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ABSTRACT. This study investigates the convergence properties of iterative algorithms designed
for addressing variational inequalities that involve demi-contractive and quasi-nonexpansive
mappings within Hilbert spaces. By imposing appropriate conditions, we demonstrate the strong
convergence of the developed iterative process to the unique solution of the respective variational
inequality. The findings contribute novel perspectives on the convergence dynamics of iterative

techniques when applied to nonlinear mathematical problems.

1. INTRODUCTION

The theoretical foundations of iterative schemes have garnered considerable focus in recent
years due to their pivotal role in solving nonlinear equations and optimization problems. Specifi-
cally, the convergence analysis of iterative algorithms in Hilbert spaces has far-reaching implica-
tions in various fields, including signal processing, image reconstruction, machine learning, and
game theory. This paper focuses on a novel iterative scheme that combines the merits of strongly
monotone and Lipschitzian operators, demi-contractive mappings, and quasi-nonexpansive map-
pings. The proposed algorithm is designed to solve variational inequalities, a class of problems
ubiquitous in applied mathematics, economics, and engineering (see [14,15], [2,16,17], [7-10,19],
and [11,20]).

For the past few decades, variational inclusion has played a crucial role in optimization, nonlinear

analysis, and fixed point theory. Recently, authors have contributed to this area of research due
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to its applications in diverse fields such as engineering, economics, physics, machine learning,
signal processing, game theory, and computer science. These contributions provide a framework
to model and solve various real-world problems, including equilibrium problems, optimization
problems, and variational inequalities. Fixed point problems, on the other hand, deal with find-
ing points that remain unchanged under the action of an operator. The concept of fixed points
has profound implications in mathematics and its applications. A wide range of problems in
analysis, differential equations, and optimization theory can be reduced to fixed point problems.
They serve as powerful tools to prove the existence and uniqueness of solutions, compute ap-
proximations, and establish convergence properties of iterative algorithms.

Quasi-nonexpansive and demi-contractive operators play a pivotal role in variational inclusion
and fixed point problems. These operators possess certain properties that ensure the stability
and convergence of iterative algorithms. (see [1,2], [3,4], [18,21], [7,12], and [22]).

It is our purpose in this paper to develop an innovative iterative scheme that seamlessly
integrates demi-contractive and quasi-nonexpansive mappings. By combining these mapping
types, our algorithm leverages their complementary strengths to tackle complex variational
inequalities in Hilbert spaces. A comprehensive convergence analysis is conducted under specific
assumptions, including the demi-closedness of mapping, Lipschitz continuity, and strategically
chosen sequence parameters. These assumptions ensure the algorithm’s stability and convergence

properties. Our theorems generalize and extend many other results in this directions.

2. MATHEMATICAL PRELIMINARIES

Throughout this paper, let H denote a real Hilbert space equipped with an inner product
(-,-) and the associated norm || - ||. An operator A : H — H is called strongly positive bounded

linear if a constant k > 0 exists such that
(AE,€) > k|¢|?, VEeH.

An operator A : H — H is monotone if for all §,w € H, (A{ — Aw, { —w) > 0, and it is m-strongly

monotone if there exists a constant m > 0 such that
(A6 — Aw, € —w) > mlé —w|®, VEwe H.

Consider a nonempty subset C' C H. A mapping T : C — C is Lipschitz continuous if a

constant L > 0 exists with
I1T§ = Tw|| < L||§ —w|, Y weC.

If L < 1, T is a contraction; if L = 1, it is nonexpansive. The fixed point set of T is defined
as Fix(T) := {¢ € D(T) : £ = T¢}, which is assumed to be nonempty. For nonexpansive maps,

Fix(T') is known to be closed and convex. A mapping 7" is quasi-nonexpansive if

IT¢ —ql| < || —qll, VEeC,qeFix(T).
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Further, T is firmly nonexpansive if |T¢€ — Tw|* < ||€ —w||* = ||(§ —w) — (T¢ —Tw)|?, V€, w € C,

and k-strictly pseudo-contractive if for some € [0, 1),
IT¢ — Tw|® < [|€ = w|* + kll€ —w = (T€ = Tw)|?, VEweC.
A mapping T : C — C' is s-demi-contractive if Fix(T') # 0, and
IT€ — al* < Il§ — all” + sl = TE|?, V& € C.q € Fix(T).

Let C be a nonempty closed convex subset of H. The metric projection Po : H — C associates

with each £ € H the unique point Poé € C satisfying
Lemma 1. [13] For {,w € H and any X € (0,1):

Il —wl* < I8l + 2{w, € —w),  (2) (1)
IAE + (1= Nl S AENZ + (1= Mlwll* = (1= NAIE = wl*. (3) (2)

Lemma 2. [71] Suppose {ay} is a sequence of nonnegative real numbers satisfying

An+41 < (1 - Bn)an + 6na

where {Bn,} C (0,1) and {0,} are nonnegative sequences such that Y > B, = o0, and

lim sup,, g—z < 0. Then, lim,_,o a, = 0.

Lemma 3. (Wang [1]) Consider H a real Hilbert space and K C H a nonempty closed convex
set. Let A : H — H be an m-strongly monotone and L-Lipschitz operator with constants m > 0
and L > 0. Forn satisfying 0 <n < QL—”J, and T =n(m — LTQ"), it holds for all t € (0, min{1, %}],
and all E,w € H:

I = tnA)§ = (I —tnA)w| < (1 —t7)[|§ —wl].  (4)

3. MAIN RESULTS

Theorem 3.1. Let C' be a nonempty, closed, convexr subset of a real Hilbert space H. Suppose:

e A:C — H is an m-strongly monotone and L-Lipschitzian operator,
e f:C — H is a b-Lipschitzian mapping with constant b > 0,
e 11 : C — C is a k-demi-contractive mapping,
o T, : C'— C 1is quasi-nonexrpansive,
e and the set Q = Fiz(Ty) N Fiz(Tz) # 0.
Assumptions:

(1) 0<n< 2%

(2) 0 <~b < T, where T =n(m — LTQH)

(8) (I —Ty),(I —T3) are demi-closed at the origin
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Iterative Scheme: Let {&,},{wn} and {@,} be sequences defined iteratively from arbitrary
x9 € C by:
Wnp = 671571 + (1 - ﬁn)T2§n

Pn = MPnWp + (1 - Mn)len (3)

§nt1 = Pelany (&) + (I — nanl)en]
where p, € (k,1), and {an}, {Bn} are real sequences in (0,1) satisfying:
(1) limy, o0 ty =0
(2) Xopz1m =0
(8) liminf, oo (ptr, — £)(1 — ) >0
(4) liminf, o Bn(1 — B,) >0

Conclusion: Then, the sequences {§,} and {wy,} generated by (3) converge strongly to & €
Fiz(Ty) N Fiz(Ty), which is the unique solution of the variational inequality:

(MAE" — v f(£7), & —p) <0, VYpeQ. (4)

Proof. Step 1: Uniqueness of the Variational Inequality. Assume by contradiction that
there exist two points £*, w* € €2 which are solutions to the given inequality, and £* # w*. Then

we have:

(MAE" =7 f(£7), & —w™)
(NAw™ — v f(w*),w" — &)

IN

(5) (5)

0
0 (6) (6)

IN

Adding (5) and (6) yields:
(A" = Aw™) =7(f(§7) = f(w")), € —w™) <0.
Using the m-strong monotonicity of A and b-Lipschitz continuity of f:
mmll€” — W = bllE” — w*[F <0 = (pm —b)[Ig" — w*|* < 0.

Since 0 < vb < 7 < pm, we have nm — b > 0, which implies ||* — w*|| = 0, hence £* = w*.
Step 2: Existence via Contraction Mapping. For a fixed constant ¢ € (0, min{1, %}),
and V¢, w € H, we have, by Lemma 3, letting ® = [I +¢(vf —nA)] and © = [I +t(vf — nA)]w:

[Pc® — PoO|| < [[[I +t(vf —nA)I§ = [T +t(vf —nA)]w]|
SN = fll + (T = tnA)§ — (I = tnA)w]|
< tybll§ —wlf + (1 = t7)[l€ — v
< (A =t(r =0)[[§ — wll.

Thus, by the Banach contraction principle, the mapping Po[I + ¢(vf — nA)] has a unique fixed

point, which corresponds to the unique solution of the variational inequality.
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Now we continue with the proof of Theorem (3.1).

lon = €17 = llpnwn + (1 = pn) Tiwn — €12
= Jltn(wn =€) + (1 = ) (Tiwn — €I

= finllwn = €117 + (1 = ) | Tiwn — €17 = 1n(1 = p) [ Tiwn — wn|.

Using the fact that 77 is k-demi-contractive, we have the following estimates:

lon— €17 < pinlleon — 17 + (1 = i) [lleom — €°I2 + £l Ticon — ]

~tin(1 = o) | Tiwn — wnl|?
< wn = €17 = (1= ) (pn — 8) | Tiwn — wal|.
Since pip, € (k,1), we have
lpn — €117 < llwn — €1
This implies that ||@, — &*|| < |lwn — £*].

Again, from the algorithm (3), we have

ln = €17 = 1Bnén + (1 — Bn) Tabn — €I

S 6n”§n - éh*H2 + (1 - ﬁn)”ﬁfn - 5*”2 - Bn(l - ﬁn)H'Tan - 571”2

Since 7z is quasi-nonexpansive, we have the following:
lwn — €17 < 1I€n — €117 = Ba(l = Bu)I T2én — &nl*.
Since fy, € (0,1), we have
llon — E)1% < 160 — €717
We can now see that
lon = &I < flown = €71 < & — €71l
Using (3), inequality (12), and Lemma (3), we obtain:

[ent1 =&l < ll(amyf(&n) + (I — nanA)en) — &7

< Jany(f(&) = FENI + (1= ran)llon — €1l + anllvf(€7) = nAg|
< anllf () = FEN + (1 —Tan)llén — €1l + anllnf(€7) = nAE7|
< a6 — €1+ (1= ran)llén — €71l + aullvf(€7) — nAE"|
< (1= an(m = b)gn = €' + anllrf(€7) —nAE|

e IV f(E7) — nAg||
< max{le - €

Therefore, by induction, it is easy to see that

|7 f (&) —nAg™||
T

[n 1 — €11 < max { & — €71 5

Hence {&,}, {f(&n)} and {A&,} are bounded.

}, Vn > 1.

(7)

(11)

(12)
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Next, we show the following estimate:

€1 =€ 11P < llan(vf (&) — nAE") + (I = namA) (pn — )|
< aplvf (&) — A& P + (1 - Tan)?[lpn — €7
+ 200(1 = 7an)|[7f (&) — nAE [llon — €7

A

Now using Lemma 3 with the definition of u,, 8, and with inequalities 8, 10, we have the

following:

[€nt1 = €17 < aplvf(&n) = nA& 1 + (1 — Tan)?||&n — €)1
— (1= 70)?Bn(1 = Bn) | T2én — &l
— (1= 7an)*(1 = pn) (ptn — £)[| Tiwn — wal?
+ 2001 = 7an) |7 f(&n) — DA [16n — €71l

Therefore, expanding (1 — 7a,)? = 1 — 270, + 7202, we get:
€1 = €17 < aRllvf(6n) — nAE N + 1€ — €711
— 210n)|&n — €| + T2aj||€n — €7
- (1 - Tan)2ﬁn(1 - ﬁn)”ﬁfn - 511”2
— (1= 700)(1 = pin) (ptn — )| Tiwn — wal]? (13)
+ 20, (1 = Tan)|[vf (&) — nAE |16 — €7
Due to the boundedness of {&,} and {f(&,)}, there exists a constant D > 0 such that:
(1= 70n)?Bn(1 = B Tabn — &ull® + (1= 7an)*(1 = pn) (pn = 5)[| Tiwn — wnl|®
< & = €1 = llgnsn = €71 + anD. (14)

We now show that &, — £*. We consider two cases.

Case 1: . Assume that the sequence {||&, —&*||} is monotonically decreasing. Then {||&, —&*[|}

must be a convergent sequence. Therefore, we have

(1€ — €117 = |éns1 — E1P] = 0. (15)

From 15 and the fact that «;,, — 0, the right-hand side of 14 tends to 0. Thus,

lim
n—o0

lim (1 = pin) (pn — 5)[| Tiwn — wn[* = 0.

n—oo
Since py, € (k,1) and liminf, o (pn, — K)(1 — ) > 0, we have
lim || Tiwn — wn|)® = 0. (16)
n—oo
Similarly, we have

lim B, (1~ Ba) [ Ta6n — &all* = 0.
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Since S, € (0,1) and liminf,, o B, (1 — B,) > 0, we obtain

”’T2£n - £n||2 =0. (17)

lim
n—oo
Next, we prove that lim,_, ||£,—&*|| = 0. Using the property of the metric projection,

we have:

€1 — S*H2 < A{anvf(€n) + (I = nonA)pn — &, §ni1 — &)
<an7(f(§n) - f(g*)) + (I - nanA)((pn - 5*) + an(')’f(g*) - HAS*)agn-i-l - §*>

< apbl|&n — EIEn1 — §° Il + (1 = Tan) 1€ — 7 l[€nt+1 — €7
+ (AT =7 f(£7), € — &n)
< (= an(t =) — EMnr1 — &I + an(nAL" =7 f(£5), € — Ent)-

Since we are in Case 1, [[n1 — £¥|| < |[|§n — €|, which yields:

[€nt1 — €112 < (1 — an(T — )€ — €112 + 20 (NAL* — Y (£5), 6" — &nsa).

Now by Lemma 2, we can conclude that the sequence &, converges to £*, where (5, =
an(r —b) and 8, = 20 (PAE" — YF(€°),€" — Enta).

Finally, we prove that lim sup,,_,.. (nAg* — vf(£¥),&" — &) < 0. Since H is reflexive
and {&,} is bounded, there exists a subsequence {&,, } of {£,} such that &, — ¢ weakly
in C.

1i;gsogp<n/\£* —f(£7), & = &) = klggow\&* —7f(£7), & = &nyp)-

From 16, 17, and the fact that I — 77,1 — T3 are demi-closed at the origin, we obtain
¢ € Fiz(T1) N Fiz(T2). On the other hand, since £* solves the variational inequality (4),

we have

limsup(nA€” — (6,6 — &) = Jlim (nAE" —7F(€).€" — )

(MAE" =y f(£7),& — ¢) < 0.

Case II: . Suppose that the sequence {||&, — £*||} is not eventually monotonically decreasing.
Set Dy, = ||&, — €*]|? and let o : N — N be a mapping defined for all n > ng (for
some sufficiently large ng) by o, := max{k € N: k < n,Dy < Dgy1}. Then, o, is a
nondecreasing sequence such that o, — 0o as n — oo and D,,, < D, 41 for all n > ny.

From (14), we have:

(1= 700,)[Bon (1 = Bo ) | Too, = Eo

(1= t10,) (to — 5)|| Titwer, — o ||?]
< Dy, — Dy, 41+ 5, D < a,,D. (18)

—_ n
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Since a,,, — 0, we get

lim {5%(1 — Bo T80, — o I? + (1 = pio,) (o, — K)|| Tiwe, — wanHz} =0.

n—+00
Following the same argument as in Case 1, we obtain
lim ||72¢5, — &5, =0 and lim ||[Tiw,, — ws, || = 0.
n—oo n—oo

Following the same argument in Case 1, we conclude that

limsup(nA&* —vf(£%),§" — &op1) < 0.

n—-+oo

Therefore, for all n > ng, using (18) evaluated at o, we have:
0 < émtr = &1 = 6, = €I < 0, | = 0, (7 = 0, — €71
+2(MAE" = V(€ € — Eoi1)] -
Dividing by «y,, (T — 7b), we get:

€0, — €*)1* <

P— (NAE" = 1f(§7), &ont1 — £7)-

Since the right-hand side tends to 0, we have lim, o |[|£5, — £*||> = 0. Therefore,
lim,, o0 Dy, = limp—00 Dy, 41 = 0.

Furthermore, for all n > ng, we have D, < D, 41 if n # o, (that is, n > oy,),
because D; > Djq for 0, +1 < j < n. Hence, 0 < D,, < max{D,,,Dy,+1} = Dg, 1.
Therefore, D,, — 0 as n — oo, which implies that &, — &* as n — oco. This completes
the proof.

O

Now using theorem 3.1, we proof strong convergency results for a given fixed point without

the demiclosed principle.

Theorem 3.2. Let C,H, A, f be as in Theorem 3.1. Let T1,7T3 : C — C be quasi-nonexpansive
mappings such that Q = Fiz(T1) N Fiz(T2) # 0. Assume the conditions on 1,7, &, B, fin hold.
Then, the sequences generated by the scheme converge strongly to £ € Q, the unique solution of

the variational inequality.

Proof. Since quasi-nonexpansive mappings are a subclass of demi-contractive mappings (corre-

sponding to the constant k = 0), the proof follows directly from Theorem 3.1. O

Theorem 3.3. Let C, H, A, f be as in Theorem 3.1. Let 71,72 : C — C be k-demi-contractive
mappings such that Q = Fiz(T1) N Fiz(Tz) # 0. Assume the conditions on 1,7, Gy, B, tin hold,
and (I —T1), (I —"Tz2) are demi-closed at the origin. Then, the sequences generated by the scheme
converge strongly to &* € ).
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Proof. Theorem 3.3 extends the result to general demi-contractive mappings. The proof follows
the same arguments as in Theorem 3.1 by utilizing the k-demi-contractive property for both 77
and 7. O

Theorem 3.4. Let C,H, A, f, 71,72 be as defined previously. Let g : C — R be a convex and
differentiable constraint function with Lipschitz continuous gradient Vg. Consider the iterative

scheme:
§nt1 = Polanyf(6n) + (I — nanA)on] + anAnVg(&n)
under appropriate parameter conditions. Then, the sequence {&,} converges strongly to £&* € Q,

which satisfies the optimality condition of the constrained minimization problem:

min {g(Af,ﬁ} — h(&) subject to g(§) < O}

£eQ

where h is a potential function for vf.

Proof. We note that a strongly positive bounded linear operator A is ||A[|-Lipschitzian and
m-strongly monotone. The proof follows the framework established in Theorem 3.1 by incorpo-
rating the penalty term a,A\,Vg(§,) and applying standard properties of convex differentiable

functions. U

4. NUMERICAL ANALYSIS

The numerical analysis of the proposed theorem was carried out through the implementation
of an iterative scheme in the real Hilbert space R? equipped with the standard inner product.
This choice was motivated by the ease of visualization and the practicality of computations in

low-dimensional Euclidean spaces. To this end, the closed unit ball
C={zecR?:|z|| <1}
was selected as the convex constraint set, with its associated projection defined explicitly by
x if x| <1,
Tall otherwise.

The operator A was chosen as a linear mapping characterized by a symmetric positive definite

2. .
. 5 0.5 ’
0.5 2.5

ensuring that A(z) = Az is m-strongly monotone and L-Lipschitzian with constants m = 2 and

matrix

L = 3, respectively, such that the following holds:
(Az — Ay,z —y) > mllz —y|?, and ||Az - Ay[| < Ll|lz -y
Similarly, the mapping f was defined as a Lipschitz continuous linear operator

f(z) = Bx +¢,
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with
1 0.1
B=-.1, c= )
2 —0.1

where I denotes the 2 x 2 identity matrix. The Lipschitz constant for f is b = ||B|2 = 2,
satisfying the boundedness condition prescribed in the theorem.
The mappings 71 and 75 were constructed to fulfill the demi-contractive and quasi-
nonexpansive conditions, respectively. Specifically, 71 was modeled as an averaged operator
Til@) = 5o+ 370,
with pg = (0,0) € C, ensuring it is firmly nonexpansive and k-demi-contractive with x = 0.5.

The mapping T2 was taken as the projection onto the half-plane
D ={zeR?: 2, <0.5},

which is a firmly nonexpansive and thus quasi-nonexpansive operator.
The iterative parameters were selected to meet the technical conditions for convergence. The

1
sequences {ay,} = Pt Bn = ( and p, = 0.75 were chosen accordingly, ensuring that

_n
2n +1)’
lim o, =0, > a,, = o0, and liminf 8, (1 — 8,) > 0. The scalar parameters n = 0.1 and v = 0.2

n—oo n— o0

satisfy

2 L?
0<77<L—n;%0.44, and 0<7b<r:n<m—2”>:o.155,

thus conforming with the assumptions underpinning the strong convergence of the iterative
scheme.

The iterative updates were implemented as

wn = Bnén + (1 - 5n)75§n7

Pn = PnWp + (1 - Nn)ﬂwna

gn—f—l = PC (aanf(gn) + (I - nanA)Spn) ’

initialized at { = (%, %) € C and iterated for N = 500 steps.

The numerical experiments were conducted using MATLAB, implementing the proposed
algorithmic framework. The projection operators Po and Pp, mappings A, f, 71, and Ta, and
the scalar sequences were defined strictly according to the theoretical specifications.

The convergence behavior was examined by plotting the sequence of successive iterate dif-
ferences, [|{n,4+1 — &nl|- The results demonstrate a clear decrease towards zero as the number of

iterations increases, empirically illustrating the strong convergence of the sequence to the unique
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100 Convergence of the Iterative Scheme to the Unique Solution

107 _

||§n+1 - fn”

104 ¢

10_6 1 1 y ——

0 100 200 300 400 500
Iteration n

FIGURE 1. Convergence behavior of ||,+1 — & |-

solution £* € Fix(71) NFix(73) that satisfies the variational inequality. This numerical behavior
is fully consistent with the established theoretical results.

This numerical analysis substantiates the validity of the proposed iterative scheme and corrob-
orates the theoretical convergence claims. Furthermore, the MATLAB implementation provides
a reproducible computational framework, offering tangible insights into the algorithm’s dynamics
and effectiveness.

In summary, the numerical simulation confirms that the iterative sequence converges strongly
to the unique solution of the variational inequality, as predicted by the theoretical analysis,
thereby providing robust computational validation of the mathematical framework developed in

this paper.

5. CONCLUSION

This research advances the study of iterative schemes for demi-contractive and quasi-
nonexpansive mappings in Hilbert spaces, extending and generalizing existing results in the
field. Notably, our findings build upon the foundational work of Browder [5], Halpern [6], and
Marino and Xu [3], who pioneered the development of iterative methods for nonexpansive map-
pings.

The strong convergence of the proposed scheme has significant implications for optimization
and variational inequality problems. Future research directions may explore the application
of these techniques to practical problems in signal processing, image recovery, and machine
learning. The theoretical framework established herein provides a solid foundation for further

investigation into the convergence properties of iterative algorithms in Hilbert spaces.
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