, 4(a,b,c) <0, i.e.,

abta brta cPta 1 <aq(bp +cP) n ba(cP + aP) n c(aP + b”))

+ + <
bi4c?  c4+a? a?+0b1 " 2 be + ¢4 1+ al ad + b4

The equality holds for pg # 0 and a = b = ¢, yielding a common value of (3/2)aP. O

Remark 4.6. When p =2 and q = 1, the inequality in Theorem J.5 reduces to

a’ b 3 < 1 (a(b2 +c?)  b(c®+a?)  cla®+ b2)>

b+c+c—|—a+a+b_§ b+c c+a + a-+b
Theorem 4.6. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of the
product pq.
e Forpq >0 (i.e., p and q share the same sign):

al +0° P +cP P +ab
+ +

pP—q —q pP—q
- pr b > 2(aP7+ P4 P9,

e For pqg <0 (i.e., p and q have opposite signs):

alP +bP P +cP P +aP
cd + al + be

< 2aP I+ P9 PO,

The equality holds for pqg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).

Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the

first target inequality from its left-hand side, as follows:

aPl + bP
cd

Dpq(a,b,c) = Z

cyc

—2(aP 4+ P 4 P9),

Noting that 2(a?~9 + 0P~9 + P79) = 37 (aP~7 + bP~7) and combining the terms into the sums

over a common denominator, we have
aP + bP

Dpaleb,e) = 2 =g = 2 (1 +077)

cyc cyc

aPl + P — (a9 + P~ 9)

=Y w

cyc
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Observing that

al + P — cA(aP" T+ 0P = aP + VP — daP™9 — P71
— qP~ g9 4 P9I — AP~ — ApP—a
= (aP"9a% — aP~c7) + (BP~9p7 — pP=1cY)
=aP Y (a% — T) + bPI(bT — ),
we can write

cq

Dp,q(av b,c) = Z Cq .

cyc cyc
We shift the indices in the first and second cyclic sums to align the numerators. The main terms

shift as follows:

P—q(qd — o4 —q(pd — g ~q(qd — b
al~4(a c)_)bp (b a):_bp (a? — b?)
cq ad ad

and
BP=a(pd — 4 P—q(q9 _ b4
(b7 — 1) N (a?—b )
c? b4

Therefore, we have

ng(a’b’c)zz (bq ) _Z ( )

ad
cyc cyc
=3 (a% - b%) A
e b4 ad
aP~9q? — pP~1p1 (aP — bP)(a? — b?)
— q_ pa _
o ;m o) adbd o ; adbd )

Because a,b,c > 0, we have a?b? > 0 (and cyclically). The sign of the entire sum relies strictly

on the product of differences (a? — bP)(a? — b?) (and cyclically).

e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(z) = aP and g(x) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a?—b7) always have the same sign, yielding (a? — bP)(a? —b?) > 0 (and cyclically). This
implies that

(a? — ) (a? — bY)

> i >0,

cyc

so that D, 4(a,b,c) >0, i.e.,

al +0° P +cP P +ab
p—q —q 4 P4

T T 22T ),

e Case 2 (pg < 0): The exponents p and g have opposite signs. One function is strictly

increasing while the other is strictly decreasing. Consequently, the two difference factors
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will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This
implies that
p_ q_ pa
Z (aP — bP)(a? — b7) <0,
adbd

cyc

so that D) 4(a,b,c) <0, i.e.,
al +0° P +cP P +ab
cd + al + be

The equality holds for pg # 0 and a = b = ¢, yielding a common value of 6a?~4. g

<2(aPTIH WP 4 PTI).

Remark 4.7. When p =1 and q = 1, the inequality in Theorem j.6 reduces to

a+b+b+c+c+a
c a b

> 6.

Theorem 4.6 serves as a natural generalization of cyclic rational inequalities, unifying various

key results under a single parametric framework.

Theorem 4.7. Leta,b,c > 0 and k,p,q € R. The inequalities below hold based on the parameter
regions of k and the sign of the product pq.
e Fork>1 andpq >0, or for k <0 and pg < 0:
aFP(bPHa 4 ) pRP(Pta g qpta)  RP(gP T 4 pPta)
bP + P cP + aP aP + bp
e Fork>1 andpq <0, or for k <0 and pqg > 0:
akp(bp+q + Pta) bkp(cp+q + aPt9) Ckp(aerq + bPFa)
bP 4 cP cP + aP ab + bp
For 0 < k < 1, no global inequality holds. The equality holds for pg # 0 and a = b = ¢ (when

< akp-‘rq + bkp+q _‘_Ck‘p-‘rq‘

2 akp-Hl + bk‘p"f‘q + ck}H—q.

q=0 or k=1, both sides are identically equal, with no restrictions on a,b,c).

Proof. Let us define the difference function Dy, 4(a, b, c) by subtracting the right-hand side of
the first target inequality from its left-hand side, as follows:

kp(bp-i—q + P+Q)
a c
Dy pqla,b,c) = Z P - Z atPta,

cyc cyc

Combining the terms into the sums over a common denominator yields

akP(bPFa 4 PTa) — gFPEa (P  P)
Dk:p,Q<av b,c) = Z Wb .

cyc

Noting that
aPP(BPH  PTa) — FPRA(WP 1 oP) = gkPPTa 4 kP epta  gRrtape _ gRetacr
= (a*PbPb? — a*PadbP) + (a*PcPcl — aFPalcP)
= akpbp(bq —a?)+ akpcp(cq —af)

= —afPBP(a? — b9) — aFPP(a — 1),
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we derive

a*PbP(a — b?) atPcP(al — )
Dpgla,b,c) = 7; T ; W4cp

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
akpcp(aq —¢9) apbkp(bq —a9) apbkp(aq — b9)

—
bP + cp cP 4 aP cP + aP

Therefore, we have

a*PoP (a9 — b7 aPbP (a9 — b7
Dk,P’q(a7 b’ C) = - Z ( ) Z ( )

cyc P+ P cyc P +ab
St ) ( albkp - akrpp )
p— P +aP P+ P
_ Z(aq B bq)apbkp(bp + cP) — a*PoP(cP + ap).
oo (e + aP)(bP + cP)

Observing that
aPbrP (bP 4 cP) — a*PbP (P + aP) = aPbPPOP + aPbPcP — a™PhP P — a*PbPaP
= aPbFTVIP L qPpFP P — gkrpper — ok DPpp
= —(a*+Dppp — qPpHIPY L (qPYEP P — oFPpP P
= —apbp(akp — bkp) — cp(akpbp — apbkp)
= —aPWP(aP — b¥P) — aPbP P (aF1P — pk=Dp)

R <(akp — b)) 4 cP(alk VP b(k—l)p)) ,

we have
- aPbP(ad — b9) ((akp — bFP) 4 P (ak—1P — b(kfl)p))
kpa(a,b,¢) = — %C: (P 4 aP)(bP + cP) )
Let us set
Fi(2,y,2) = ge(x,y) + 2gk-1(2, y),
where

™ — ym ! m—1
gmlw,y) = =2 = [ (o 4+ (1= )" .
rT—=Y 0
Note that the sign of g,,(z,y) corresponds to the sign of m. Then we have

aPbP Fi(aP, bP, cP)(a? — b)(aP — bP)

Dipgla;b,c) = — Z (cP + aP)(bP + cP)

cyc

Because a,b,c > 0, we have aPb? > 0 and (c? 4+ aP)(b? + ¢P) > 0 (and cyclically). The sign of
Dy pqla, b, c) is determined by —Fj(aP,bP, cP)(a? — b?)(aP? — bP) (and cyclically).

e Case 1 (k > 1): Here, we have gi(z,y) > 0 and gx_1(x,y) > 0, yielding Fj(a?, b, cP) > 0.
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—If p¢g > 0, then (a? — b?)(a? — ) > 0 (and cyclically), which implies that
Dy pqla,b,c) <0, ie.,
akp(bp+q + cPta) bkp(cp+q + aPt) N Ckp(ap+q + bPta)
bP + cP P + ap aP + bP
— If pg < 0, then (a? — b?)(a? — bP) < 0, which implies that Dy, p ,(a,b,c) >0, i.e.,
akp(bp+q + Pt bkp(cp+q + aPt) Ckp(ap+q + bPta) S ghPra i ot
bP + cp cP + aP aP + b -
e Case 2 (k <0): Here, we have gx(z,y) <0 and gi_1(z,y) < 0, forcing Fy(a?, b, cP) < 0.
— If pg > 0, then (a? — b?)(a? — B’) > 0 (and cyclically), which implies that
Dy pqla,b,c) >0, ie.,
akp(bp+q + cPta) bkp(cp+q + aPt) Ckp(ap+q + bpta)
b + P cP 4 aP aP + bp
—If pg < 0, then (a? — b?)(a? — B’) < 0 (and cyclically), which implies that
Dy pqla,bc) <0, ie.,
akP(bPHa  PTa)  pRP(cPta o gPta)  ckP(qPta 4 ppta)
bP + cP cP + aP aP + bp
e Case 3 (0 < k < 1): Here, we have gi(x,y) > 0 while gr_1(x,y) < 0. The sign of

< akp+q +bkp+q +Ckp+q.

> akPta 4 phrta o krta,

< akrta + pkpta + chrta.

Fy(aP,bP,cP) depends on the magnitude of z = ¢P relative to  and y, so no global

inequality holds.
The equality holds for pq # 0 and a = b = ¢, yielding a common value of 3a*P+4. ]

Remark 4.8. When k= —1, p =1, and q = 2, the inequality in Theorem /.7 simplifies to
b2+ 3 n A+ ad n a® + b3
alb+c¢) blc+a) cla+b)

When k= —1, p=1, and ¢ = —1, the inequality simplifies to

2 2 2 1 1 1
a(b+c) * b(c+ a) * c(a+0) = 2Rt

These two inequalities show the versatility of Theorem 4.7 to generate both cyclic fraction and

>a+b+ec

power-sum inequalities within a unified framework.

Theorem 4.8. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of the
product pq.
e Forpq >0 (i.e., p and q share the same sign):
a®a(b? +c?) (e + a9) N c¥(al + b9) < ad(b?? +c*1)  b9(c® +a?d)  c(a? + b29)
bP + cP P + aP ab+bP T P+ P + aP af +br
e For pq <0 (i.e., p and q have opposite signs):
a1 +c?) b9t +a?)  *(a? + b9) - a?(b® +c2)  b9(c*1 +a®?)  1(a®? + bM)
bP + P P + aP ab +b0 T b 4P cP + aP ab + b0’

The equality holds for pqg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).
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Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the

first target inequality from its left-hand side, as follows:

a??(b? + c7) ad(b? + c29)
Doalabie) =3 =™ =2 gy a

cyc cyc
Combining the terms into the sums over a common denominator yields

a4 (b + c9) — a9(b? + c*9)
Dpale:b:¢) =2 bP + P :

cyc

Noting that
a?(b? + c?) — a?(b* + *7) = a7 + a*1c? — a¥b*T — %™
= (a?%b? — a9b7) + (a®1c? — a9c?9)

= a%b%(a? — b7) + a%c?(a? — %),

we can write
a9b?(a? — b9) adcl(al — ¢9)
Dpola.bie) = 30 20 ) | g atelat = e)
e bP + P e bP + P
We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
adct(ad — 1) blal(b? — af) B _aqbq(aq — bY)

bP + ¢P cP + aP cP + aP

Therefore, we have
_ a9b9(a? — b7) adbd(a? — b7)
Dralab =2 o "2 "o

cyc cyc

1 1
=D a(a? 1) (bp+cp N cp+a,p)

(P +aP) — (b + cP) _ Z a?b?(aP — bP)(a? — b)
W+ e+ ) @+ )+ )

— Zaqbq(aq _ bq)

cyc cyc

Because a, b, ¢ > 0, we have a?b? > 0 and (b? + ¢P)(cP 4+ aP) > 0 (and cyclically). The sign of the

entire sum relies strictly on the product of differences (a? — bP)(a? — b?) (and cyclically).

e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(x) = 2P and g(z) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a?—b7) always have the same sign, yielding (a? — bP)(a? — b?) > 0 (and cyclically). This
implies that

Z alb?(aP — bP)(a? — b?)

(P + cP)(eP +a?)

cyc

so that D, 4(a,b,c) >0, i.e.,

a(b? + 1) b¥(c? +al)  c*(al +b9) < a?(b? + %) N b9(c?1 + a?9) N c?(a? + b%9)
bP + cP cP + aP aP+br T PP P + aP aP + bp
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e Case 2 (pg < 0): The exponents p and ¢ have opposite signs. One function is strictly
increasing while the other is strictly decreasing. Consequently, the two difference factors
will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This
implies that

Z a?b?(aP — bP)(a? — b) <

(bP + cP)(cP + aP) —

cyc

)

so that D, 4(a,b,c) <0, i.e.,
ai(b?+c?)  bH(c?+a?)  *(al + b9) < a?(b? + %) bI(c* +a??) (a4 b*)
bP + P cP + aP aP+bP T PP c? +aP aP +b°

The equality holds for pg # 0 and a = b = ¢, yielding a common value of 33?77, O

Remark 4.9. When p = —1 and q = —1, the inequality in Theorem 4.8 reduces to

1+1 1 1 (0242 AZ+a?  a?+b2
a? b2 2 T abe\ b+c c+a a+b |’

When p = —2 and q = 1, the inequality simplifies to

b <b+c N c+a n a+b
abc

b+ 2+a?  a?+ 12
These examples highlight the diversity of algebraic bounds, both lower and upper, that can be

)gab+bc+ca.

generated by Theorem 4.8 by tuning the parameters p and q.

Theorem 4.9. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of the

product p(p + q).
e Forp(p+q) >0 (i.e., p lies outside the interval between 0 and —q):
ap-i-q(bq + CQ) bp-HJ(Cq + aQ) Cp+q(aq + bQ)

> a9b? 4 pacd 9,9
bP 4 P cP + aP aP + bp 2 a0+ ca

e Forp(p+q) <0 (ie., p lies strictly between 0 and —q):
aPta(b? + 1) BP9 + a?)  PTI(al + b?)

b + P P+ ap ab + bp
The equality holds for p(p + q) # 0 and a = b = ¢ (when p = 0 or p = —q, both sides are

identically equal, with no restrictions on a,b,c).

< a?b? + bic? 4 al.

Proof. Let us define the difference function D), 4(a, b, c) by subtracting the right-hand side of the
first target inequality from its left-hand side, as follows:
Dp}q(a, b, C) = Z W — Z chq.

cyc cyc
Combining the terms into the sums over a common denominator yields

aPa(be + c7) — bIcI(bP + cP)
Dpale:b:¢) =2 bP + cP :

cyc
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Observing that
aPtU(b? + ) — BIU(BP + cP) = aPTIb? + P Hacd — PPt — pchta
= (aPt1ct — P 4 (gPHIpT — plcPT)
= ¢U(aPte — pPT) — (P — Pt

we derive
c9(aP+a — bPra) ba(cPHe — qPta)

Dyp,q(a,b,c) = Z bP + P - Z bP + P

cyc cyc

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
b (P — qPta) cA(aP+a — ppra)
—
bP + cP c? 4+ aP
Therefore, we have
cd(aPta — ppta) A(aPta — ppta)
Dpgla,b,c) = Z bP + cP - cP + aP
cyc cyc
= Zcq(ap+q — b ( R )
bP+cP P+ aP

cyc

P +aP) — (P + cP) cl(aPte — pPra)(aP — bP)

— c(qgPte — ppta ( =
Y G ) 2 N+ @)

cyc

Because a,b,c > 0, we have ¢? > 0 and (bP + ¢P)(c? 4+ aP) > 0 (and cyclically). The sign of the

cyc

entire sum relies strictly on the product of differences (a?™? — bP+9)(a? — bP) (and cyclically).

e Case 1 (p(p+ q) > 0): The exponents p + ¢ and p share the same sign. The power
functions f(z) = 2P™? and g(x) = zP share the exact same monotonicity. Therefore,
(aPT4—bPT9) and (a? — bP) always have the same sign, yielding (aP™? —bPT9)(aP —bP) > 0
(and cyclically). This implies that

Z c(aPte — bPra) (P — bP) >0

Wy ta) =

cyc

so that Dy 4(a,b,c) >0, i.e.,
aerQ(bq + CQ) bp+€I(cq + aQ) cp+£]<aq + bCI)
bP + P cP 4 aP aP + bp

e Case 2 (p(p+ q) < 0): The exponents p + g and p have opposite signs. One function is

> ab? + bic? 4 al.

strictly increasing while the other is strictly decreasing. Consequently, the two difference

factors will always carry opposite signs, forcing (a?T7—bP7)(a? —bP) < 0 (and cyclically).

This implies that

cO(aP+a — pPHa) (aP — bP)
(bP 4 cP)(cP + aP)

cyc
so that D, 4(a,b,c) <0, i.e.,
aP-H](bq + CQ) bp-HI(Cq + aQ) C;D-Hl(aq + bQ)

< adp? + picd 9q9.
T e @ b <a —+ 0%c? + ca
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The equality holds for p(p + ¢) # 0 and a = b = ¢, yielding a common value of 3a%. O

Remark 4.10. When p = —1 and q = 2, the inequality in Theorem 4.9 reduces to

2 2 2 2 2 2
b + ¢ cc+a +a —I—b<ab bc+ca

b+c c+a a+b — ¢ a b’

which, to the best of our knowledge, is a new bound.

Theorem 4.10. Let a,b,c > 0 and let p,q € R such that q(p + q) > 0. The inequalities below
hold based on the sign of the product q(q — p).

e For q(q—p) <0 (ie., q lies strictly between 0 and p):

ap-‘rq(bq +c9) bp+q(cq + a?) cp-l—q(aq + b7) > a? 4+ b2 4 2,
bP + P cP + aP ab + bp

e Forq(q—p) >0 (i.e., q lies outside the interval between 0 and p):

aPTa(b? + 1) bPI(c 4+ a?)  PTI(al + b9) < a1 4 b2 4 2,
bp+cp Cp_|_ap ap—l—bp

The equality holds for q(q —p) #0 and a =b = c.

Proof. Let us define the difference function D, 4(a, b, ¢) by subtracting the right-hand side of the

first target inequality from its left-hand side, as follows:

Dyp,q(a,b,c) = Z T Z a®d.

cyc cyc
Combining the terms into the sums over a common denominator yields

aPta(b? + ) — a1(bP + cP)
Dyqla,byc) =Y W o .

cyc

Noting that

aPTa(b? + ) — a2q(bp + P) = aPa®d? + aPalc? — a%a¥b? — alalc?
= (a?a?b? — a%a%P) + (aPalc? — alalcP)

= a?(aPb? — a?VP) — al(cPa? — aP),

we can write

B al(aPb? — albP) al(cPal — claP)
Dpqla,b,c) = Z bP £ P o Z bP + P )

cyc cyc
We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
al(cPal — claP) b9 (aPb? — albP)
—
bpP + cp cP + aP



https://doi.org/10.28924/ada/ma.6.21

Eur. J. Math. Anal. 10.28024/ada/ma.6.21 [ 35 |

Therefore, we have

al(aPb? — albP) b4 (aPb? — albP)

D. ,b,c) = -
pa(2, ;) ; bP + cP ; cP + aP
q a
= S (P — ath?) < @ _ b )
e b +cP P+ aP

al(c? + aP) — b9(bP 4 P)
W+ e+ o)

= 3" (@PV? — a®tP)

cyc

Observing that
al(c? + aP) — b4(bP + P) = alc? + alaP — bIbP — bIcP
=alc? + aPte — b — picP
= (a1 — PPT) 4 g9l — plcP
= (aPT4 — B 4 P (a? — bY),
we have

(a9 — bPHa) 4 cP(ad — b9)
(bP 4 cP)(cP + aP)

Dp,q(a, b, C) = — Z(ab)p(aq_l) _ bq—p)

cyc
Because a, b, ¢ > 0, we have (ab)? > 0 and (b"+cP)(cP+aP) > 0 (and cyclically). By the condition
q(p + q) > 0, the powers q and p + g share the same sign, so the power functions f(z) = 2P
and g(z) = x? share the exact same monotonicity. Hence, (a?*? — bP*9) and (a? — b?) always
have the same sign as (a — b), which implies that the term ((aP™? — bP*9) + P(a? — b?)) has the
same sign as ¢(a — b) (and cyclically). On the other hand, the term (a?"? — b?7P) has the same
sign as (¢ — p)(a — b) (and cyclically).
e Case 1 (q(¢—p) <0): The term —(a? P —b77P) ((aPT? — pPT1) 4 cP(a? — b?)) carries the
sign of —q(q — p)(a — b)? > 0 (and cyclically). This implies that
_ Z(ab)p(aqu ) (aPT? — bPT9) + cP(a? — ) >0,
oye (bP + P)(eP + aP)
so that Dy 4(a,b,c) >0, i.e.,
aPTa(be + ) . WPHa(ct + a?)  PHa(ad + bY)
b + cP cP + aP aP + bp
e Case 2 (g(¢—p) > 0): The term —(a?P —b77P) ((aPT? — pPT7) 4 cP(a? — b?)) carries the
sign of —q(¢ — p)(a — b)? < 0 (and cyclically). This implies that
— 3 (ab)P(at7P — b77P) (aPT? —bPT) + cP(a? — b) <0,
e (bP + cP)(cP + aP)
so that D 4(a,b,c) <0, i.e.,

aP+Q(bq + CQ) bp+Q(Cq + a‘]) CP+Q(aq + bQ)
bP + cP cP + aP aP + br

> q? + b2 + 2.

< a4 b2 4 %9,

The equality holds for ¢(q — p) # 0 and a = b = ¢, yielding a common value of 3a??. O
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Remark 4.11. When p = —2 and q = 1, the inequality in Theorem 4.10 reduces to

be(b+ c) ca(c+ a) ab(a +b) >i+i+i
ad(?+c?) (2 +a?) A(a®+0%) b2

When p =1 and q = 1/2, the inequality simplifies to

ava(Vb+ve)  bWh(Ve+a) | eve(Vat Vi)

>a+b+ec
b+ec c+a a+b

Theorem 4.11. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of
the product q(p + q).

e For q(p+q) >0 (i.e., q lies outside the interval between 0 and —p):

QPTIBP 4 P) WP+ aP) PP + bP)

P P
bp+q_|_cp+q cP+Q+ap+q ap+q+bp+q ECL +bp+c .

e For q(p+q) <0 (i.e., q lies strictly between 0 and —p):
aPta(pP 4 P) PP 4 aP)  PTI(aP + bP) e

bpta - cpta cPta 4 grta aPta 1 ppta —

The equality holds for q(p 4+ q) # 0 and a = b = ¢. When q = 0 or ¢ = —p, both sides are

identically equal, with no restrictions on a,b,c).

Proof. Let us define the difference function D, 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, as follows:

alPta(bP + cP)

Dpgla,b,c) = pp+a 4 cpta Z "
ye

Combining the terms into the sums over a common denominator yields

P-HI(bP + CP) — ap(bp-i-q + CP-HI)
Dpgla;b,c) = Z bpt+a o cpta

cyc

Noting that

aPTUbP + P) — aP (WP + PT9) = aPab? + aPalc? — aPbPb? — aPcPct
= (aPalb? — aPbPb?) + (aPalc? — aPcPcd)
= dPbP(a? — b?) — aPcP(c? — af),

we derive

aPbP(a? — b?) aPcP(c? — a?)
Dpq4(a,b,c) = - .
2 brta o cpta %; brta o cpta

cyc

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
aPcP(c? — a?) bPaP(a? — b?)
br+a 4 cpta cPta 4 gpta
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Therefore, we have

aPbP (ad — b) albP (a9 — b?)
Dpqla,b,c) = ; hta 4 opta ; P+ gt

1 1
_ P q_ pa _
o Z a’b"(a® — b) (bp+q I e ax ap+q>

cyc

P+q P+q) _ (ppta 'l
:Zapbp(aq—bq)(c +aPta) —( + PT)
(bp+q + cp+q)(cp+q + ap-i-q)

cyc

B aPbP(ad — b9)(aPte — pPFa)
- Z (bp+q + Cp-i-q)(cp-i-q + ap—i—q)'

cyc

Because a,b, ¢ > 0, we have a’b? > 0 and (bPT7 + P19)(PT1 + qPT7) > 0 (and cyclically). The
sign of the entire sum relies strictly on the product of differences (a? — b?)(a?*? — bP*%) (and
cyclically).

e Case 1 (qg(p+ q) > 0): The exponents ¢ and p + ¢ share the same sign. The power
functions f(z) = 27 and g(z) = aP*7 share the exact same monotonicity. Therefore,
(a?—b7) and (aPt?—pPT7) always have the same sign, yielding (a? —b?)(a?T? —pPT7) > 0
(and cyclically). This implies that

apbp(aq _ bq)(ap+q _ bp+q)
Z (bp+q + cp+q)(cp+q + aerq)

cyc

>0

)

so that D 4(a,b,c) >0, i.e.,

aPta(bP + cP) PP 4 aP)  PH(aP + BP)

p
bp+q_|_cp+q CP+Q+ap+q ap+q+bp+q >a +bp+cp

e Case 2 (q(p+ q) < 0): The exponents ¢ and p + ¢ have opposite signs. One function is
strictly increasing while the other is strictly decreasing. Consequently, the two difference
factors will always carry opposite signs, forcing (a?—5b7)(a?t?—pPT7) < 0 (and cyclically).
This implies that

Z aPbP(a? — b7)(aPte — ppta)
e (bp+q + cp+q)(cp+q + ap+q)
so that D 4(a,b,c) <0, i.e.,
+ + +
aPTI(P + cP) PP +aP)  PTI(aP +DP) PP,
pp+a 4 cpta cPta + gpta abta + ppta

<0,

The equality holds for ¢(p + ¢) # 0 and a = b = ¢, yielding a common value of 3aP. O

Remark 4.12. When p = —2 and q = 1, the inequality in Theorem 4.11 reduces to
1 <b2+c2 A+ a? a2+bz> 1 1 1

— <S4t
abc \ b+c c+a+a+b *a2+b2+c2

Theorem 4.12. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of
the product p(p + q).
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e For p(p+q) >0 (i.e., p lies outside the interval between 0 and —q):

aPt2(pe 4 1) WPE2(c 4 d) P29 (ad 4 b9)

bP + cp cP 4 aP aP + bp

aq(bp+2q 4 Cp+2q) bq(cp+2q 4 ap+2q) Cq(ap+2q 4 bp+2q)
>
- bP + cP P+ aP aP + bp

e Forp(p+q) <0 (i.e., p lies strictly between 0 and —q):

aPT2 (bt + c1)  bPT2(cd + a) P2 (ad + b9)

bP + cP P + aP ab + bp
aq(bp+2q 4 Cp+2q) bq(cp+2q + ap+2q) cq(ap+2q 4 bp+2q)
- bP + ¢p cP + aP aP + bp

The equality holds for p(p + q) # 0 and a = b = ¢ (when p = 0 or p = —q, both sides are

identically equal, with no restrictions on a,b,c).

Proof. Let us define the difference function Dy, 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, as follows:

ap+2q(bq + 1) aq<bp+2q + cp+2q)
DP’Q(a7b7 c) = Z—bp—i—cp - b 1 b

cyc cyc

Combining the terms into the sums over a common denominator yields

ap+2q(bq + ) — aq(bp+2q + cp+2q)
bP + cP '

Dpq(a,b,c) = Z

cyc
Observing that

ap+2q(bq + Cq) _ aq(bp+2q + Cp+2q) — gPt2ape + aPt24.9 _ qappt29 _ 44.p12q
= a%gPTIp? 4 qlqPT9c — qIpapPTa — qd¢9cPTa
— (aqap+qbq _ aqbqbp+q> + (aqap+ch _ achcp+q)

— aqbq(ap+q _ bp+q) _ ach(cerq _ ap+q)’

we can write
alb?(qP+e — ppta) alcl(cPte — gpta)
Pralbie) =D ——p = b+ o

cyc cyc

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as
follows:
alcd (Pt — qPta) blad(aPT? — pPTa)
—
bP + cp cP + aP
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Therefore, we have

albd(qP+a — prta adb? (Pt — ppa)
Dpq4(a,b,c) = Z ( ) - Z

P 4 P P 4 qP
e bP + ¢ e ?+a

— Zaqbq(ap+‘1 _ bp+q) ( 1 — 1 >

bP+cP  aP +cP

cyc
— 3" @ (aP e — ) (P + ) — (7 + )
oo (0P + cP)(aP + )

a?b(aP+e — P+ (aP — bP)

_ (
N Z (bP + cP)(cP 4 aP)

cyc

Because a, b, ¢ > 0, we have a?b? > 0 and (b + ¢P)(c? + aP) > 0 (and cyclically). The sign of the

entire sum relies strictly on the product of differences (a?*t9 — pP*9)(a? — bP) (and cyclically).

e Case 1 (p(p + q) > 0): The exponents p and p + ¢ share the same sign. The power
functions f(z) = 2P™? and g(x) = 2P share the exact same monotonicity. Therefore,
(aPT9—bPT9) and (aP —bP) always have the same sign, yielding (aP™? —bP+9)(a? —bP) > 0
(and cyclically). This implies that

> a9b?(aP e — ) (P — bP)

(bP 4 cP)(cP + aP)

cyc

>0,

so that D, 4(a,b,c) >0, i.e.,

ap+2q(bq + ) bp+2q(cq +a9) Cp+2q(aq + b9)

bP + ¢p cP + aP aP + bp
aq(bp+2q + cp+2q) bq(cp+2q + ap+2q) c4 (ap+2q 4 bp+2q)
- bP + cP cP + aP aP + bp

e Case 2 (p(p+ q) < 0): The exponents p and p + g have opposite signs. One function is
strictly increasing while the other is strictly decreasing. Consequently, the two difference
factors will always carry opposite signs, forcing (a?T7—bPT%)(a? —bP) < 0 (and cyclically).
This implies that

S adb?(aP+a — pPHa) (P — bP)

(bP 4 cP)(cP + aP)

cyc

<0,

so that D, 4(a,b,c) <0, i.e.,
aPt2a(be 4 c1)  bPT2A(cd 4 qd)  cPT2(ad + b9)
bP + ¢p cP + aP aP + bp
aq(bp+2q + cp+2q) bq(cp+2q + ap+2q) 4 (ap+2q + bp+2q)
- bP + cp cP 4 aP aP + bp

The equality holds for p(p + ¢) # 0 and a = b = ¢, yielding a common value of 3a%. U

Remark 4.13. When p = —2 and q = 1, the inequality in Theorem 4.12 reduces to

b+c c+a a+b 2 . 2 . 2
a?(b?+c%)  (+a?)  A@®+b2) T al®+c) bR +a?)  c(a?+b?)
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Theorem 4.13. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of
the product pq.

e Forpq >0 (i.e., p and q share the same sign):

Pt 4 ppta  ppta o epta @pta 4 gpta
aP + bp bP + ¢p cP + aP

> a? 4+ b1+ .

e Forpq <0 (i.e., p and q have opposite signs):
aPte 4 ppta  ppta 4 o opta opta 4 gpta

<a?+ b7+ .
aP + bp i o ota o0 TUTC

The equality holds for pqg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).

Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, multiplied by 2, as follows:

2(aP+a 4 pPHa)
Dpgla,b,c) = Z T aaw 2(a? + b7 4 7).

cyc
Noting that 2(a? + b7 + ¢?) = 3 .(a? + b?) and combining the terms into the sums over a

common denominator, we obtain

2(aPta 4 prta
Dyalonbe) = 5 X - a0

cyc cyc

-y 2(aPt + P — (a? + b?)(aP + bP)
N aP + bp '

cyc

Observing that
2(aPt9 4 6P — (a? + b9)(aP + bP) = 2aPTT + 26P17 — (aPT9 4 a%bP + aPb? + bPTI)
= 2aPT9 4 20PTL — P9 — q9pP — gPp? — pPTY
= P9 4 pPTL — 9P — aPh
= (aPa? — aPb?) — (a%bP — PHT)
=aP(a? —b?) — bP(a? — )
)

we derive
o (= B (at = b)
Dpq4(a,b,c) = Z P .

cyc

Because a, b, ¢ > 0, we have a? +b” > 0 (and cyclically). The sign of the entire sum relies strictly
on the product of differences (a? — bP)(a? — b?) (and cyclically).
e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions

f(x) = 2P and g(z) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
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(a?—b7) always have the same sign, yielding (a? —bP)(a? —b?) > 0 (and cyclically). This

implies that

p_ a_ pa
Z(a bP)(a b)ZO,
aP + bP

cyc

so that D, 4(a,b,c) >0, i.e.,

aPtd L ppta  ppta 4 opta opta g gpta

> a? 4+ b7+ .
aP + bp bP + b @t = TU e

e Case 2 (pg < 0): The exponents p and ¢ have opposite signs. One function is strictly
increasing while the other is strictly decreasing. Consequently, the two difference factors
will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This
implies that

p_ q_ pa
Z(a bP)(a b)§0,
aP + bP

cyc

so that Dy 4(a,b,c) <0, i.e.,

aPTa 4 pprta prta 4 opta Pta 4 gpta

< a% 4+ b7+ 4.
ab + bp bP + cp o yar STV

The equality holds for pg # 0 and a = b = ¢, yielding a common value of 3aq. O

Remark 4.14. When p = —1 and q = —1, the inequality in Theorem .13 simplifies to

a® 4 b N b* + ¢ N ¢ +a® NESNE
abla+0b)  be(b+c) calc+a) " a b

Theorem 4.14. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of
the product pq.

e For pqg >0 (i.e., p and q share the same sign):

aPb? +afb? Pt +bic?  cPa? + claP

< a% 4+ b7+ 4.
ap + bp bP + cp o yar =TT

e Forpq <0 (i.e., p and q have opposite signs):

alPb? + a?bP  OPct + P cPal + claP

> a? + b7+ 1.
ab + bp b+ P @1 =G TV

The equality holds for pg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).

Proof. Let us define the difference function D), 4(a,b, c) by subtracting the left-hand side of the
first target inequality from the right-hand side, as follows:

aPb? + a9bP

Dp,q(a,b,c):aq—i-bq—i-cq—z P

cyc
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Noting that a?+b?+c? = 3 (a?+b%)/2 and combining the terms into the sums over a common
denominator, we can write

a? + b? aPb? + a?bP
Dp,q(aa b’ C) = Z B Z aP + bP

cyc cyc
(a? + b9)(aP + bP) — 2(aPb? + a%bP)

-2 2(a? + bP)

cyc

Expanding the numerator yields
(a? + b7)(aP + bP) — 2(aPb? + albP) = aPT? + a9bP + aPb? + bPT1 — 2aPb? — 2a7bP
— ap-i-q + bp+q — aPp? — qpP
= (a? — bP)(a? — b?).

Therefore, we have

1 (aP — bP)(a? — b7)
Dpala,b,c) = 52 ar + bp ‘

cyc
Because a, b, ¢ > 0, we have a” +bP > 0 (and cyclically). The sign of the entire sum relies strictly
on the product of differences (a? — bP)(a? — b?) (and cyclically).

e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(x) = 2P and g(x) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a? —b?) always have the same sign, yielding (a? — b”)(a? —b%) > 0 (and cyclically). This

implies that
Ly~ @ =Wt =)
2 aP + br -

cyc
so that D, 4(a,b,c) > 0, i.e.,
aPb? + albP n bPcl + bicP n cPal + cla?
ab + bp b+ cP P+ ap

<a?+ b7+ 1.

e Case 2 (pg < 0): The exponents p and g have opposite signs. One function is strictly
increasing while the other is strictly decreasing. Consequently, the two difference factors
will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This

implies that
Ly~ @ =)t =)
2 aP + br -

cyc

so that D, 4(a,b,c) <0, i.e.,

aPb? + a?b? Pl 4+ bicP cPad + claP > a4 bl 4,
aP + bP bp+cp cP + aP
The equality holds for pg # 0 and a = b = ¢, yielding a common value of 3a?. ]

Remark 4.15. When p =2 and q = 1, the inequality in Theorem 4.1/ simplifies to

ab(a+b) be(b+c¢)  calc+a)

< b .
a? + b2 b2 + 2 2+ a? Satbte
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Theorem 4.15. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of

the product p(p — q).

e For p(p—gq) >0 (i.e., p lies outside the interval between 0 and q):
aP(b?4c?)  bP(c?+a?)  P(a?+b7)

bP + cP c? 4+ aP aP + bp
e For p(p—q) <0 (i.e., p lies strictly between 0 and q):
a’(b?4c?)  WP(c?+a?)  P(a?+b7) <
bP + cP P + aP ab +0br
The equality holds for p(p—q) # 0 and a = b = ¢ (when p =0 or p = q, both sides are identically

equal, with no restrictions on a,b,c).

>a? 4+ b7 + 4.

a? + b7+ .

Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, as follows:
aP(b? + ¢?)
Dpqlasb,c) = CZ bP + cP Zaq

ye
Combining the terms into the sums over a common denominator yields

aP(b? + %) — a?(bP + cp)

Dpq4(a,b,c) = Z o

cyc

Observing that
aP(b? + c?) — a? (b + ) = aPb? + aPc? — a7bP — alcP
= (aPb? — a?b”) 4 (aPc? — a’cP)
= q9b(aP~1 — bP~7) 4 qlcl (P~ — PY),

we derive

Dpvq(a’? b? C) - Z bp + Cp Z bp + Cp .

cyc cyc

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:

—
b + cP cP + aP

Therefore, we have

a9b?(aP~1 — pP9) b9ad(bP~1 — P~9)
Dpglabe) =3 bP + P )

cyc cyc cP + ab
1 1
= Z a9b?(aP~1 — pP~9) ( _ )
e bP+cP P +aP
- Zaqbq (aP~9 — )(Cp +af) — (0P + ) _ Z ab?(aP~9 — bP~9)(aP — bp)'
e (bP 4 cP)(cP + aP) p— (bP + cP)(cP + aP)

Because a, b, ¢ > 0, we have a?b? > 0 and (bP + ¢P)(cP 4+ aP) > 0 (and cyclically). The sign of the

entire sum relies strictly on the product of differences (a?~% — bP~9)(a? — bP) (and cyclically).
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e Case 1 (p(p — q) > 0): The exponents p and p — ¢ share the same sign. The power
functions f(z) = 2P~ and g(x) = zP share the exact same monotonicity. Therefore,
(aP~9—bP~9) and (aP —bP) always have the same sign, yielding (a?~9 —bP~7)(aP? —bP) > 0
(and cyclically). This implies that

alb?(aP=7 — bP=9)(aP — bP)
LT mraera) 2"

cyc
so that D, 4(a,b,c) >0, i.e.,
af(b? + ¢9) n bP(c? 4 a?) n cP(a? 4+ b9)

bP + cP cP + aP aP + b

e Case 2 (p(p — q) < 0): The exponents p and p — ¢ have opposite signs. One function is

>a? + b7+ A4,

strictly increasing while the other is strictly decreasing. Consequently, the two difference
factors will always carry opposite signs, forcing (a?~7—bP~9)(aP? —bP) < 0 (and cyclically).
This implies that

Z albd(aP=1 — bP=9) (aP — bP) <0

o (bP + cP)(cP + aP) -
so that Dy 4(a,b,c) <0, i.e.,

P(pd 1 4 a1 g4 P(qd 1 bd
- ISII::c; L b?’((;jat; e C(LZ-:_I)S D<ariga,

The equality holds for p(p — ¢q) # 0 and a = b = ¢, yielding a common value of 3a¥. O

Remark 4.16. When p =2 and q = 1, the inequality in Theorem 4.15 simplifies to
a’(b+c) b*(c+a) Aa+b)
b2 + 2 c? + a? a® + b?
When p =1 and q = 2, the inequality reduces to
a(b®>+c%) b2 +a?)  cla®+b?)
+ +
b+c c+a a+b
Together, these results form a complementary pair, illustrating how exchanging the degrees in

>a+b+c

<a’+b>+ A

the rational terms reverses the bound.

Theorem 4.16. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the signs and

relative magnitudes of p and q.

e Forpq >0 (i.e., p and q share the same sign, or at least one is zero):

aPta pp+a cPra al + be + 4
bp+cp+cp+a7’+ap+bp_ 2
e For pqg <0 and p(p+q) <0 (i.e., g has the opposite sign of p and |q| > |pl|):
aPta pp+a cPta al + b9 + ¢4
bp+cp+cp+a,p+ap+bp_ 2

The equality holds for p # 0 and a = b = ¢ (when p = 0, both sides are identically equal, with

no restrictions on a,b,c).
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Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the
first target inequality from its left-hand side, multiplied by 2, as follows:

2aPt4

Dyqla,bc) =Y g > al.
cyc

cyc

Combining the terms into the sums over a common denominator yields

2aPt9 — @9 (bP + cP)
bP + cP '

Dpq4(a,b,c) = Z

cyc

Noting that
2aP*1 — a9(BP + ) = a%a? + a%a’ — a®bP — alc?
= (a%aP — a?V?) + (a%a? — a%cP)
=a¥(a? — bP) — al(cP — daP),

we can write
al(aP — bP) al(cP — aP)
Dpq4(a,b,c) = _— = _—.
p,q %(; bP + P %; bP + cp

We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
al(cP — aP) b9 (aP — bP)

bP + cP cP 4 aP

Therefore, we have

al(aP — bP) b?(aP — bP)
Dral@b) =2 e "2 i

cyc cyc

al b?
— p_ _
—Z(a bp)(bp—i—cp cp—f—ap)

cyc

_ p aQ(CP + ap) _ b(I(bP + CP)
=2 (a" =) (b + P)(cP + aP)

cyc

Observing that
al(c? + af) — b1(bP + P) = alcl + aPT1 — PP — picP
= (aPT9 — PP 4 P (qT — bY),

we have

(aPFa — bPHa) 4 P (ad — b9)
(bP + cP)(cP + aP)

(aP — bP)(aP+9 — bPHD) + P (aP — bP)(ad — b9)
(b + c7)(e + ) |

Because a,b,c > 0, we have (b” + ¢P)(c? + aP) > 0 (and cyclically). The sign of the entire sum
relies strictly on the two difference products in the numerator, Ty (z,y) = (2P — yP)(zPT9 — yPT9)
and Tyr(z,y) = (2P — yP) (2 — y9).
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e Case 1 (pg > 0): Since p and ¢ share the same sign (or at least one is zero), p and p + ¢
also share the same sign. The power functions f(x) = 2P, g(z) = 29, and h(z) = 2P*9 all
share identical monotonicity. Therefore, (a? —bP) has the same sign as both (a?*4—bP+9)
and (a? — b?), yielding T3 (a,b) > 0 and T5(a,b) > 0 (and cyclically). This implies that

Z (aP — bP)(aPT1 — bPT) + P (aP — bP)(a? — bY)

(bP + cP)(cP + aP)

cyc

>0,

so that D 4(a,b,c) >0, i.e.,

abta N prta N cPta al + b + 1
bP4cP P 4aP  aP +bP — 2 ’

e Case 2 (pg < 0 and p(p + ¢q) < 0): The exponent ¢ has the opposite sign of p with
lg| > |p|, which forces p + ¢ to also have the opposite sign of p. Consequently, g(z) = 27
and h(z) = 2P*7 have the opposite monotonicity of f(z) = 2P, forcing Tj(a,b) < 0 and
T5(a,b) <0 (and cyclically). This implies that

(aP — bP)(aPt? — bPTa) + cP(aP — bP)(a? — bY)

> <0,
cyc (bp + Cp)(cp + ap)
so that Dy 4(a,b,c) <0, i.e.,
+ + < .
bP+cP P +aP  al + P 2
The equality holds for p # 0 and a = b = ¢, yielding a common value of (3/2)a?. O

Remark 4.17. When p =1 and q = —1, the inequality in Theorem 4.16 simplifies to

1 n 1 n 1 <1<1+1+1)
b+c c+a a+b~"2\a b ¢/}’

When p =1 and q = —2, the inequality reduces to

NS W WS VO O
alb+c) blc+a) cla+b) —2\a?2 b 2/’

Theorem 4.17. Let a,b,c > 0 and p,q € R. The inequalities below hold based on the sign of
the product pq.

e Forpq >0 (i.e., p and q share the same sign):

2 1o+ + 2 ( o+ + 2 ( o+ +
aZP (BT 4 PTa) PP (T 4 gPta) (2P (Pt 4 pPTa) < @2 Pt | 2p
bP + P cP + aP aP + bp -

e Forpq <0 (i.e., p and q have opposite signs):

a?P(BPHe 4 Pta)  pP(PHD 4 gPte) 2P (qPe 4 pPTa)

> q2Pta 4op2rta 4 2ptg
bP + cP cP + aP aP + bp =4 + te

The equality holds for pqg # 0 and a = b = ¢ (when p = 0 or ¢ = 0, both sides are identically

equal, with no restrictions on a,b,c).
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Proof. Let us define the difference function D), 4(a, b, ¢) by subtracting the right-hand side of the

first target inequality from its left-hand side, as follows:

a?P(bPTa 4 cPHa)
Dpalasbye) =) ——0—— =2 a2t

cyc cyc

Combining the terms into the sums over a common denominator yields

a2p(bp+q + CP-H]) _ a2p+¢1(bp + CP)
Dpq4(a,b,c) = Z W o .

cyc

Noting that
a®P (BP9 4 P9 — a?PHI(WP 4 P) = a®POP? + a*PcP e — a*PalbP — a*Palc?
= (a®PBPb? — a®Pa?VP) + (a®PcPct — a®PalcP)

= —a2pbp(aq —b?) — a2pcp(aq —c?),

we derive
2pbp( a— p9) 2p P(ad — c9)
a a a“PcP(a? — ¢
Dy q4(a,b,c) = —Z _— Z—
cyc P+ P cyc bP + cP
We shift the indices in the second cyclic sum to align the numerators. The main term shifts as

follows:
a2pcp(aq — ) b2pap(b‘1 —af) B b2pap(a‘1 — bd)

_> prd
bP + cP cP + aP cP 4 aP

Therefore, we have

b>PaP(ad — b?) a®PbP (ad — bY)
Dpalatc) = 3o V) st D0

cyc cyc bP + P
B Z(aq _ b9 aPb?? _ a’PbP
N o P +aP b+ cP
B Z(aq B bq)apb2p(bp + cP) — a®PbP(cP + aP)
oye (e +aP)(bP + )

Observing that
aPb?P (WP + P) — a®PVP (P + aP) = aPb*P + aPb*PcP — a®PbPcP — a®PhP
= (apb3p — a’PWP) + (apbzpcp — a2pbpcp)
= —aPbP(a® — b?P) — aPVPcP(aP — bP)
= —adPbP(a’ — VP)(a’ + bP) — aPbPcP(aP — bP)
= —ad’P(a? — VP)(a? + VP + P),

we have

aPbP(a? — bP)(a? — b?)
(cP + aP)(bP + cP)

Dpqla,b,c) = —(aP + b + c”)z

cyc
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Because a, b, ¢ > 0, we have a? + b 4P > 0, a?bP > 0, and (P +aP)(bP +cP) > 0 (and cyclically).
The sign of the entire sum relies strictly on the product of differences (a? — b”)(a? — b?) (and
cyclically).
e Case 1 (pg > 0): The exponents p and ¢ share the same sign. The power functions
f(z) = 2P and g(z) = 27 share the exact same monotonicity. Therefore, (a? — bP) and
(a9 —b?) always have the same sign, yielding (a? —b”)(a? — %) > 0 (and cyclically). This
implies that
aPbP (a? — bP)(a? — b?)
(P +aP)(bP +cP) —

)

—(ap—i-bp—i-cp)z

cyc
so that Dy 4(a,b,c) <0, ie.,
a2p(bp+q + Pt b2p(cp+q + aPT9) CQP(aerq + bPHa)
bP + cP cP + aP aP + b

e Case 2 (pg < 0): The exponents p and g have opposite signs. One function is strictly

< g?Pta g p2rta 4 2rta

increasing while the other is strictly decreasing. Consequently, the two difference factors

will always carry opposite signs, forcing (a? — bP)(a? — b?) < 0 (and cyclically). This

implies that

aPbP(a? — bP)(a? — b?)
(c? + aP)(bP + cP)

—(ap—i-bp—i-cp)z

cyc
so that D, 4(a,b,c) >0, i.e.,

a?P(bPHe 4 (PFa) PP (P 4 gP ) (2P (Pt 4 pPta)

S 20 4 e 2pta
bP + cP Pt ap e

The equality holds for pg # 0 and a = b = ¢, yielding a common value of 3a?PT4. g

Remark 4.18. When p = —1 and q = 1, the inequality in Theorem 4.17 simplifies to
2( be N ca n ab )>1+1+1.
a’?(b+c¢) b (c+a) ca+b)) " a b ¢
When p =1 and q = 2, the inequality reduces to
a3+ ) (A +ad)  Aa®+b?)
b+c c+a a+b

< a* + vt +
5. CONCLUSION

In conclusion, the two-power-parameter framework developed in this study unifies and gen-
eralizes several classical cyclic inequalities. Through an analysis of cyclic difference functions,
we establish unconditional inequalities valid for any p, ¢ € R, and conditional inequalities whose
validity strictly depends on the sign of parametric products such as pq or p(p + ¢). This com-
prehensive approach offers a robust algebraic tool set for discovering, proving, and extending
diverse classes of cyclic inequalities.

Regarding limitations, the equality conditions are treated as sufficient conditions rather than

necessary ones. Furthermore, several of the derived inequalities could potentially be refined
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using alternative analytical techniques, such as sharp identities derived from the Titu lemma or
its general power form: the Radon inequality.

Future research will address these limitations by establishing exact equality characterizations,
extending the framework to higher-order parameter families, exploring multiple-variable gener-

alizations, and applying these techniques to applied problems.

Competing interests: The author declares that there is no conflict of interest regarding the

publication of this paper.
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