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ABSTRACT. We obtain explicit form of fine large deviation theorems for the log-likelihood ratio in
testing models with fractional nonergodic Ornstein-Uhlenbeck processes with Hurst parameter more
than half and get explicit rates of decrease of the error probabilities of Neyman-Pearson, Bayes and

minimax tests.

1. Introduction and Preliminaries

Parameter estimation for directly observed stochastic differential equations is studied in Bishwal
(2008). Parameter estimation in partially observed stochastic volatility models is studied in Bish-
wal (2022a). Hypothesis testing for stochastic differential equations is studied in Linkov (1993).
Parameter estimation and hypotheses testing in ergodic diffusion processes is studied in Kutoy-
ants (1984). Parameter estimation for SPDEs driven by cylindrical stable processes is studied in
Bishwal (2023).

Long memory or long range dependent processes have received recent attention in finance, engi-
neering and physics. The simplest continuous time long memory process is the fractional Brownian
motion discovered by Kolmogorov (1940) and later on studied by Levy (1948) and Mandelbrot and
van Ness (1968).

A normalized fractional Brownian motion {W/?, t > 0} with Hurst parameter H € (0,1) is a

centered Gaussian process with continuous sample paths whose covariance kernel is given by
1
EWHwHY = 5(52’4 + 2" — |t —s]?H), s, t>0.

The process is self similar (scale invariant) and it can be represented as a stochastic integral
with respect to standard Brownian motion. For H = % the process is a standard Brownian motion.
For H # % the fBm is not a semimartingale and not a Markov process, but a Dirichlet process. The

increments of the fBm are negatively correlated for H < % and positively correlated for H > % and
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in this case they display long-range dependence. The parameter H which is also called the self
similarity parameter, measures the intensity of the long range dependence. The ARIMA(p,d,q) with
autoregressive part of order p, moving average part of order g and fractional difference parameter
d € (0, 0.5) process converge in Donsker sense to fBm.

As a generalization of fractional Brownian motion we get the Hermite process of order k with
Hurst parameter H € (% 1) which is defined as a multiple Wiener-It6 integral of order k with

respect to standard Brownian motion (B(t))ter

t H—1
ZHk = (K, k)// nle(s—y,)+( 22 ) 4s dB(y1)dB(ys) - - - dB(yk)
R JO

where x; = max(x, 0).

For k = 1 the process is fractional Brownian motion W/ with Hurst parameter H € (0, 1). For

= 2 the process is Rosenblatt process. For k > 2, the process is non-Gaussian.

The Rosenblatt process is not a semimartingale and for H > 1/2, the quadratic variation is
0. The distribution of the process is infinitely divisible. It is unknown yet whether the process is
Markov or not.

The covariance kernel R(t,s) is given by
K
H 1 1
R(t,s) = E[ZHkZHK] = c(H, k)2/ / [ TG sy -y G )dy] dudv.

Let .
B(p.q) := / P Y1 -2)9"Ydz, p,g>0
0
be the beta function.

Using the identity

1
/ / (u— s)2 " ds(v — y)2 " dy = B(a, 2a — 1)|u — v[?*T,
0 R

we have

R(t,s) = C(Hk)zﬁ(—kHQH 2) // |u—v| )dvdu

)25(7_; 2H— Z)k
HH = 1)

= c(H k —(t2H+s2H It — s]2H).

In order to obtain E(Z(H k))2 1, choose

1 1-H 2H-2\k\ !
C(H, k)2 — ﬁ(2 k k )
H(2H - 1)
and we have
R(t,s) = (t2H + 521 — |t — 5?M).

Thus the covariance structure of the Hermtte process and fractional Brownian motion are the same.

H,k)

The process Zg is H-self similar with stationary increments and all moments are finite.
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For any p > 1,
E|ZHR) — 73R < (p, H, k)|t — s|PH.
Thus the Hermite process has Holder continuous paths of order § < H.

A weighted fBm (wfBm) &; has the covariance function
SAt
Qs. t) = / Lt — )+ (s — w)ldu, s,t>0
0

where a > —1,—-1 < b < 1,|b] <1+ a. When a =0, it is the usual fBm with Hurst parameter
(b+1)/2 up to a multiplicative constant. For b =0 it is a time-inhomogeneous Bm.

The function u? is called the weight function of wiBm. For a = 0, this process is usual fBm with
Hurst parameter (b + 1)/2. For the case b = 1, this process has the covariance of the process
fot W,adr where W is standard Brownian motion. For b = 0, this process is time-inhomogeneous
Bm. The finite dimensional distributions of the process (T~2/2(¢.,.1 — &7)),t > 0 converge as
T — oo to those of fBm with Hurst parameter (1 + b)/2 multiplied by (2/(14 b)))*/2. The process
has asymptotically stationary increments for long time intervals, but not for short time intervals.
For b # 0O, the process is neither a semimartingale nor a Markov process.

This process occurs as the limit of occupation time fluctuations of a particle system of indepen-
dent particles moving in RY with symmetric a-stable Levy process, 0 < a < 2, started from an
inhomogeneous Poisson configuration with intensity measure dx/(1+ [x|[7),0 < vy < d =1 <
a,a=—y/a, b=1—-1/a,—-1<a<0,0<b<1+ a. The homogeneous case v = 0 gives fBm.

A bi-fractional Brownian motion (bfBm) has covariance

1
5(s2H+tZH)k—|t—s|2Hk), s, t>0, 0<k<1,

For k = 1, it reduces to fBm. For H = 1/2, bfBm can be extended for 1 < k < 2.
Consider the Gaussian process with the covariance function

1
Ku(s, t) = (2 —2H) [ s + t2H — 5 [(s+ )" +[s—¢t)P"]], s,t>0

for 1 < H <2. The case H=1/2 corresponds to Bm.

This process occurs as the limit of occupation time fluctuations of a particle system undergoing
a critical branching, i.e., each particle independently, at an exponentially distributed lifetime,
disappears with probability 1/2 or is replaced with two particles at the same site with probability
1/2. For a = 2, one reaches superprocesses.

Recently, sub-fractional Brownian (sub-FBM) motion which is a centered Gaussian process with

covariance function
1
Ch(s. t) = s?H 4 ¢2H > [(s+t)* +[s—t]*"], s,t>0

for 0 < H < 1 introduced by Bojdecki, Gorostiza and Talarczyk (2004) has received some attention
in finite dimensional models. The interesting feature of this process is that this process has
some of the main properties of fBm, but the increments of the process are nonstationarity, more

weakly correlated on non-overlapping time intervals than that of FBM, and its covariance decays
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polynomially at a higher rate as the distance between the intervals tends to infinity. However, in
this paper we will focus only on the fractional noise.

Sub-fBm is intermediate between Bm and fBm in the sense that its increments over non-
overlapping time intervals are more weakly correlated and their covariance decays faster than
fBm, see Bojdecki et al. (2007).

A negative sub-fBm (nsfBm) has the covariance function

1
Ku(s, t) = (2 —2H) (52H + 21 — 5 [(s+ )" +s— t|2H]) . 5,t>0
for 1 < H < 2. The nsfBm is a semimartingale where as stbM is not. The nsfBm is not a Markov
process so as the sfBm.

High-density occupation time fluctuation limits of the branching particle system for the case

d = a leads to the centered Gaussian process with covariance function
1
R(s, t) = — (52Iogs+ t?logt — 5[(54— t)%log(s +t) + (s — t)?log |s — t|]) , s, t>0.

Though it has similar interpretation to that of nsfBm, this process is not a semimartingale.
Sub-fBm can be embedded into a larger family of long range dependent self similar process with

covariance function
1 k
Ch(s, t):(52H+t2H)k—?[(s+t)2H+|s—t|2H] , 5, t>00<k<1.

The case k = 1 corresponds to sub-fBm. For H = 1/2, this yields a family of such processes

with covariance function
(s+t)f—(sAnt), k>1

which corresponds to Bm for k = 1.

Another family of such processes has covariance function
1
Cr(s, t) = (s2H + t2Hyk — 5 [(s+ )"  +|s — t]?"¥], s,t>0, 0<k<1.

This corresponds to the process {3(n:+n_¢), t > 0} where 7 is a bi-fBm. Using the kernel for the
sfBm, one can define sub-Rosenblatt process, a non-Gaussian process, see Bojdecki et al. (2006).

The fractional Ornstein-Uhlenbeck (fOU) process, is an extension of Ornstein-Uhlenbeck process
with fractional Brownian motion (fBm) driving term, see Bishwal (2011). In finance, it is known as
fractional Vasicek model and has been as one-factor short-term interest rate model which takes into
account the long memory effect of the interest rate, see Bishwal (2022b). This process has been
modeled as a telecom process by Wolpert and Taqqu (2005). Using suitable transformation of the
process, one can obtain a nonlinear stationary process satisfying a fractional SDE, see Buchmann
and Kluppelberg (2006). Benth (2003) used the process as temperature and obtained weather
derivative arbitrage free pricing formulas for European and average type options. Cheridito et al.
(2003) obtained the fOU process as a Lamperti transformation of the fBM. The model parameter is

usually unknown and must be tested from data.
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Let (2, F, {Ft}t>0, P) be a stochastic basis on which is defined the Ornstein-Uhlenbeck process

X satisfying the |t6 stochastic differential equation
dX; = 0Xedt +dW/, t>0, Xo=0 (1.1)

where {W/}'} is a fractional Brownian motion with H > 1/2 with the filtration {F;}t>0 and 8 > 0
is the unknown parameter to be tested on the basis of continuous observation of the process {X;}
on the time interval [0, T].

In the stationary case 6 < 0 one can construct fOU process in another way by time change.
Lamperti transform provided one-to-one correspondence between a stationary process and a H-self
similar process. Recall that an ordinary OU process is a Lamperti transform of Brownian motion. If
(B:) is a standard Brownian motion, then %Bezm is an OU process. Similarly one can represent

26
fOU process as a time changed fBM:

672H9t

= ——

wh...
VaHg

It is a zero mean Gaussian process with covariance kernel

1
Ct — E(XSXt—‘,-s) — S [e2H9t + e—2H9t . |e«9t . e—9t|2H]
1
= 318 [cosh2HOt — 22H~1(sinh 61)"].

For H = 1/2, this reduces to the covariance of the ordinary OU process Ziee_et. The covariance
structure shows that the fOU process is locally asymptotically stationary for small time lag and is
a sum of mutually independent Gaussian Markov processes for large time lag.

We study the problem of testing hypotheses
Ho : 6 =6y against the alternative H; : 6 =0;. (1.2)

Bishwal (2008b) studied hypothesis testing in the ergodic case 6§ < 0. We study the nonergodic
case 8 > 0 in this paper. Define

Ky = 2HI(3/2—H)[(H+1/2),
- 1 2HI(3 — 2H)[(H + )
ky(t,s) = &Hl(s(t—s))2 oy = F(3/2 = H) 2
t
ve=v = AP Mf:/o kiy(t, s)dwH.

From Norros et al. (1999) it is well known that M{’ is a Gaussian martingale, called the funda-
mental martingale whose variance function (M"); is v{’. The natural filtration of the martingale

M"H coincides with the natural filtration of the fBm W since

t
w/l ::/ K(t,s)dMH
0
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holds for H € (1/2,1) where
t
Ki(t.s) == H(2H — 1)/ tr— )3 0<s<t
S

and for H = 1/2, the convention K;,, =1 is used.
Define

d t
= — kH(t, s)Xsds.
Q= oo [kt )Xeds

AH 2H-1 /t 2H-1
=——4t Z dZs ¢ .
Qe 2(2—2/4){ A s

X admits the representation

It is easy to see that

t
Xt:/ Ky(t,s)dZs.
0

The natural filtration generated by the fundamental semimartingale process

t
thel Qsdvs + MF
0

and the process X coincide, see Kleptsyna and Le Breton (2002). The available information for X
and Z are strictly equivalent.

Let the realization {X;,0 < t < T} or equivalently {Z;,0 < t < T} be denoted by ZJ. Let
P/ be the measure generated on the space (Ct, Br) of continuous functions on [0, T] with the
associated Borel o-algebra Bt generated under the supremum norm by the process X/ and P
be the standard Wiener measure. Applying fractional Girsanov formula, when @ is the true value of
the parameter, PQT is absolutely continuous with respect to POT and the Radon-Nikodym derivative

(likelihood) of PQT with respect to POT based on ZOT is given by

dPGT - T 92 T )
LT(G) = TPOT(ZO ) = exp {9/0 QtdZt — 2/0 Qtdvt} . (13)
Consider the score function, the derivative of the log-likelihood function, which is given by
T T
Yo (6) = / QidZ; — e/ Q%dvy. (1.4)
0 0
Under the hypothesis Hg, the log-likelihood ratio process admits the representation
dPT T 0, — 6 2 T
Ar = log - 2(Z]) = {(91 ~60) [ Quant (10)/ Q%dvt} s
dFy, 0 2 0

The Hellinger integral of order € € (—o0, o0) is defined as
hr(e) = Egylexp(eNr)].
Note that hr(e) := hr(e; PGT1v ’DeTO) =hr(l—¢; PQTO, PQ_C).
Under Hp we have

T 1 T
/ QidM: = 3 (UT+290/ Qﬁdvs—T) . (1.6)
0 0

where Ur := 22477 [T 12H-147,
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Recall that if X ~ N(my,01) and Y ~ N (my, 02) are two independent random variables, then
X/Y follows Cauchy distribution. The pdf of the standard Cauchy distribution is given by

The cdf of standard Cauchy distribution is denoted by G(x) which is given by

1 1
G = —+4+ —arct , XER
(x) 2—i-7rarc anx, x

and whose characteristic function is given by

/Oo e™MdG(x) = e M X eR.
The least squares estimator 87 = fOT Xtht/fOT X?dt of the parameter 6 is strongly consistent
and has the limiting Cauchy distribution with rate €7 as T — oo, see Belfadli et al. (2011), EL
Machkouri et al. (2016), Belfadli et al. (2020) and Es-Sebaiy et al. (2021). More specifically,
61 — 6 almost surely as T — oo and e (07 — 0) =P 20G(1) as T — oo.

Now we introduce the hypothesis testing method. Luschgy (1993, 19944, 1994b, 1994c, 1995)
and Linkov (1993) studied hypothesis testing for semimartingales. Let (2, F,{F¢}, Po, P1), t > 0
be the family of statistical experiments generated by the observations X¢ = (X5,0 < s < t).
Let Ho and H;1 be the statistical hypotheses consisting of the distributions of the observations
X defined by the measures Py and P; respectively. Denote §; = (:(x))xeq measurable map
of the space (€2, F) to the space ([0, 1], B[O, 1]). The map 9; is called the test for distinguishing
between Ho and H; from the observations X, 0:(x) being the conditional probability to reject
the hypothesis Ho under the condition that X, = x. Denote by %; the totality of all the tests
for distinguishing between the hypotheses Ho and Hi. The probability of error of the first kind
(Type | Error) is defined as a(6;) = Eo(d+) and probability of the error of the second kind (Type |
Error) is defined as 6(0¢) = E1(1—6¢) where Eg is expectation under the Py and E; is expectation
under P;. The probability of error of the first kind a(d¢) is the probability to accept the hypothesis
‘H1 with the help of the test d; under the condition that the hypothesis Hg is true. The quantity
1 —B(0¢) is called the power of a test d;. For any o € [0, 1], we denote by X% the totality of all
tests in d; in X+ that satisfy the condition a(é;) < a.

A family of hypotheses (H!) is said to be contiguous to a family of hypotheses (#{) if for any
test 0¢ € X+ such that a(d¢) — 0, t — oo, we have B(6:) — 1, t — oo.

To test the hypotheses Ho and Hi, introduce the test

6?'8 = /(Xt > C)+€/(X1_— = C)

where ¢ € (0,00) and € € [0, 1] are parameters of the test.

The Kakutani-Hellinger distance between the measures Py and P is defined as

1
P*(Po. ) = 5 EalAcy — Afo P
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where Q = (P + P1)/2 and Ao = 93(XE) and A1 = Z2(XP).
The Hellinger integral h(e; P1, Py) of order € of P, and Py is defined as

h(e; P, Po) = EQAS 1At o°.
The quantity h(%; P1, Po) simply called the Hellinger integral for measures P; and Py.
Note that
1
p?(Po.P1) =1~ h(5: Pr. Po).
The distance in variation between measures Py and P; is the total variation of the measures,

namely

[P — Poll = EqQIAt.1 — Atol.
1
|Po APl =1~ §||P1 — Poll = EQ((Ato A At1).
The quantity
[(Po|P1) = EQNtolog(Ato/Nt1).

is called the entropy of the measure Py with respect to P;. The relative entropy |(FPo|P1) called
the Kullback-Leibler divergence or Kullback-Liibler information. Observe that EAy = —/(Po|Py).

The Neyman-Pearson fundamental lemma is the following:

For any a € [0, 1], there exists a test 6f(a)’€(a) of level o, where (c(a),e(a)) is some solution
to the equation 5§(a)’5(a) = o with respect to (¢, a). For any a € [0, 1], the test éf(a)’e(a) with
€(0) = 1 is the most powerful test.

A test 65(0‘)‘8(0‘) with €(0) = 1 is called the Neyman-Pearson test.

Next let us introduce Bayes test. Consider the nonrandomized test
o1 =651 =1(Xy >¢), c>0.
For any ¢ € [0, ),
inf{ca(d:) + Bt(0r) : 6r € Lt} = ca(br) + Be(d¢)
for any 0: € ¥ coinciding with the test §;°° on the set {X; # c} and arbitrarily defined on the
set {X; = c}. From this it follows that for every c € [0, 00) and € € [0, 1],
inf{ca(d:) +Bt(0¢) : 0¢ € T¢} = ca(8;°) + Be(67°°) = ca(65) + B (65°°).
This test is called Bayes test with respect to an a priori distribution (c¢/(c+1),1/(c +1)).
For c =1, in the Bayes risk,

||:Do A\ P1|| = inf{a(ét) +,8t(6t) : 6t S Zt}.

Thus ||PoAPy||/2 is the probability of error of the Bayes test in the case of equiprobable hypotheses
Ho and H;.

For the definitions of Neyman-Pearson test and Bayes test, see Linkov (1993); Chapter I,
Section 2.1. For the definition of minimax test, see Borovkov (1984), Chapter Ill, Section 41.3.
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No single decision rule minimizes the weighted average, i.e., Bayes risk for every prior distri-
bution. The conservative approach is to minimize the worst case risk over all possible prior state
distributions. Intuitively, the minimax decision rule is the Bayesian decision rule with constant
Bayesian risk over the priors. The minimax rule allows one to guarantee a worst-case (maximum)
risk over all priors. Minimax test is a Bayes test with respect to a least favorable prior distribution.

We assume the following regularity conditions: if for some function ¥ such that Y+ — oo as

T — oo, the (possibly infinite) limit:
lim 1/1;1 log ht(e) = x(¢) (1.7)
T—00
exists for all € € (—o0, 00), and x(€) is a convex differentiable function on (e_, €4) with

v_ = lim x'(e) <4 = lim x/'(g), € :=inf{e:x(e) < o0} < &4 :=sup{e: x(g) < 0}.

ele etes

Obviously, e~ < 0 and e; > 1. If e < 0, then the derivative x'(0) =: o is well defined. If
€4+ > 1, then the derivative x'(1) =: 1 is well defined too.

Let us introduce the Legendre-Fenchel transform of the function x(¢), e,
F(v) = sup(ey — x(e))
and the quantities
Fo:=7/(e- <0)+v_1(e-=0), Ty :=v1l(e— >1)+vl(e_ =1)

where /(+) is the indicator function.
Substituting (1.6) into (1.5), we obtain the Hellinger integral

h7(e) = exp (MT) Ee, [exp (6(01 — GO)Z% — 8(9%2_ %) /OT divs)] . (1.8)

2 2

Kleptsyna and Le Breton (2002) obtained the following Cameron-Martin type formula:
Denote V7 1= fOT Q2dvs. Let ¢4l (u) := Eexp(—uVr), u> 0. Then ¢H(u) is given by

1/2
$(u) = 4sinTHV02 + 2ue=°T /
| aTDH(6: Ve + 2u)

where
DH@B:a) = o cosh(%T) - 9sinh(%T)FJ,H(%T)JH,l(%T)
e’ o a a
— [ smh(ET) — 9cosh(ET)]QJl,H(ET)JH(ET)
for a > 0 and J, is the modified Bessel function of first kind of order v.

Bishwal (2008b) generalized the above Cameron-Martin type formula to obtain joint generating

function of Ut and V.
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Lemma 1.1 Let \1#(21, 2) = Eexp(aaVr + 22Ut), 21, 20 € C. Then \1#(21, 70) exists for |z| <9,
1 =1,2 for some § > 0 and is given by

_97) [ 4(sinmH)y ]1/2 (1.10)

V(21 22) = exp ( 2 TTDH (v, z)
where 7 := (62 + 22;)1/2 and we choose the principal branch of the square root and
D(v:22) = Pycosh(2T) = (0 222)sinh( T)PJ (G T2 (A7)
_[fysinh(gT) —(6-22) cosh(%T)]2J1_H(%T)JH(gT)

and J, is the modified Bessel function of first kind of order v.

2. Main Results

Let ¥; be a nonrandom positive function such that ¢ — oo as t — oo. Then the following is the

law of large numbers for the log-likelihood ratio process A¢:

(LLN) lim¢ 00 Po[|%; *As + 1] > a] = 0 for any a > 0.
(L) lim¢ 00 Po[7 1Ar > 4] = 0 for any v > —1.
(L2) lim¢—so0 Po[t; At < 7] = 0 for any «y < —1.

Note that (L1) and L2) hold if and only if (LLN) holds.
The following assertion is a large deviation theorem of Chernoff type for the log-likelihood ratio

process Ar. The assertion was proved by means of large deviations theorems for extended random
variables, see Linkov (1999).

Proposition 2.1 Let the reqgularity condition (1.7) be satisfied. Then the following conclusions hold:

(i) tf To < 4, then for all «y € (g, v+ ), we have

Jim ;log Rolwy 'Ae > 4] = Jim 9t log Pl TAr = 7] = —F () € (—00,0);
(i) if e~ < 0 and y— < 7o, then for all v € (', 7o), we have

Jlim 9y log Pofp PAr < ] = lim ;tlog Polihy TAe < 9] = —F(7) € (=00, 0);
(i) if y— < Iy, then for all y € (y—, 1), we have

Jim 9 tlog Pr[wy tA: < 4] = Jim it log Py tAr < 4] =y — F(7) € (—oc,0);

(iv) if 4 > 1 and 71 < vy, then for all v € (I'1,v4+), we have

lim 9t log Py HAr > 4] = lim 9 log Py TAe = 4] =7 = F(7) € (—00,0).
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The following assertions give the rate of decrease of error probabilities (Stein’s Lemma) for
Neyman-Pearson, Bayes and minimax tests.

Let 6 = 0+(cxt) be a Neyman-Pearson test of level oy € (0, 1) for testing hypotheses Hg and
‘H; under the observations {Zs,0 < s < t}. The following proposition gives the rate of decrease
of the error probabilities of the first kind c; and second kind B(a) for the test d¢(ot).

Proposition 2.2
(i) Lngowgﬂog a(6;) = —a if and only if tingowt_llogﬁ(ét) = —b(a)

where
b(a) :=a—~(a) € [F(T1) —T1, F(Fo)—To]
and «y(a) is the unique solution of the equation F(vy) = a with respect to 7y € [[g, 1]

(it) for all a € [0, F(y0)],
lim ¥; tloga(d;) = —a implies lim sup ¥; *logB(6:) < To — F(Io)
t—o0 t—o0
and for all a € [F(v1), o],
. 1 _ . . - : -1 _
Jim 9 loga(6r) = —a implies lim inf ;" logB(d¢) > My — F(M1).
(iit) for all b € [0, F(I'1) — 4],
lim ¥;tlogB(6¢) = —b implies lim sup ¥;loga(d:) < —F (1)
t—o0 t—o0
and for all b e [F(Ig) — g, 00,
o . S -1 _
Jlim ¢ logB(6:) = —b implies lim inf ¥;*loga(de) > —F (o).

These results under more restrictive conditions were proved in Linkov (1993). The only of part of
(i) for the sequence of i.i.d. random variables was proved in Birge (1981).
Let 07 be a Bayes test for testing hypotheses H and #H; under the observations {Xs, 0 <s < t},
where mand 1 — 7, m € (0,1) are the a priori probabilities of testing o and H1, respectively.
The following assertion gives the rate of decrease of the error probabilities of the first kind and
second kind a(07) and B(67), and the risk e(67) under the regularity condition (1.7).

Proposition 2.3
: -1 ™ _ | -1 ™ | -1 ™
t'l)”;o Yy loga(d7) = tll)”;o Yy logB(o7) = tll[go Y~ loge(df) = —F(0).
This assertion was proved by Chernoff (1952) for the i.i.d. case.
Let 07 (at) be a minimax test. The following theorem gives the rate of decrease of the error

probabilities of the first kind and second kind a(67) and B(67), and the minimax risk e(d5) of the
test 67 under the reqularity condition (1.7).
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Proposition 2.4
lim 9t loga(dy) = Jim ¥y log B(67) = Jim ¥ " log e(67) = —F(0).

The following two theorems are the main results of the paper.

Theorem 2.5 In the model (1.1) for testing (1.2) with 81 > 6y = 0, the following conclusions hold:

(a) In Proposition 2.1: (i) holds for all v € (00, 1/2), (iii) holds for all v € (00, 1/4) and (iv)
holds for all y € (1/4,1/2).

(b) In Proposition 2.2: (i) holds for all a € (0,1/4) with b(a) = (4a—1)?/16a, F(0) = 1/2.
First part of (ii) holds with a = 0. Second part of (ii) holds for all a € (1/4, ). First part of (iii)
holds with b = 0. Second part of (iii) holds with b = co.

(c) Proposition 2.3 and Proposition 2.4 hold with F(0) = 1/2.

Proof. We consider 8; > 6y = 0. We have

6,7 6 62 (T
log ht(e) = £ ; + log Eg, [exp (821U — 81/ divs)] .
0

2

Then assuming that € > 0 and denoting ¢ = 62& and £ := +./€61, by means of Lemma 1.1, we

obtain that the logarithm of the Hellinger integral admits the representation

4(sinmH)pe%T }1/2

-
loghr(e) = T +logEg [exp ((pUT — (p91/ Q2dv )] =T + Iog{
° o o7 TTDH (0. ¢)

where o := (82 + 2¢0;)1/2.

For € < 0 and sufficiently large T > 0, we have hr(e) = oo. Hence taking Y17 = 2(1 —
H)C3B3(61 — 6)?e®T, where By = B(3/2 — H, 3/2— H), B3 = B(H—1/2, 3/2—H), Co =
%(H — 1/2)H(1 — H)B1B3)~'/2 with B(m, n) is the beta-function and letting T go to oo and
applying asymptotic properties of the modified Bessel functions, we obtain x(¢) = —% for all
€€ (0,1), x(0) =x(1) =0 and x(g) = oo for all € ¢ [0, 1].

The function x(¢) satisfies the condition in (1.7) with,

! 1
x(€)=0, v-=0, 7+=0, e-=—, €+:_§,

1 1
Y% =0 =0 lo=0, =0, F(I’O)ZE, F(|_1)=§-
Since g = 0 =", we obtain Theorem 2.5. 0

Next suppose that 6; > 8y > 0. Assuming that € > —0o/[2(67 — 63)] and ¢ := €(61 — 6p)/2 and
£ = :I:\/2£(9% — 62)/60 + 1 which implies that (£2 — 1)8p/4 = £(67 — 63)/2, by means of Lemma
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1.1, we obtain that the logarithm of the Hellinger integral admits the representation:

e(61 — 60)T g(6, — 6 g(62 —02) (T
log hr(e) = (12O)+I09E90 [exp (12 O)UT— (12 0)/0 divs]

2 _ T
= T +log Eg, [exp ((pUT — (E41)00/ divs)]
0

4(sinmH)Ce 0T }1/2
TTDI(C, ¢)

= (pT—I—Iog{

1/2
where ¢ := (98 - 7(52_21)90) :

For € < —60/[2(6? — 63)] and sufficiently large T > 0, we have hr(g) = oc. Hence substituting
the above expression into (1.7), taking ¥ := 2(1 — H)C3B3(61 — 60)%e?®" by applying the
asymptotic properties of the modified Bessel functions, and letting T go to oo, we have

ot \/2590(9§ —02) + 62 L@
XT3 2(6: — 60) 2(6: - 60)
which is a strictly convex function on (e_, e4) with:
. 6o
_ =inf{e: ) S — = : < o0} = o0,
€ inf{e : x(g) < o0} 2@ — ) e+ =sup{e: x(e) < 0} =00
1 60(61 + 6 1 1—6,—6
X'(€) =5~ oBith) o V=5 Vo= x’(O):%
2:/2660(63 — 03) + 63
1 0o(61 + 6 0o(1 — 27 — 6y — 61)?
=X (1) = L) = sup ey — X)) = gy
21/200(63 — 63) + 63 e>e- 16 v
1—6,—6 1 00(61 + 6
ro=’)’o=7g L |_1=’Yl=§ (61 + o)

21/200(63 - 63) + 63

(6o — \/290(95 —02) + 62)2

4(61 — 80)/00(63 — 62) + 63

Since g < ', from Propositions 2.1-2.4, we obtain the following theorem.

F(Fo)=0, F(I'1)=

Theorem 2.6 In the model (1.1) for testing (1.2) with 81 > 6y > 0, the following conclusions hold:

(a) In Proposition 2.1: (i) holds for all y € (o, 7y+). (ii) holds for all y € (7, Yo). (iii) holds for
all v € (y=,T1). (iv) holds for all y € (7y1,7+).

(b) In Proposition 2.2: (i) holds for all a € (0, F(I'1)) with
1—6p—6; 60+6
b(a) = ~—5 = — =g (a(6r ~ 80) — Va8~ 80) + (01— 60)?)
First part of (ii) holds with a = 0. Second part of (ii) holds for all a € (F(I'1), o0]. First part of
(iii) holds with b € [0, F(I'1) — I"'1]. Second part of (iii) holds with b € [F(Ip) — Ip, o9].
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(c) Proposition 2.3 and Proposition 2.4 hold with

60(1 — g — 61)2
4(67 - 63)

F(0) =
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