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∑ 𝛼𝑗,𝑖,𝑟𝑦𝑛+𝑗−2 = ℎ𝛽𝑘,𝑖,𝑟(𝑓𝑛+𝑘 − 𝜌𝑓𝑛+𝑘−1)
4
𝑗=0          𝑘 = 1,2,3           

𝑦𝑛−1 𝑦𝑛 𝑓𝑛+𝑘−1 −𝜌𝑓𝑛+𝑘−1

∑ 𝛼𝑗,𝑖,𝑟𝑦𝑛+𝑗−1 = ℎ𝛽𝑘,𝑖,𝑟(𝑓𝑛+𝑘 + 𝑓𝑛+𝑘−1)
3
𝑗=0   𝑘 = 1, 2
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𝑦′ = 𝑓(𝑥, 𝑌̂),   𝑌̂(𝑎) = 𝜑ղ 𝑎 ≤ 𝑥 ≤ 𝑏

𝑌̂ = (𝑦1, 𝑦2, 𝑦3, ………𝑦𝑛) ղ𝜑̅ = (𝜑ղ1, 𝜑ղ2, 𝜑ղ3, … , 𝜑ղ𝑛)

𝑦𝑛+1 𝑦𝑛+2 ℎ

𝑦𝑛

𝑦𝑛−1 L𝑖

𝐿{𝑦(𝑥), ℎ} = ∑ [𝛼𝑗𝑦(𝑥 + 𝑗ℎ) − ℎ𝛽𝑗𝑦
′(𝑥 + 𝑗ℎ)].𝑘

𝑗=0

𝑦(𝑥)

𝐿𝑖

L1 L2

𝐿1[𝑦(𝑥𝑛), ℎ)]: 𝛼0,𝑖 𝑦𝑛−1+𝛼1,𝑖 𝑦𝑛 + 𝛼2,𝑖 𝑦𝑛+1 + 𝛼3,𝑖 𝑦𝑛+2 − ℎ𝛽𝑘,𝑖[𝑓𝑛+𝑘 + 𝑓𝑛+𝑘−1] = 0

𝐿2[𝑦(𝑥𝑛), ℎ)]: 𝛼0,𝑖 𝑦𝑛−1+𝛼1,𝑖 𝑦𝑛 + 𝛼2,𝑖 𝑦𝑛+1 + 𝛼3,𝑖 𝑦𝑛+2 − ℎ𝛽𝑘,𝑖[𝑓𝑛+𝑘 + 𝑓𝑛+𝑘−1] = 0

 𝑘 = 𝑖 = 1 𝑘 = 𝑖 = 2

𝛼0,1𝑦(𝑥𝑛 − 𝑟ℎ) + 𝛼1,1𝑦(𝑥𝑛) + 𝛼2,1𝑦(𝑥𝑛 + ℎ) + 𝛼3,1𝑦(𝑥𝑛 + 2ℎ) − ℎ𝛽1,1[𝑓(𝑥𝑛 + ℎ) + 𝑓(𝑥𝑛)] = 0

𝛼0,2𝑦(𝑥𝑛 − 𝑟ℎ) + 𝛼1,2𝑦(𝑥𝑛) + 𝛼2,2𝑦(𝑥𝑛 + ℎ) + 𝛼3,2𝑦(𝑥𝑛 + 2ℎ)) − ℎ𝛽2,2[𝑓(𝑥𝑛 + 2ℎ) + 𝑓(𝑥𝑛 + ℎ)] = 0

𝑦(𝑥𝑛 − 𝑟ℎ) 𝑦(𝑥𝑛), 𝑦(𝑥𝑛 + ℎ) 𝑦(𝑥𝑛 + 2ℎ)  𝑓(𝑥𝑛 + ℎ) 𝑓(𝑥𝑛 + 2ℎ) 𝑓(𝑥𝑛)

𝑥𝑛

𝐶0,1 = 𝛼0,1 + 𝛼1,1 + 𝛼2,1 + 𝛼3,1 = 0

𝐶1,1 = −𝑟𝛼0,1 + 𝛼1,1 + 2𝛼2,1 − 2𝛽1,1 = 0 

𝐶2,1 =
1

2
𝛼0,1 +

1

2
𝛼1,1 + 2𝛼2,1 − 3𝛽1,1 = 0

𝐶3,1 =  −
1

6
𝛼0,1 +

1

6
𝛼1,1 +

4

3
𝛼2,1 −

5

2
𝛽1,1 = 0}
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𝐶0,2 = 𝛼0,2 + 𝛼1,2 + 𝛼2,2 + 𝛼3,2 = 0

𝐶1,2 = −𝑟𝛼0,2 + 𝛼2,2 + 2𝛼3,2 − 2𝛽2,2 = 0 

𝐶2,2 =
1

2
𝛼0,2 +

1

2
𝛼2,2 + 2𝛼3,1 − 3𝛽1,1 = 0

𝐶3,2 =  −
1

6
𝛼0,2 +

1

6
𝛼2,2 +

4

3
𝛼3,2 −

5

2
𝛽1,1 = 0}

 
 

 
 

𝑦𝑛+1 𝑦𝑛+2 𝛼2,1 𝛼3,2

𝛼𝑗,𝑖′𝑠 𝛽𝑗,𝑖′𝑠

𝑦𝑛+1 =
1

2𝑟+7
𝑦𝑛−1 +

5𝑟+13

2(2𝑟+7)
𝑦𝑛 −

𝑟+1

2(2𝑟+7)
+
2(𝑟+2)

2𝑟+7
ℎ𝑓𝑛+1 +

2(𝑟+2)

2𝑟+7
ℎ𝑓𝑛

𝑦𝑛+2 =
2

9𝑟+17
𝑦𝑛−1 −

3(𝑟+1)

9𝑟+17
𝑦𝑛 +

6(2𝑟+3)

9𝑟+17
𝑦𝑛+1 +

4(𝑟+2)

9𝑟+17
ℎ𝑓𝑛+2 +

4(𝑟+2)

9𝑟+17
ℎ𝑓𝑛+1

𝑟

(𝒓)

𝑟 = 1

𝑦𝑛+1

𝑦𝑛+2

𝑦𝑛+1 =
1

9
𝑦𝑛−1 + 𝑦𝑛 −

1

9
𝑦𝑛+2 +

2

3
ℎ𝑓𝑛+1 +

2

3
ℎ𝑓𝑛

𝑦𝑛+2 =
1

13
𝑦𝑛−1 −

3

13
𝑦𝑛 +

15

13
𝑦𝑛+1 +

6

13
ℎ𝑓𝑛+2 +

6

13
ℎ𝑓𝑛+1

𝑟 = 2

𝑦𝑛+1

𝑦𝑛+2

𝑦𝑛+1 =
1

11
𝑦𝑛−1 +

22

22
𝑦𝑛 −

3

22
𝑦𝑛+2 +

8

11
ℎ𝑓𝑛+1 +

8

11
ℎ𝑓𝑛

𝑦𝑛+2 =
2

35
𝑦𝑛−1 −

9

35
𝑦𝑛 +

6

5
𝑦𝑛+1 +

16

35
ℎ𝑓𝑛+2 +

16

35
ℎ𝑓𝑛+1

𝑟 =
1

2

𝑦𝑛+1

𝑦𝑛+2

𝑦𝑛+1 =
1

8
𝑦𝑛−1 +

31

32
𝑦𝑛 −

3

32
𝑦𝑛+2 +

5

8
ℎ𝑓𝑛+1 +

5

8
ℎ𝑓𝑛

𝑦𝑛+2 =
4

43
𝑦𝑛−1 −

9

43
𝑦𝑛 +

48

43
𝑦𝑛+1 +

20

43
ℎ𝑓𝑛+2 +

20

43
ℎ𝑓𝑛+1

𝑟 =
5

6

𝑦𝑛+1

𝑦𝑛+2

𝑦𝑛+1 =
3

26
𝑦𝑛−1 +

103

104
𝑦𝑛 −

11

104
𝑦𝑛+2 +

17

26
ℎ𝑓𝑛+1 +

17

26
ℎ𝑓𝑛

𝑦𝑛+2 =
4

49
𝑦𝑛−1 −

11

49
𝑦𝑛 +

8

7
𝑦𝑛+1 +

68

147
ℎ𝑓𝑛+2 +

68

147
ℎ𝑓𝑛+1
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𝑟.

𝑦′ = ʎ𝑦                ʎ 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟,       𝑅𝑒(ʎ) < 0

𝑟 = 1

𝑦𝑛+1 =
1

9
𝑦𝑛−1 + 𝑦𝑛 −

1

9
𝑦𝑛+2 +

2

3
ℎ𝑓𝑛+1 +

2

3
ℎ𝑓𝑛

𝑦𝑛+2 =
1

13
𝑦𝑛−1 −

3

13
𝑦𝑛 +

15

13
𝑦𝑛+1 +

6

13
ℎ𝑓𝑛+2 +

6

13
ℎ𝑓𝑛+1

𝑦𝑛+1 =
1

9
𝑦𝑛−1 + 𝑦𝑛 −

1

9
𝑦𝑛+2 +

2

3
ℎʎ𝑦𝑛+1 +

2

3
ℎʎ𝑦𝑛

𝑦𝑛+2 =
1

13
𝑦𝑛−1 −

3

13
𝑦𝑛 +

15

13
𝑦𝑛+1 +

6

13
ℎʎ𝑦𝑛+2 +

6

13
ℎʎ𝑦𝑛+1

















−−−

−





hh

h

13

6
1

13

6

13

15
9

1

3

2
1

[
𝑦𝑛+1
𝑦𝑛+2

] =  

















−
13

3

13

1
3

2
+1

9

1
h

[
𝑦𝑛−1
𝑦𝑛

]

𝐴 =
















−−−

−





hh

h

13

6
1

13

6

13

15
9

1

3

2
1

B =  
















−
13

3

13

1
3

2
+1

9

1
h

det [𝐴𝑡 − 𝐵] = 0 𝑟 = 1

𝑅1(ℎ, 𝑡) =
44

39
𝑡2 −

14

13
𝑡2ℎʎ −

40

39
𝑡 +

4

13
𝑡2(ℎʎ)2 −

4

13
𝑡ℎʎ −

4

39
−

4

13
𝑡(ℎʎ)2 −

2

39
ℎʎ
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𝑟 = 2 , 𝑟 =
1

2
 𝑎𝑛𝑑  𝑟 =

5

6

𝑅2(ℎ, 𝑡) =
64

55
𝑡2 −

432

385
𝑡2ℎʎ −

416

385
𝑡 +

128

385
𝑡2(ℎʎ)2 −

576

385
𝑡ℎʎ −

32

385
−
128

385
𝑡(ℎʎ)2 −

16

385
ℎʎ

𝑅1
2

(ℎ, 𝑡) =
95

86
𝑡2 −

44

43
𝑡2ℎʎ −

85

86
𝑡 +

25

86
𝑡2(ℎʎ)2 −

105

86
𝑡ℎʎ −

5

43
−
25

86
𝑡(ℎʎ)2 −

5

86
ℎʎ

𝑅5
6

(ℎ, 𝑡) =
102

91
𝑡2 −

680

637
𝑡2ℎʎ −

646

637
𝑡 +

578

1911
𝑡2(ℎʎ)2 −

2482

1911
𝑡ℎʎ −

68

637
−

578

1911
𝑡(ℎʎ)2 −

34

637
ℎʎ

ℎʎ = 𝐻

𝑅1(𝐻, 𝑡) =
44

39
𝑡2 −

14

13
𝑡2𝐻 −

40

39
𝑡 +

4

13
𝑡2𝐻2 −

4

13
𝑡𝐻 −

4

39
−

4

13
𝑡𝐻2 −

2

39
𝐻

𝑅2(ℎ, 𝑡) =
64

55
𝑡2 −

432

385
𝑡2𝐻 −

416

385
𝑡 +

128

385
𝑡2𝐻2 −

576

385
𝑡𝐻 −

32

385
−
128

385
𝑡𝐻2 −

16

385
𝐻

𝑅1
2

(ℎ, 𝑡) =
95

86
𝑡2 −

44

43
𝑡2𝐻 −

85

86
𝑡 +

25

86
𝑡2𝐻2 −

105

86
𝑡𝐻 −

5

43
−
25

86
𝑡𝐻2 −

5

86
𝐻

𝑅5
6

(ℎ, 𝑡) =
102

91
𝑡2 −

680

637
𝑡2𝐻 −

646

637
𝑡 +

578

1911
𝑡2𝐻2 −

2482

1911
𝑡𝐻 −

68

637
−

578

1911
𝑡𝐻2 −

34

637
𝐻

𝐻 = 0 𝑡

𝑡

(𝑟)

𝑟 = 1 𝑡 = 1,−0.0909090909

𝑟 = 2 𝑡 = 1,−0.0714285714

𝑟 =
1

2

𝑡 = 1 , −0.1052631579

𝑟 =
5

6

𝑡 = 1,−0.0952380952

𝑟 = 1, 𝑟 = 2, 𝑟 =
1

2
 𝑎𝑛𝑑 𝑟 =

5

6
)

𝑡 = 𝑒𝑖𝛳 𝜃 𝜋
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𝒓 = 𝟏

𝒓 = 𝟐

𝒓 =
𝟏

𝟐
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𝒓 =
𝟓

𝟔

𝑦𝑛+1 = 𝛳1𝑦𝑛+2 + 𝛾1ℎ𝑓𝑛+1 + 𝛾2ℎ𝑓𝑛  + 𝑣1
𝑦𝑛+2 = 𝛳2𝑦𝑛+1 + 𝛾3ℎ𝑓𝑛+1 + 𝛾4ℎ𝑓𝑛+2 + 𝑣2

}

𝑣1 𝑣2

[
1 0
0 1

] [
𝑦𝑛+1
𝑦𝑛+2

] = [
𝛳1 0
0 𝛳2

] [
𝑦𝑛+1
𝑦𝑛+2

] + ℎ [
0 𝛾2
0 0

] [
𝑓𝑛−1
𝑓𝑛
] + ℎ [

𝛾1 0
𝛾3 𝛾4

] [
𝑓𝑛+1
𝑓𝑛+2

] + [
𝑣1
𝑣2
]

(𝐼 − 𝐵)𝑌 = ℎ(𝐶1𝐺1 + 𝐶2𝐺2) + ∈ 

𝐼 = [
1 0
0 1

] 𝐵 = [
𝛳1 0
0 𝛳2

] 𝐶1 = [
0 𝛾2
0 0

] 𝐶2 = [
𝛾1 0
𝛾3 𝛾4

] 𝐺1 = [
𝑓𝑛−1
𝑓𝑛
] 𝐺2 = [

𝑓𝑛+1
𝑓𝑛+2

]

𝐺 = (𝐼 − 𝐵)𝑌 − ℎ(𝐶1𝐺1 + 𝐶2𝐺2) − ∈ =  0

𝑌𝑛+1,𝑛+1
(𝑖+1)

− 𝑌𝑛+1,𝑛+1
(𝑖) = − [𝐺𝑗

′(𝑌𝑛+1,𝑛+1
(𝑖) )]

−1

[𝐺𝑗(𝑌𝑛+1,𝑛+1
(𝑖) )]

𝑌𝑛+1,𝑛+1
(𝑖+1)

− 𝑌𝑛+1,𝑛+1
(𝑖) = [(𝐼 − 𝐵) − ℎ𝐶1

ծ𝐺1

ծ𝑌
(𝑌𝑛+1,𝑛+1

(𝑖) ) − ℎ𝐶2
ծ𝐺2

ծ𝑌
(𝑌𝑛+1,𝑛+1

(𝑖) )]−1 × [(𝐼 −

𝐵)(𝑌𝑛+1,𝑛+1
(𝑖) ) − ℎ𝐶1𝐺1 − ℎ𝐶2𝐺2− ∈]
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𝑦𝑖  𝑎𝑛𝑑 𝑦(𝑥𝑖)

(𝑒𝑟𝑟𝑜𝑟𝑖)𝑡 = |(𝑦𝑖)𝑡 − (𝑦(𝑥𝑖)𝑡)|

𝑀𝐴𝑋𝐸 = 𝑚𝑎𝑥⏟
  1≤𝑖≤𝑇

(𝑚𝑎𝑥 (𝑒𝑟𝑟𝑜𝑟𝑖)𝑡⏟        
    1≤𝑖≤𝑁

𝑌𝑛+1
(𝑖+1)

(𝑖 + 1) 𝐸1,2
(𝑖+1)

= 𝑌𝑛+1,𝑛+1
(𝑖+1)

− 𝑌𝑛+1,𝑛+1
(𝑖)

E1,2
(i+1)

= B̅−1 − C̅

B̅E1,2
(i+1)

= C̅

B̅ = [(𝐼 − 𝐵) − ℎ𝐶1
ծ𝐺1

ծ𝑌
(𝑌𝑛+1,𝑛+1

(𝑖) ) − ℎ𝐶2
ծ𝐺2

ծ𝑌
(𝑌𝑛+1,𝑛+1

(𝑖) )]−1

C̅ = −[(𝐼 − 𝐵)(𝑌𝑛+1,𝑛+1
(𝑖) ) − ℎ𝐶1𝐺1 − ℎ𝐶2𝐺2− ∈]

B̅ = [
1 − 𝛾1ℎ

ծ𝑓𝑛+1

ծ𝑦𝑛+1
−𝛳1

−𝛳2 − 𝛾3ℎ
ծ𝑓𝑛+1

ծ𝑦𝑛+1
1 − 𝛾4ℎ

ծ𝑓𝑛+2

ծ𝑦𝑛+2

] C̅ = [
−𝑦𝑛+1

𝑖 + 𝛳1𝑦𝑛+2
𝑖 + 𝛾1ℎ𝑓𝑛+1

𝑖 + 𝛾2ℎ𝑓𝑛
𝑖  + 𝑣1

−𝑦𝑛+2
𝑖 + 𝛳2𝑦𝑛+1

𝑖 + 𝛾3ℎ𝑓𝑛+1
𝑖 + 𝛾4ℎ𝑓𝑛+2

𝑖 + 𝑣2
]

B̅ = [
1 −

2

3
ℎ
ծ𝑓𝑛+1

ծ𝑦𝑛+1

1

9

−
15

13
−

6

13
ℎ
ծ𝑓𝑛+1

ծ𝑦𝑛+1
1 −

6

13
ℎ
ծ𝑓𝑛+2

ծ𝑦𝑛+2

] C̅ = [
−𝑦𝑛+1

𝑖 −
1

9
𝑦𝑛+2
𝑖 +

2

3
ℎ𝑓𝑛+1

𝑖 +
2

3
ℎ𝑓𝑛

𝑖  + 𝑣1

−𝑦𝑛+2
𝑖 +

15

13
𝑦𝑛+1
𝑖 +

6

13
ℎ𝑓𝑛+1

𝑖 +
6

13
ℎ𝑓𝑛+2

𝑖 + 𝑣2
]

𝑟 = 2

B̅ = [
1 −

8

11
ℎ
ծ𝑓𝑛+1

ծ𝑦𝑛+1

3

22

−
6

5
−
16

35
ℎ
ծ𝑓𝑛+1

ծ𝑦𝑛+1
1 −

16

35
ℎ
ծ𝑓𝑛+2

ծ𝑦𝑛+2

] C̅ = [
−𝑦𝑛+1

𝑖 −
3

22
𝑦𝑛+2
𝑖 +

8

11
ℎ𝑓𝑛+1

𝑖 +
8

11
ℎ𝑓𝑛

𝑖  + 𝑣1

−𝑦𝑛+2
𝑖 +

5

6
𝑦𝑛+1
𝑖 +

16

35
ℎ𝑓𝑛+1

𝑖 +
16

35
ℎ𝑓𝑛+2

𝑖 + 𝑣2
]

𝑟 =
1

2
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B̅ = [
1 −

5
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ծ𝑓𝑛+1

ծ𝑦𝑛+1

3

32

−
48

43
−
20

43
ℎ
ծ𝑓𝑛+1

ծ𝑦𝑛+1
1 −

20

43
ℎ
ծ𝑓𝑛+2

ծ𝑦𝑛+2

] C̅ = [
−𝑦𝑛+1

𝑖 −
3

32
𝑦𝑛+2
𝑖 +

5

8
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𝑖 +
5

8
ℎ𝑓𝑛

𝑖  + 𝑣1
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𝑖 +

48

43
𝑦𝑛+1
𝑖 +

20

43
ℎ𝑓𝑛+1

𝑖 +
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43
ℎ𝑓𝑛+2

𝑖 + 𝑣2
]

𝑟 =
5

6

B̅ = [
1 −
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ծ𝑓𝑛+1

ծ𝑦𝑛+1

11

104

−
8

7
−

68

147
ℎ
ծ𝑓𝑛+1

ծ𝑦𝑛+1
1 −

68

147
ℎ
ծ𝑓𝑛+2

ծ𝑦𝑛+2

] C̅ = [
−𝑦𝑛+1

𝑖 −
11

104
𝑦𝑛+2
𝑖 +

17

26
ℎ𝑓𝑛+1

𝑖 +
17

26
ℎ𝑓𝑛

𝑖  + 𝑣1

−𝑦𝑛+2
𝑖 +

8

7
𝑦𝑛+1
𝑖 +

68

147
ℎ𝑓𝑛+1

𝑖 +
68

147
ℎ𝑓𝑛+2

𝑖 + 𝑣2
]

𝑦′ = −10𝑥𝑦              𝑦(0) = 1            0 ≤ 𝑥 ≤ 10

𝑦(𝑥) = 𝑒−5𝑥

 𝑦1
′ = 198y1 + 199y1𝑦1(0) = 10 ≤ 𝑥 ≤ 10

𝑦2
′ = −398𝑦1 − 399𝑦2𝑦2(0) = −1

𝑦1(𝑥) = 𝑒
−𝑥

𝑦2(𝑥) = −𝑒
−𝑥
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