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ABSTRACT. In this paper a consensus has been constructed in a social network which is modeled by a
stochastic differential game played by agents of that network. Each agent independently minimizes a
cost function which represents their motives. A conditionally expected integral cost function has been
considered under an agent’s opinion filtration. The dynamic cost functional is minimized subject to
a stochastic differential opinion dynamics. As opinion dynamics represents an agent'’s differences of
opinion from the others as well as from their previous opinions, random influences and stubbornness
make it more volatile. An agent uses their rate of change of opinion at certain time point as a control
input. This turns out to be a non-cooperative stochastic differential game which have a feedback
Nash equilibrium. A Feynman-type path integral approach has been used to determine an optimal
feedback opinion and control. This is a new approach in this literature. Later in this paper an explicit

solution of a feedback Nash equilibrium opinion is determined.

1. INTRODUCTION

Social networks influence a lot of behavioral activities including educational achievements [1],
employment [2], technology adoption [3], consumption [4] and smoking [5,6]. As social networks are
the result of individual decisions, consensus takes an important role to understand the formation
of networks. Although a lot of theoretical works on social networks have been done [6-8], work on
consensus as a Nash equilibrium under a stochastic network is very insignificant [9]. [6] formalizes
network as simultaneous-move game, where social links based on decisions are based on utility
externalities from indirect friends. [0] proposes a computationally feasible partial identification ap-
proach for large social networks. The statistical analysis of network formation dates back to the
seminal work by [10] where a random graph is based on independent links with a fixed probabil-
ity [6] Beyond Erdos-Rényi model, many methods have been designed to simulate graphs with
characteristics like degree distributions, small world, and Markov type properties [11]. A model
based method is useful if this model can be fit successfully and if it is a relatively simple to simulate
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realizations [11]. The most frequently used general model for random graphs is the exponential
random graph model (ERGM) [11-13] because, this model fits well with the observed network
statistics [6]. This ERGM model lacks microfoundations which are important for counterfactual
analyses and furthermore, economists view network analysis as the optimal choices of agents who
maximizes their utilities [6]. Network evolves as the result of a stochastic process is another popular
framework where network may be observed, but it is the parameters of the stochastic process that
are of interest, and the observed network is a single realization of the stochastic process [11,14].

At birth, humans already posses different types of skills like breathing, digest foods and motor
actions which make a human body to behave like an automaton [15]. Furthermore, like other animals
humans acquire skills through learning. Different person has different abilities to acquire a new
information in order to get an idea about pleasure, danger or food [15]. Humans are the most
complicated species on earth because, their decisions are not linear and they can learn difficult
skills through transitional signals of their complex constellations of sensory patterns. For example,
if food is kept in front of a hamster, it would eat immediately. On the other hand, if a plate of
food is kept in front of a human, they might not eat because, variety of factors such as the texture,
smell, amount of it, their sociocultural background, religion and ethnicity take place before even
they think about to tastes it. In order to make this decision, a lot of complex neural activities take
place inside a person’s brain. Action of two main parts of a human brain, frontal and occipital
lobes, makes them decide what they should do after seeing an object. In this case the occipital
lobe sends information of an object through the synaptic systems to frontal lobe, which is known
by their previous experiences and knowledge. As for humans one has to consider so many other
possibilities compared to a hamster, such that they can choose any of the all available information
with some probabilities and make decisions based on it.

This type of human behavior is a feedback circuit where the learning algorithm is determined
by a synaptic motor command, more time with an object not only leads to get more information
but also the knowledge to adapt with it in the long run and get more intelligence. For example,
as humans grow older, more intelligent they become and reflects their genotype closely. On the
other hand, environment influences a certain type of decision more with older ages which comes
through a process called Hebbian learning [15,16]. Ancestors gather more information about an
object or circumstance and transfer it to their off-springs in order to help them survive easily and
make decisions rationally [15]. For example, without having a prior knowledge one does not know
how to get a certain type restaurant and which lead them explore their surroundings. If that person
finds out a restaurant, they survive for that day. On the next day, they might not be completely sure
about full availability of food in that restaurant because of sudden environmental degradation after
his previous visit such as flash flood, tornado, an avalanche, landslide, earthquake, other activities

like closure due to burglary, fire or some gun related activities so on. Even if that person is sure
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about the availability of food, they might not go because of other socioeconomic behaviors at the
back of their mind. Hence, more information might not lead them react rationally. These types of
activities occurs when an event is more uncertain. Consider person A is selling their 1 million-
dollar car to another person B by just $50, 000. The rationality assumption suggests person B to
go for this offer but, B might think why A is giving this offer and might be suspicious about the
quality of that car and rejects it.

Therefore, subjective probabilities take an important role to make these types of decisions based
on individual judgments such as success in a new job, outcome of an election, state of an economy,
difference in learning a new complex topic among students, spreading gossips in small communities
[9,17,18]. People follow representativeness in judging the likelihood of uncertain events where the
probability is defined by the similarities in essential properties to its parent population and reflect
the salient features of the process by which it is generated [17], which makes opinion dynamics
of a person to follow a stochastic differential equation. Furthermore, an individual minimizes its
cost of foraging for food where finding food can be termed as a reward to them and they want to
find their reward with minimal cost. Assume an agent discounts more to the recent future than
farther future represented as feedback motor control reinforcement learning problem [15]. In an
environment of very complex opinion dynamics each agent minimizes their integral cost function
subject to a stochastic differential opinion dynamics based on all above cases. This paper considers
two environments first, all the agents have same opinion power and second, agents with a leader,
where the leader has more power in opinion than others and determines their opinion first based
on their own cost minimization mechanism. A feedback Nash equilibrium of opinion is determined
by a Feynman-type path integral approach which so far from my knowledge is new [19,20].

Since each agent’s opinion in a society is assumed to be a quantum particle, | introduce an
alternative method based on Feynman-type path integral to solve this stochastic opinion dynamics
problem based on Feynman-type path integrals instead of traditional Pontryagin Maximum Prin-
ciple. If the objective function is quadratic and the differential equations are linear, then solution
is given in terms of a number of Ricatti equations which can be solved efficiently [21]. But the
opinion dynamics is more complicated than just an ordinary linear differential equation and non-
linear stochastic feature gives the optimal solution a weighted mixture of suboptimal solutions,
unlikely in the cases of deterministic or linear optimal control where a unique global optimal so-
lution exists [21]. In the presence of Wiener noise, Pontryagin Maximum Principle, a variational
principle, that leads to a coupled system of stochastic differential equations with initial and ter-
minal conditions, gives a generalized solution [21,22]. Although incorporate randomness with its
Hamiltonian-Jacobi-Bellman (HJB) equation is straight forward but difficulties come due to dimen-

sionality when a numerical solution is calculated for both of deterministic or stochastic HJB [21].
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General stochastic control problem is intractable to solve computationally as it requires an expo-
nential amount of memory and computational time because, the state space needs to be discretized
and hence, becomes exponentially large in the number of dimensions [23-25]. Therefore, in order
to calculate the expected values it is necessary to visit all states which leads to the summations of
exponentially large sums [21,25]. [26] and [27] say that a class of continuous non-linear stochastic
finite time horizon control problems can be solved more efficiently than Pontryagin's Maximum
Principle. These control problems reduce to computation of path integrals interpreted as free en-
ergy because, of their various statistical mechanics forms such as Laplace approximations, Monte
Carlo sampling, mean field approximations or belief propagation [21,26-28]. According to [21] these
approximate computations are really fast.

Furthermore, one can transform a class of non-linear HJB equations into linear equations by
doing a logarithmic transformation. This transformation stems back to the early days of quantum
mechanics which was first used by Schrodinger to relate HJB equation to the Schrodinger equation
[21]. Because of this linear feature, backward integration of HJB equation over time can be replaced
by computing expectation values under a forward diffusion process which requires a stochastic
integration over trajectories that can be described by a path integral [21]. Furthermore, in more
generalized case like Merton-Garman-Hamiltonian system, getting a solution through Pontryagin
Maximum principle is impossible and Feynman path integral method gives a solution [29-31].
Previous works using Feynman path integral method has been done in motor control theory by
[27], [23] and [24]. Applications of Feynman path integral in finance has been discussed rigorously
in[32]. In[30] a Feynman-type path integral has been introduced to determine a feedback stochastic
control. This methods works in both linear and non-linear stochastic differential equations and
a Fourier transformation has been used to find out solution of Wick-rotated Schrodinger type
equation [30,31,33,34]. A more generalized Nash equilibrium on tensor field has been discussed
in [35].

2. A StocHAsTIC DIFFERENTIAL GAME OoF OPINION DYNAMICS

Following [9] consider a social network of n agents by a weighted directed graph G = (N, E, wj),
where N = {1, ..., n} is the set of all agents. Suppose, E C N x N is the set of all ordered pairs
of all connected agents and, wj; is the influence of agent j on agent / for all (/,j) € E. There
are usually two types of connections, one sided or two sided. For the principle-agent problem
the connection is one sided (i.e. Stackelberg model) and agent-agent problem it is two sided (i.e.
Cournot model). Suppose x'(s) € [0, 1] be the opinion of agent /" at time s € [0, t] with their initial
opinion x'(0) = x} € [0,1]. Then x/(s) has been normalized into [0, 1] where x/(s) = 0 stands
for a strong disagreement and x'(s) = 1 represents strong agreement and all other agreements
stays in between. Consider x(s) = [x(s), x?(s), ...,x”(s)]/ € [0, 1]” be the opinion profile vector

of n-agents at time s where ‘prime’ represents the transpose. Following [9] consider a cost function
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of agent / as

L'(s,x, x5, u') = /t é{ > wy[X(s) - xf(s)]2 + ki [x'(s) — x(g]2 + [u"(s)]2 ]»ds, (2.1)
0 Jjen;

where wj; € [0,00) is a parameter which weighs the susceptibility of agent j to influence agent
i, ki € [0,00) is agent i's stubbornness, u/(s) is the control variable of agent i and set of all
agents with whom / interacts is 7; and defined as n; .= {j € N : (i,j) € E}. The cost function
L’(S,X,Xé, u’) is twice differentiable with respect to time in order to satisfy Wick rotation, is
continuously differentiable with respect to it agent’s control u/(s), non-decreasing in opinion
x'(s), non-increasing in u/(s), and convex and continuous in all opinions and controls [34,36]. The

opinion dynamics of agent / follows a stochastic differential equation
dx'(s) = p'[s, x'(s), u'(s)]ds + o'[s, x'(s), u'(s)]dB'(s), (2.2)

with the initial condition xé, where u," and ¢’ are the drift and diffusion component of agent |
with B(s) is the Brownian motion. The reason behind incorporating Brownian motion in agent
i's opinion dynamics is because of Hebbian Learning which states that, neurons increase the
synaptic connection strength between them when they are active together simultaneously and this
behavior in probabilistic in the sense that, resource availability from a particular place is random
([16], [15])). For example, for a given stubbornness, and influence from agent j, agent i’s opinion
dynamics has some randomness in opinion. Suppose, from other resources agent i knows that, the
information provided by agent j's influence is misleading. Apart from that after considering humans
as automatons, motor control and foraging for food becomes a big examples of minimization of
costs (or the expected return) [15]. As control problems like motor controls are stochastic in nature
because there is a noise in the relation between the muscle contraction and the actual displacement
with joints with the change of the information environment over time, we consider Feynman path
integral approach to calculate the stochastic control after assuming the opinion dynamics Equation
(2.2) [19,37-39]. The coefficient of the control term in Equation (2.1) is normalized to 1, without
loss of generality. The cost functional represented in the Equation (2.1) is viewed as a model of the
motive of agent / towards a prevailing social issue [9]. In this dynamic social network problem agent
I's objective is to min, {Es(L")|F5} subject to the Equation (2.2), where Eo(L')|Fy represents the
expectation on L' at time O subject to agent i's opinion filtration 5 starting at the initial time 0. A
solution of this problem is a feedback Nash equilibrium as the control of agent / is updated based

on the opinion at the same time s.

3. DEFINITIONS AND ASSUMPTIONS

Assumption 1. For t > 0 and i = 1,....n, let u/(s,x',u’) : [0,t] x R? = R and o'(s, x', u') :

[0,t] x R> = R be some measurable function and, for some constant I\/I{ > 0 and, for opinion
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x" € R the linear growth of agent i’s control u' as
! (s, X! u)| + o' (s, X! u)| < ML+ X)),

such that, there exists another constant M) > 0 and for a different X' € R such that the Lipschitz

conditions,
' (s, x", u) — p'(s, X' u)| + o' (s, x", u") — a'(s, u, X)| < Mb|x" — %],
and
(s, X', )P + o' (s, X, u') P < (M5)(1+ [X'?),
hold.

Assumption 2. Agent i faces a probability space (Q, FX,P) with sample space S, u'-adaptive
filtration at time s of opinion x' as {FX} C Fs, a probability measure P and n-dimensional
{Fs} Brownian motion B' where the control of it" agent u' is an {FX} adapted process such
that Assumption 1 holds, for the feedback control measure of agents in a society there exists a
measurable function h' such that h' : [0, t] x C([0,t]) : R” — u' for which u'(s) = h[x'(s, u")]

such that Equation (2.2) has a strong unique solution.

Assumption 3. (i). Z C R” such that agent | cannot go beyond set Z; C Z because of their
limitations of acquiring knowledge from their society at a given time. This immediately implies set
Z; is different for different agents. If the agent is young , they would have less limitation to acquire
new information and make opinions on it.

(ii). The function h : [0, t] x R" — R. Therefore, all agents in a society at the beginning of [0, t]
have the cost function hg : [0, t] x R” — R such that hé C hg in functional spaces and both of them
are concave which is equivalent to Slater condition [40]. Possibility of giving a partial opinion has
been omitted in this paper.

(iii). There exists an € > 0 with € | 0 for all (x', u") and i = 1,2, ..., n such that

F5 rds >e.

B [ H X wild6) O + k) - + [T |

JEM;

The opinion dynamics of it agent is continuous and it is mapped from an interval to a space
of continuous functions with initial and terminal time points. Suppose, at time s, g(s) : [p, q] —
C represents an opinion dynamics of /' agent with initial and terminal points g(p) and g(q)
respectively, such that, the line path integral is [, f(7y)ds = qu f(g(s))|d'(s)|ds, where ¢'(s) is
derivative with respect to s. In this paper | consider functional path integrals where the domain of
the integral is the space of functions [30]. Functional path integrals are very popular in probability
theory and quantum mechanics. In [41] theoretical physicist Richard Feynman introduced Feynman

path integral and popularized it in quantum mechanics. Furthermore, mathematicians develop the
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measurability of this functional integral and in recent years it has become popular in probability
theory [37]. In quantum mechanics, when a particle moves from one point to another, between those
points it chooses the shortest path out of infinitely many paths such that some of them touch the
edge of the universe. After introducing equal length small time interval[s, s + €] with € > 0 such
that € | 0 and using Riemann-Lebesqgue lemma if at time s one particle touches the end of the
universe, then at a later time point it would come back and go to the opposite side of the previous
direction to make the path integral a measurable function [42]. Similarly, agent / has infinitely
opinions, out of them they choose the opnion corresponding to least cost given by the constraint
explained in Equation (2.2). Furthermore, the advantage of Feynman approach is that, it can be
used in both in linear and non-linear stochastic differential equation systems where constructing

an HJB equation is almost impossible [32,43].

Definition 3.1. Suppose, for a particle L[s, y(s), y(s)] = (1/2)my(s)2—V(y) be the Lagrangian in
classical sense in generalized coordinate y with mass M where (1/2)my? and V/(y) are kinetic and
potential energies respectively. The transition function of Feynman path integral corresponding to
the classical action function

7 = fot L(s,y(s),y(s))ds is defined as W(y) = [ exp{Z*}Dy, where y = dy/ds and Dy is
an approximated Riemann measure which represents the positions of the particle at different time
points s in [0, t] [30]

Here i'" agent's objective is to minimize Equation (2.1) subject to Equations (2.2). Following

Definition 3.1 the quantum Lagrangian at time s of [s, s + €] is

£ =B 5wy (X6 H P + ki [(0) -]+ [0 s

JEM;

+ N [AX'(S) — u'[s, x'(s), u'(s)]ds — o'[s, x'(s), u’(s)]dB'(s)] } (3.1)

where )\’ is a time independent quantum Lagrangian multiplier (one can think of as a penalization
constant of agent /). As at the beginning of the small time interval [s, s + €], agent / does not have
any future information, they make expectations based on their opinion x’. For another normalizing
constant L. > 0 and for time interval [s, s + €] such that € | O define a transition function from s
tos+e€as
i i 1 INTW (i) A
\Us,s+s(X ) = F exp[_g-As,s—i-E(X )]\US(X )dX (S), (32)
e JR"

where Wi(x') is the value of the transition function based on opinion x' at time s with the initial

condition \|/6(Xi) = \Ilg. Therefore, the action function of agent / is,
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+ hv 4 Av, X' (v) + Ax' (V)] }
where h'[v + Av, x'(v) + Ax'(v)] € C3([0, t] x R") such that,

hv + Av, x'(v) + Ax' (V)]

= N [AX'(v) = W[, X' (v), U/ (V)] dv = o'[v, X (v), ' (V)] dB' ()]

Here the action function has the notation As s.¢(x’) which means within [s, s + ¢] the action of
agent i depends on their opinion x' and furthermore, | assume this system has a feedback structure.
Therefore, the opinion of agent i also depends on the strategy u' as well as the rest of the school.

Same argument goes to the transition function W sre(x').

Definition 3.2. For agent i optimal opinion x™*(s) and their continuous optimal strateqy u'*(s)
constitute a dynamic stochastic Equilibrium such that for all s € [0, t] the conditional expectation

of the cost function is

Eo /0 é{; wi; [x"™*(s) — xJ'*(s)]2 + ki [x"™*(s) — Xé]2 + [u"*(s)]2 }ds FX | ds
> Eo /O ;{ S wi [X(s) = X ()] + ki [X(s) = x]° + [v/(s)]? }ds F5 | ds,

JEM;

with the opinion dynamics explained in Equation (2.2), where F% is the optimal filtration starting
at time 0 such that, ]-'6(* C ;.

4. MaIN REsuLTs

Suppose, for the opinion space Sp = {x(s) : s € [0, t]} and agent i's strateqy space ' there
exists a permissible strateqy 7y’ : [0, t] x Sg — I'" and for all i € N define the integrand of the cost

function as
g'(s.x. x5, u) =% ( Y wi[x(s) —H()]* + ki [x(s) — ] + [w()] ).
Jen;
Proposition 4.1. For stochastic dynamic game of n-agents of time interval [0, t], let for agent i

(i) the feedback control u'(s, x') : [0, t] x R — R is a continuously differentiable function,
(ii) The cost integrand g’(s,x, Xé, u’) [0, t] xR"XRXxR = Risa C? function on R for all i € N.
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If {7 (s, x{, x'(s)) = ¢™(s,x'); i € N} is a feedback Nash equilibrium and {x(s), s € [0, t]} is
the opinion trajectory, then there exists n Lagrangian multipliers X' : [0, t] — R, i € N with initial

condition \}) such that, for a Lagrangian
L'(s,%x, x4, u") = g'(5,%, x4, u") + N[dx'(s) — u'(s,x', u")ds — o' (s, x', u")dB'(s)]
with its Euclidean action function
Ap () = /()tIEs{gj(s, x, x5, u')ds + N [dx'(s) — u'(s, x', u')ds — o'(s, X', u’)dB’(s)]}

2./, and (b) x"*(0) = x} € [0, 1] with i € N. Under this

case, the optimal feedback control will be the solution of the following equation

the following conditions hold: (a) X' =

o (s x, N, u') [a(x e f (56 N u )] =25 F (s x N 1) g (s x V. o),

where for a function h'(s, x') € C?([0, 00) x R)

Fi(s,x, X u") = g'(s,%, x4, u") + N'h' (s, x") + [A'ahigss’x) 2 (s)h (s, x )]

+ A ahéi,x Dui(s, x', u') + IN[o' (s, X' u )]2826/7(1)((?? ),
Proof. Equation (2.2) implies
x'(s+ds) — x'(s) = u'[s, x'(s), u'(s)] ds+o'[s, x'(s), u'(s)] dB(s). (4.1)

Following [44] we get our Euclidean action function as
Ap (x') = / ]Es{g’(s, x, x5, u)ds + X (s)[dx'(s) — u'(s,x', u")ds — o'(s, X, u’)dB’(s)]},
0

where E; is the conditional expectation on opinion x/(s) at the beginning of time s. Now, for
a small change in time As = € > 0, and for agent i's normalizing constant L. > 0, define a

transitional wave function in small time interval as
i 1 i iy i
Vo gpe(X ) L’ / exp{ — €A5’5+€(X)]>\US(X )dx'(s), (4.2)

for € 4 0 and Wi(x') is the value of the transition function at time s and opinion x'(s) with the
initial condition Wj(x') = W} for all i € N.

For the small time interval [s, T] where T = s + € the Lagrangian can be represented as,
AL (x) = / Es {g’[u,x(u),x(’,, u'(W)] dv+ XN () [X(v+dv) = x'(v)
S

— v, X' (), u' (V)] dv — o', X' (v), u' (V)] dB’(u)] } (4.3)

with the initial condition x'(0) = x{. This conditional expectation is valid when the control u'(v)
of agent i's opinion dynamics is determined at time v and the opinions of all n-agents x(v) is

given [44]. The evolution of a process takes place as if the action function is stationary. Therefore,
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the conditional expectation with respect to time only depends on the expectation of initial time
point of interval [s, T].
Define Ax'(v) = x'(v + dv) — x'(v), then Fubini’s Theorem implies,

AL (x") = Es { /T g'lv.x(v), x, ' (V)] dv + N (v) [Ax'(v)

— v, X' (v), u' (V)] dv —o'[v, X' (v), u' (V)] dB’(u)]}. (4.4)

By It6’s Theorem there exists a function h'[v, x'(v)] € C?([0, 00) xR) such that Y/(v) = h'[v, x' (V)]

where Y/(v) is an Itd process [45]. After assuming
hv + Av, X' (V) + DX (V)] = DX (v) — p'[v, X' (v), u' (V)] dv — o' [v, x'(v), u' (V)] dB'(v),
Equation (4.4) becomes,
AL (x) = ]Es{ /T g'v.x(v), x5, u' (V)] dv+ XA [v + Av, X' (v) + Ax' (v)] } (4.5)
s
For a very small interval around time point s with € | 0, and It6’s Lemma yields,
eAL (x) = Es{eg’[s, x(s), x4, u'(s)] + eX'h'[s, x'(s)] + eX'hL[s, x'(s)]

+ eA’h;[s, x'($)]u'[s, x'(s), u'(s)] + 6>\’h;[s, x'(s)]o'[s, x'(s), u'(s)]AB'(s)

+ 2eX (0[5, X' (s), ' (5)])2hi[s, X' (s)] + 0(5)}, (4.6)
where hi = 2n', hl = 2 h" and b, = %h’, and we use the condition [Ax'(s)]? = € with

Ax'(s) = eu'[s, x'(s), u'(s)]+0'[s, x'(s), u'(s)]AB'(s). We use Itd’s Lemma and a similar approxi-
mation to approximate the integral. With ¢ | 0O, dividing throughout by € and taking the conditional

expectation we get,

GAQVT(X") = Es{sg’[s, x(s), X(S, u'(s)] + eXh'[s, x'(s)] + 6>\ih§[s, x'(s)]

+ e hi[s, x'(s)|u'[s, X' (s), u'(s)] + %skiazi[s, x'(s), u'(s)]hL[s. x' ()] + o(l)},
(4.7)
as Es[AB'(s)] = 0 and Es[o(e)]/e — 0 as € | 0 with the initial condition x}. For € | O the

transition function at s is WL(x') for all i € N. Hence, using Equation (4.2), the transition function

for [s, 7] is

1

Vi (x) = Lé/Rexp{ —e[g'[s,x(5), x4, U'(5)] + N h'[s, x' ()]

+ X ALls, X' ()] + N hL[s, x'(s)|u'[s, X'(5), u'(5)]

+3N(s)(0"[s. X' (), U ()M s. X’(S)]]}WQ(X)C/X’(S) +o(e!/?). (48)
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As € | O, first order Taylor series expansion on the left hand side of Equation (4.8) gives

i a\U,'S(Xi)
Vis(x')+¢€ B + o(e)

-5 exp{ elg'ls.x(5), Xb £/ (5)] + N(5)h'[s, xI(5)]

+ A h’s[s, x’(s)] + A’h;[s, x’(s)]u’[s, x’(s), u/(s)]

+ 3N (0'[s, x'(s), ’(S)])zhix[svX"(S)]]}WQ(X)dX"(S)+0(81/2)- (4.9)

For fixed s and 7 let x/(s) — x'(7) = ¢’ so that xi(s) = x'(T) +¢'. When €' is not around zero, for

a positive number 1 < oo we assume [£/] < ,(S) so that for € | 0, &' takes even smaller values

and agent /s opinion 0 < x/(s) < ne/(¢)2. Therefore,

Vi) + 620D L [Ty 4 622 1 )

€

X exp{ — e[ g'[s,x(s), x§, u'(s)] + N W[5, x' ()] + N B [s, x'(s)]w'[s, X' (s), u'(5)]
+ 3N (0's. X (s), ‘(5)])2hix[5-><"(5)]]}d5"+O(€1/2).

Before solving for Gaussian integral of the each term of the right hand side of the above Equation

define a C? function

f[s & N (s), u'(s)]
= g'[s,x(5) + & x5, u' ()] + N W[5, x'(5) + €T+ N hi[s, X' () + €]

+ N[5, x'(s) + W[5, X' (5) + € 0 ()] + 3N 0% [5, X (5) + €, U/ ()] W[5, X' () + €] + o(1),

where ¢ is a vector of all n-agents’ ¢'’s. Hence,

Wis(x') +€ 8‘V/ass(X’) _ \U,-s(X")Ll /ReXp{ —ef'[s, & N'( s)]} d¢’
awal; /5’ exp {— ef'[s, € N (s), u (5)]} d¢' + o(e'/?).  (4.10)

After taking € | 0, Au | 0 and a Taylor series expansion with respect to x' of f'[s, & X', u/(s)]

gives,

Fils, & N u(s)] = f'[s, x(T), N, u'(s)] + zcxi[s, x(7), N, u'(s)][€ — x'(7)]
+ 5655, (1), N ' ()€ — X' (1)]7 + o(e).
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Define m' = ¢’ — x/(7) so that dé/ = dm'. First integral on the right hand side of Equation (4.10)
becomes,
/ exp { — efi[s, &N, u/(s)]}dé’
R

=exp{ - ef'[s,x(1), N/, Ui(S)]}

[ o]~ e[ ftsxm N o+ s xm N @R fat.

Assuming a’' = 3fi [s,x(7), X, u'(s)] and b’ = £i[s,x(T), X', u'(s)] the argument of the exponential

— 2'xx

function in Equation (4.11) becomes,

i i 2 )2
(M2 +bm = o [(m’)2 + S/ml] _ g (m' + b_mi) _ 4(([331'))2' (4.12)

Therefore,

exp{ —ef'[s,x(1), N, u'(s)]} /Rexp{ —ela'(m')? + b'm'1}dm'

= exp {s [Ar((t)a’?;—f’[s,x(T),A',u’(s)]]]»/Rexp{—[ea ( +2bi,m )ZI}dm’

™

=1/== exp {g [4(( ))22 — f'ls,x(1), X, u"(s)]”, (4.13)

€a

and
Vi) 7 [ e { = efls € X, ()]}

2 _ o
= \U,-S(X)F % exp {a [4(([)3,.))2 — f'[s,x(T), N, u’(s)]”» : (4.14)

Substituting ¢/ = x/(T) + m' second integrand of the right hand side of Equation (4.10) yields,
[ eenl-etrls e N o511 o€
= exp{—¢f'[s,x(T), X, u'(s)]} / [X'(1) + m']exp [—e[a'(m")? + b'm']] dm’
R

= exp {5 [4(([);))22 — Fis,x(7), N, u,-(s)]] } [Xf(T) %

+/Rm"exp{—s [a (m +2b;,m )2”»dm’]. (4.15)

Substituting k' = m' + b’ /(2a') in Equation (4.15) we get,

exp{e[i(al.);—f[sx(ﬂ Ny ]H \/:3 /(k’—)exp[ de(k )]dk]

= exp {e[éf(bal?;—f[s x(1), N u'(s )]]Hx( ) — 23,] 7 (4.16)
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Hence,
Ll, awé;(,x )/E’exp [—ef[s. & X, u'(s)]] d€’

= 20D oo L [OF - x|l o - S

Using results of Equations (4.14), and (4.17) into Equation (4.10) we get,

OV 5 (x")
0s

\U,'S(Xi) +e€

= Ly Zvstren [e[ 120 - floxmv v

(X 2 : o : i
+ ng___(walsx(’X) % exp {8 [A,((ba/))2 — f'[s,x(1), X, u’(s)]] } [x’(T) - 2ba’] +o(e'?). (4.18)

As f' is in Schwartz space, derivatives are rapidly falling and assuming 0 < |b’| < me, 0 < |a| <
1= (N7 and x/(s) — x/(1) = &' we get,

b’

X(r) = 2 =5 =6 = 25 = 2
such that
b ne [ 1 ]
X\S)— 55 —— —ne|ll— —= || <ne.
(s) 2a (51)2 n €nz||= n
Therefore, Wick-rotated Schrodinger type Equation for agent i/ is,
oVs(x) (b") ;
s [4(8) — s, x(1), N'(s), u'(s)] | Wis(x). (4.19)

Differentiating the Equation (4.19) with respect to u' gives us optimal control of agent i under this

stochastic opinion dynamics which is

2f! [ FL £, — fif] ;
{ .l [XX X(“ )2X XX“] — fu’} Vis(x) =0, (4.20)
XX
where f = a f’, fl. = ( ) Sf = ,8 fand fl, = 78(3326“,- f' = 0. Therefore, optimal

feedback control of agent / in stochastic opinion dynamics is represented as ¢™*(s, x') and is found

by setting Equation (4.20) equal to zero. Hence, ¢"*(s, x') is the solution of the following Equation

fa(fo)? = 26f7,. O (4.21)
O
Proposition 4.2. For the initial condition W{(x') = I'(x') the Wick-rotated Schrédinger-type

equation of agent i € N

(x! 2 . o .
G\Ugs( ) _ |:4((ba/))2 — f'[s,x(s), N, U'(S)]] Wio(x),



https://doi.org/10.28924/ada/stat.3.10

Eur. J. Stat.

where a' = % 52 s, x(s), X, u'(s)] and b' = %f’[s,x(s), N, u'(s)], has a unique solution

o (b')? . o
Vis(x) = 1"(x") exp {s [4(31,)2 — f'[s,x(s), N, u'(s)]] ¢ -
The optimal opinion x'* can be found after solving the following equation,
82 i i
BOx -f'[s,x(s), A u'(s)] = f [s,x(s), X', u'(s)], (4.22)

and corresponding feedback control Nash equilibrium is ¢ (s, x™).

Proof. Let for three variables v/[x/(s), u(s)], Z'[x(s), u'(s)] and w'[x/(s), u'(s)] generalized Wick-
rotated Schrodinger type equation for agent / is,

G\U,-S(Xi) _

£ — VI (), o (NWis () + 2'[x'(5), 0 (5)] P

G\IJ,-S(Xi)
ox! (x")2

+w/[X'(s), u'(s)]
(4.23)

with the initial condition W) (x') = I'(x"). As agent i's wave function W;s(x") is a function of opinion

x'(s) for fixed control u/(s), the solution to Equation (4.23) is found by assuming v/, z' and w' vary

according to the movement of x’’s only. Define W;s.o(x') = 65 Vis(x), Wisx(x') = a‘i,\lf,s(x’) and
Vs x(x) = %2,)2\11,-5(%). Hence,
Wiss(x') = V(X U)Wis(x) + 2/ (X, U)Wisn (X)) + W' (X', ) Wjgne(X). (4.24)
For a fe R, the Fourier transformation of \U,'S(Xi) is,
BVL()} = Teld) = [ Wil exo { —ié'}a (4.25)

As B{Vjsx(x)} = [ ax' Wis(x)) exp{—iéx’}dx’ then assuming W;s(x') | 0 as x' — o0, Equa-
tion (4.25) gives, B{W,s.(x)} = iB{W;s(x)}. Therefore, B{W;s.(x))} = i€B{WVs(x')} and,
B{Wis.x(x)} = i€B{WVsx(x))} = —€2B{W;s(x")}. Rearranging terms in Equation (4.24) and

Fourier transformation with above conditions give,
Wis-s(xi) - V/(X/, Ui)wis(xi) - Zi(X/r Ui)wis;x(xi) - W/(Xiv U/)W/s;xx(xi) =0

OVis(€)
Bs

Let us assume an integrating factor exp { [ [w'(x', uN€2 — Z1(x!, u)i€ — vi(x, u')]ds} which can

be written as exp {s[w'(x', u NE2 — Zi(x" u') i€ — vi(xX, u')]} . Therefore,
exp {s[w'& — zif — V]} {E& V() + Vis(§)[w'E? - Z'i€ - v']} =0,

or equivalently

+ w,s(g)[ i(xi, u")E~2 — z/(x/, u/)if— v/(x/, u/)] =0. (4.26)

BWi(€)exp{s[w'é —Zif—v']}+
(TOWE - 246~ ]} oo {s[w — i€~ v]} =0
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so that
Lexp{s[w'& -2 - V]} V() =0. (4.27)
Integrating both sides of Equation (4.27) yields,
exp {s [w'€? = 2'i — v']} Wis(§) = ¢'(€) and,
Vis(€) = c'(€) exp{—s[w'& - Zi-Vv']}. (4.28)

Applying the Fourier transformation on the initial condition yields, Wg(f) = 7i($~) which implies
c(§) =T'(€). Using this condition Equation (4.28) gives,

Vi) =T exp {—s[w - 2i§ = v]} = T(E)P (5.9, (4.29)

where 5i(s,£~) = exp {—s[w/'€2 — z/if — v]} for all i € N. Fourier Inversion Theorem yields,

; ; 1 (sz' — x')? 1/ .
(D’(S,X’) = %exp |:4S2(VV’)2 + SV’] W, Vi e N. (430)

As the Fourier transformation W;¢(£) = 7j(£~)5j(s, £) is the product of two Fourier transformations,

therefore the Convolution Theorem implies that for /'(x’) and ®'[s, x'(s)],
Vis() = B{I'IX()] * ®'[s, X' (s)]},
and
Wil = (15 X ()] = [ (s, =y )1 (y)a,
R

for all y' € R. Hence, a solution to the Equation (4.23) is,

o [ 2 [s2/(x" =y u) = (X =YW i
LIJ,-S(X)—/]R27T exp{ 22w =y ) +sv'(x —y,u)}

n PN g
X \/SW’(Xf 7 uf)/ (Hdy'. (4.31)

If one compares Wick-rotated Schrodinger type Equation (4.19) with (4.23) we find out v/(x/, u') =
(b")?/[4(a")?] — fi(s, x', u') and other terms vanishes. Therefore, Equation (4.30) becomes

: . 1 : R : .

(s, x") = o / exp(sv') exp (i€x') d€ = exp(sv')d(x), (4.32)
R

where §(x') = % Jgexp (iéx') d€ is the Dirac §-function of the opinion of agent i. Now,

Vig(§) = /R/Rexp(—iéx")/"(y") * d(x' — y")dx'dy’

:/R/"(y") [[Rexp(—iéxi)¢(xi —y’)dX'] dy’.
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Suppose, u' = x' — y' such that du’ = dx’ for all i € N. Then
Vs = [ 1) [ [ eot—ié) exp(—iéy')@(u')du'] dy'
R R
- [ | /"(y">exp<—iéy")dy'] [ [ o exp(—iéu')du'] — B(I') + B(®).
R R

Therefore, the solution to Equation (4.19) is W;s(x’) = I'(x") exp[sv/(x', u')] where v/(x', u') =
(b))?/[4(a")?]—f'(s, x', u"). After using this solution to the wave function W;s(x’) into Wick-rotated
Schradinger type Equation (4.19) we get,

%f’[s,x(s), N u'(s)] = %f’[s,x(s), N u'(s)],
and differentiating with respect to x’ gives

% {%fi[s, x(s), N, ui(s)]} = %f’[s, x(s), N, u'(s)]. (4.33)

Optimal opinion of agent i, x'* can be found after solving the Equation (4.33) and an optimal
feedback control ¢'*(s, x'*) is obtained. OJ O

Corollary 4.1. Define x* = [x'*, x>*, ..., x™]T for all i € N. As each player has an optimal opinion

x", x* is an optimal opinion vector. Furthermore,

¢*(S,X*) —_ [¢1*(5,X1*), ¢2*(S,X2*), . ¢n*(5vxn*)]7_

is an optimal control vector of feedback Nash equilibrium.

After combining the opinion state variables and the Lagrangian multipliers, the following equation
d . dB
X g1 gs+a [ as+|© 2
dA(s) Ao A(s) 0| | dBa(s)
1| 00
A= ¥ K=
-W 0 K 0

where | is the identity matrix of size n, A(s) = [A1(s), A\%(s), ..., A"(s)],

K = diaglky, ko, ..., kn], i is an n x 1 vector, o is an n x m-dimensional matrix dB(s) is an

is obtained

where

m x 1-dimensional Brownian motion corresponding to opinion and dBy(s) is an m x 1 dimensional

Brownian motion of the Lagrangian multiplier. Following [9]

q1 —Wi2 ... —Wip
— W21 ao oo —Wop

W =
__Wnl —Wnp2 ... dn |

with g; =}, wj + ki. W is a Laplacian-like matrix of a weighted directed gaph G [9] where
ijt" element in the off-diagonal shows the weight of the edge directed from i to j. Define dX(s) =
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[dx(s), dA(s)]", Xo = [xa. Ao]T, X(s) = [x(s), A(s)]", & = [o,0]" and dB(s) = [dB(s), dBx(s)]”.

Then we get the following equation
dX(s) = KXqds + AX(s)ds + 6dB(s). (4.34)

Following [45] we get a unique solution of the stochastic differential equation expressed in Equation
(4.34) as

X(s) = exp(As) [RXO + exp(—As)aB(s) + /Ot exp(—As)A&f’:(s)ds] . (4.35)

5. StocHAsTIC DIFFERENTIAL GAMES WITH AN ExpLiciT FEEDBACK NASH EQUILIBRIUM

Propositions 4.1 and 4.2 states that, for agent i and given h'(s, x') one can get a optimal Nash
feedback control ¢'*(s, x') and for a unique solution of the transition wave function the unique
opinion dynamics is x"*. In this section | am considering two main consensus: full consensus or
complete information and consensus under a leader who can influence other agents’ opinions.

First, consider the consensus under complete information. Let there be a network where all
agents are connected with each other or n; = N\ {/i}. As every agent has equal power to influence
others, in the long run a consensus will be eventually reached. As some agents are stubborn,
their opinions might not be influenced by others and a full consensus is not reached. Following [9]
assume all the parameters of agent /s cost function are equal or k; = k, w;; = w;; = w for all

i€ N and (/,j) € E where agent /’s stochastic opinion dynamics is represented by
n n
dx'(s) = 2> X"+ () [ X'(s) = 2> X" | —u/(s)| ds+ vV20dB(s), (5.1)
j=1 j=1
where y(s) = %1 + (%") %, A1 = k+ nw and o is a constant diffusion component. In
Equation (5.1) X/* is the optimal opinion of /%" agent according to agent i because, under complete
information agent i has the information of all possible reaction functions of agent j but does not
know what reaction function agent j will play. Therefore, agent / assumes agent J is rational and
calculates optimal opinion x/*. Opinion trajectory explained in Equation (5.1) has drift part and a
diffusion part. The drift part has three components, the first component is the average of optimal
opinions of all the agents in the network, the second term depends on the difference between the
opinion of agent / at time s and the average and the third component is the control of agent /. As
control is the cost of agent / in the opinion dynamics, it comes with a negative sign at the front. |

do not consider other agents’ controls in Equation (5.1) because, | assume all of the agents’ control

in this network are independent to each other.

Proposition 5.1. Suppose agent i minimizes the objective cost function

[o Eo {énw [xi(s) — xj(s)]2 + 5k [xi(s) — x(g]2 +3 [u"(s)]2

fg}ds,
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subject to the stochastic opinion dynamics expressed in Equation (5.1). For b,d > 0, define
hi(s, x") = exp(sbx’ + d).
(i) Then for

f’(s,x,A’,u’):%nw(xi—xf)2+%k(x’—xé)2+%(ui)2+b)\’xihi(s,xi)+%hi(s,xi)
HSONH (s, x) | 3D 5y [ X =13 x| =i |+ $PBPoN (s, X)),

a feedback Nash Equilibrium control of opinion dynamics

™ (s, x)=p+ {q+ [a®+ (r - p2)3]é} + {q— [a®+ (r - p2)3]é}3 , (5.2)

Wl

where

__Bg(s,fy,x",xf,k")
N 3B1(s, x', \1)

Bs(s, v, x', x), N)Bs(s, v, x", x), \') — 3B1(s, x', N)Ba(s, v, x', x), \1)

q= [P(S,’Y,XI,XJ"A/)]3+ 6[B1(s, x', N2 '

_ Bs(s, v, x, X, \)

- 3Bl(S,Xj,>\j)
Bi = (C2)?, By = —Co(2A5 4+ C1), Bz = (A2)? — 2A>C1Co — (C3)?, By = A1C3 — C1(As)?,
C1 = sbX'h'(s,x"), Co = (sb)3\'h'(s,x"), and C3 = (sb)>X'h' (s, x").

(ii) For a unique solution of the wave function W;s(x') as expressed in Proposition 4.2 and \' is

a C? function with respect to s, an optimal opinion x™* is obtained by solving following equation

K (s, x"){2bx'x" + BN (x)2 + sbZA + b(1 + sbx) R + [[(sb)2 + b(1+ b+ sb) %A]
%fo* +q | x - %fo* —u |+ [Sb% + bN (1 +5Xi)]

n
+sbX |1+sb | x =LY X" §Z+052b2[x'(3+sbx")+%§’”
j=1

= x'(k + nw) — (nwx/ + kx}) + bh'(s, x’){sbA’x’(l +57) + N+ 5%
n

+S7DN | (1=7)Ed = +5>\’(’y+52b0)}, (5.3)
j=1

which is

N

x™ = Ay + {Alz + [(A12)? + [A13 — (A11)?)?] }3 + {Alz — [(A12)? + [A13 — (A1)?P]

N
o \——
[N

5.4)
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where
Aa = Ag(s, o,y N, u', x))
3 3A7(s, \)
A = (A) + Ag(s, 0,9, N, u', X)) Ag(s, 0,7, N, u', X)) — 3A7(s, A\ Aro(s, o, v, N, i XJ)
v 6[A7(s, M)
Ag(s, o, v, N, u', x))
Al = —

347(s, N)
Aio(s, 0,7 N, u', x)) = As(s, 0,y N, u', X)) + beAs(s, o, v, N, u', X)),

Ao(s, 0,9, N, u', X)) = beAs(s, o, v, N, u', X)) + sb?As(s, 0,7, X, u', X)) — (k + nw),
Ag(s, o, v, N, u' X)) = sb?[eX + As(s, o, v, N, u', X)),
Az(s,\) = s2B*N,

As(s. 0,7, N 0 X)) = [2+ 75 + s*b 5y + 0(sb)? — sb(1 + sy)]N

+[sb+y(1+ b+ sb+ s2b)| 2,
and

A5(s,a,'y,>\i, ui,xj)

n
=2 X [(1+b+sb+s2b)%] (1-y)i) X —u +7A"(1+s%)

n
+ SN/ 1—sb%fo* 9 4 0s2b? (3N + L) — Ag(s, 0.7 N, U, ).

(iii) The opinion difference between agents i and j at time s € [0, t] is

IAXY(s)] < |AX, |+' / v(s)AxT(s) — Aul(s)] ds| + dB (s) — dBI(s)]|,

where Ax'(s) = x(s) — xI(s), AxY = x§ — X, and Au"(s) = u/(s) — 1(s).

Proof. (i). Let h'(s,x') = exp(sbxi + d), for a finite b >0 and d > 0 with
L hi(s,x") = bx'hi(s,x"), 2h(s, x') = sbh'(s,x") and h'(s,x") = s°b?h'(s, x"). Hence,

Proposition 4.1 implies,

I) ax’ 8(X a(x")?

f"(s,x,>\",u"):%rzw(x"—xf)2 1k x'—xcl)2 1 u’ +b>\'xih’(s,xi)+%Aihi(s,x’)
+ sbA'H' (s, x7) ZXJ*-F’Y x - IZXJ* — | +$2h2aN W (s, x).

(5.5)
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Now
%f’(s,x, A ui) _ nvv(x’ —xf) + k(X’ - xé) + bh"(s,x"){s‘?si
+ X |1+ bsx' 4+ s°b lfo*—i—’)’ XI—AZXJ* — U | +sy+0sb? ]’
= Ai(s, v, x", ¥, N) = S22 N h (s, x ),
78(?5)2 fl(s,x, ', u") = nw + k + sb?h'(s, xi){séég + A/[l +sbx' + 57+ 05°b°
+ szb[}, ZXJ* +y(x -1 fo* - u’“} + sb?X (1 + sy)h'(s, x")
j=1 J=1

= Ao(s, v, x", x, XY = S3B3NH (s, x" ),

2 fi(s,x, N, ) = u — sbATH(s, x1), (5:6)
and,
S Fi(s %, N u') = —s2D2N K (s, xT). (57)

Therefore, Equation (4.21) implies
[u' — sbA'h'(s, X’)] [Aa(s, 7, X' xI N = $2B3u N R (s, x")]2
= 252N h'(s, x") [52b2u’>\’hi(s, XY = Ai(s, v, x', X, A’)] ,
and we get a cubic polynomial with respect to control
Bi(s, x", \)(u")2 + Ba(s, v, x', X!, XY (1) 4 Ba(s, v, x', X, N )u' + Ba(s, v, x', X/, \') =0, (5.8)

where By = (2)?, By = —Co(2A2 + C1), B3 = (A2)? = 2A2C1Co — (C3)?, By = A1C3 — Ci(A2)?,
Ci(s, x", Ny = sbA'hi (s, x"), Ca(s, x', N') = (sb)3N'h'(s, x7), and C3(s, x', \') = (sb)>X'h'(s, x).
Therefore, Equation (5.8) gives feedback Nash equilibrium of control

1

. 1]3 1]3
" =p+ {q+ [q2+(r—p2)3]2} + {Q— [q2+(r—p2)3]2} : (5.9)
where
B _82(5,')/,x”,xf,>\")
3B1(s, x', \)
3y Bo(s, v, X', x , N Bs(s, v, x', x), X) = 3B1(s, x', N)Ba(s, v, x", x, \')
=P 6[B1(s. x, N)2 |
and

_ Bs(s, v, x', %, AT)
~ 3Bi(s,x', A
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(il). In order to prove the second part let us use Proposition 4.2. The right hand side of Equation
(4.22) becomes,

ax' f'[s,x(s), N (s), u'(s)]

= x'(k + nw) — (nwx? + kx{) + bh'(s, x’){sbk’x’(l +57) + N+ 5%21

+s?bN [ (1—~)% fo* —u" | SN (y+ 52ba)}
=1

= x'(k + nw) — As(w, k, x)) + bh' (s, x") [Aa(s, 0,7, N, u', X)) + sbA'X'(1 + s7)] (5.10)
the left hand side implies
%f’[s, x(s), X' (s), u'(s)]
= h"(s,x"){k"(bx")2 + %?; + bxi%éi
+b[s%—§+k’(l+sx’)] IN | =1 X '
| =1 =1
+sbA' | x' — %fo* 9+ sb?o N (2b + sb?x') + s2bh?o B }
and
52 15, X(5), X1 (s), u/(5)]
— hi(s, x’){sz’x" + B3N (x7)2 + sbZX 4 p(1 4 shx') 2 [[(sb)2 + b(1+ b+ sb) %%] x
n ) n ) ]
LN Wy (X =2y W) = +7[ b 4 pA! (1+sx’)]
j=1 j=1
+sbA |1+sb (X — 1) X | L+ Js2b3[>\'(3 + sbx') + aﬁ” (5.11)
j=1
Matching Equations (5.10) and (5.11) we get
hi(s, x ){2b>\’x’ + BN (X')2 + shZA 4 b(1 + sbx! [[(sb)2 + b(1+ b+ sb) %—*]
%fo*—i—'y x’—%ZxJ* —u' [bax—i—b)\(l—i—sx)]
j=1 j=1

n
+sbA | 1+sb | x =13 X" 2;’+a52b3[x"(3+sbx")+%§’”
j=1
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= x'(k + nw) — (nwx! + kx}) + bh'(s, x’){sbk’x’(l +57)+ N+ s%
+ s2bX! (1—7)%ZXJ*—U’ +s>\’('y+52ba)]»,
j=1

or,

bh"(s,x'){zx'x’ + SN ()2 + sZX + (14 5bx) B + [(1+ 52+ b+ sb) B | x
LN Wy (X =2 ) = +'y[5%+)\’(1+sx’)]
j=1 j=1

n
+sA | 14sh|x =2 X" g’;+052b2[x'(3+sbx")+%§]
j=1

n
- [sbx'x"(1 M) N +SEN + 2N | (1-m)E) W =i | +sX (v + s2ba)] }
j=1

= X'(k 4+ nw) — As(w, k, x). (5.12)

As h'(s,x") = exp(sbx' + d), for b > 0, d > 0 fixed and a very small value of x’ it can be
approximated as h'(s,x’) = 1 + (sbx' + d) + o([sbx' + d]?) ~ 1 + d + sbx’ = e + sbx’ where
assume e =1+ d.

Therefore,

(be + sb2x’){2>\’x’ +sBPN(x)2 + sZA 4 (14 sbx) B + [(1 +s’b+b+ sb)%’] X

n n
LN Wy (X =2 ) = +7[5%+)\’(1+sx')]
=1 =1
. . n . . . [
+sA [1+sb XI—%ZXJ* g;’+052b2[>\’(3+5bx’)+%§]
=1

n
— [sbkix’(l +sm) N + 5B+ 7N | (1—7)Ed =i | + s (v + szba)]}
j=1

= X'(k 4+ nw) — As(w, k, x). (5.13)

After rearranging terms of Equation (5.13) we get a cubic polynomial opinion of agent /

A7 (s, >\")(><")3 + As(s, 0,7, N, u",xj)(x")2 + Ag(s, 0,7, M\, u’,xf)x’ + Ao(s, 0,7, M\, u’,xf) =0,
(5.14)
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where

Ao(s, o9 N, u' X)) = As(s, 0,7, N u', X)) + beAs(s, o,v, N, u', X)),

Ao(s, o, 7. N u', X)) = beAs(s, 0,7, N, u', x)) + sb?As(s, 0.7, N\, u', X)) — (k + nw),
Ag(s, o, 9. N u', X)) = sb’[eN + As(s, 0,7, N, u', )],

Az(s, N = s2B*N,

As(s, oy N u', X)) =2+ s+ SQb% + 0(sb)? — sb(1 + sy)]N

+[sb+y(1+ b+ sb+s2b)] 2,
and

A5(s,o,fy,>\’, u’,xf)

n
=52y 1 Oy [(1+b+sb+s2b)%] (L=mE> =i [+ (1—1—5%)
j=1

n
+sA | 1—sbE > [ G+ 0?7 (3N + Br ) — Au(s, 07, N, 1/, x).
j=1
After solving Equation (5.14) we get a set of optimal opinions for agent /

1

X" = A+ {A12 + [(A12)? + [A1z — (A11)2]3]% }3 + {A12 — [(A12)? + [A13 — (A11)2]3]§}3
(5.15)

where
_ As(s,o N UL )
3A7(S, >\j)
Ag(s, 0,7, N, u', X)) Ag(s, 0,7, N, u', X)) — 3A7(s, \)Ara(s, 0,7, N, u', X))
6[A7(s, N)]? '

Al =

Az = (A1)® +

and

An = Ag(s, o, N, u', X))
13 3A7(s, \)

(iit). The integral forms of opinions of agents / and j obtained from the Equation (5.1) are
X'(s) = x4 +/ LN x5 q(s) | X(s) =3 X | —u'(s)| ds+ \/20/ dB'(s),
0 ‘ - 0
| =1 J=1

and

n

xf(s):x‘é—klot %ixi*—kfy(s) (xf(s)—,l,Zx’*) —uj(s)] d5+\/%/0tdBj(s),
=

i=1
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where x§ and x} are the initial opinions of agents i and j. As agents i and j comes from the same

population hence, +3 1) x™ = + 37, x/*. Subtracting x/(s) from x'(s) gives,

x'(s) = x/(s)
= (x — Xé) + /Ot ['y(s)[xi(s) — X (s)] —[u'(s) — uf(s)] ds + \/%/Ot [dB’(s) — dBf(s)]
and taking absolute value on both sides and using triangle inequality we get,
+ ‘\/%(

|AXY(s)] < [Ag | + ' /O t [v(s)AxY(s) — Au"(s)] ds /0 [0Bi(s) - dB8I(s)]

where AxU(s) = x/(s) — x(s), Ax = xb— Xé and AuY(s) = u'(s) — t/(s). O O

Consider the consensus with a leader (agent 1) under complete information. It might be a network
where agent 1, the political analyst who can influence the decision of the rest of the agents but
not the other way. Furthermore, | also assume that, before a game starts the leader makes their
optimal opinion based on the history of the network and their perspective of opinion performance
of other agents. Once agent 1 optimizes their opinion at the beginning of the game, they never
change their mind and influences in other agents’ decisions. Therefore, leader’s cost functional is

defined as,
LY(s,x,x¢, ut) = ]t i (an/ [x'(s) - >~<f(s)]2 + i [xM(s) = ¢ + [u ()] ) ds. (5.16)
0

where w € [0,00) is a parameter assigned by agent 1 to weight the susceptibility of agent j
to influence them before the game starts, ki is a finite positive constant which measures the
stubbornness of the leader, u! is the opinion control and & < x/* be the fixed opinion values of the
other agents according to agent 1. The reason behind the assumption & < x/* is that, the leader
is a rational person and they want to get more return out of this network than any other agent and
assigns an opinion & which is less than agent j's optimal opinion before a game starts. Opinion
dynamics of the leader (agent 1) is
n n
dx'(s) = [ 725D _# +4(s) [ x'(s) — 727 )_& | —u'(s)| ds+ V201dB(s), (5.17)
Jj=2 Jj=2

where 4(s) = o ) = A1 = ki + nw and o' is a constant diffusion component
1

1 cosh(\/it)

of the leader. Therefore a leader’s problem is to minimize the expected cost functional E(L!) with

Ky (M) cosh[ﬁ(t—s)]

respect to their control u* and opinion x! subject to the Equation (5.17). Proposition 5.1 implies,

Corollary 5.1. Suppose the leader (agent 1) has the objective cost function

E {%an/ [x'(s) — >”<f(s)]2 + Sk [xM(s) — x01]2 +3 [ul(s)]2 ]»
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subject to the stochastic opinion dynamics expressed in Equation (5.17). For b,d > 0, define
h'(s, x1) = exp(sbx! + d).

(i) Then for

fl(s,x,Al,ul):%nW(xl—Xf) + 2k (X' =g 2 + 3 (u +b>\1xlh1(s,xl)—|—%—§hl(s,xl)

+ sbahl(s, x* %fo +4 xl—— x) ut | + 2ot Athl(s, x1),

an optimal control of the leader
115 113
ey =pr{ari@ -2 P o [@re-2P) . e

where

b Bo(s, A X &AL

3B1(s, x1, A1)
i= (5 + Bo(s, 4, xt, &, AN Bs(s, 4, x1, %, A1) — 3B1(s, x*, A1) Ba(s, 4, x1, %, >\1)

6[81(5 x5, D)2
Bs(s, 4, x*, &, A1)
3él(S,X1,§\1)
B = (62)% By = —Co(2Ar + C1), By = (A2)? — 2A:C1Co — (G3)%, By = ALCs — Ci(A2)?,
C1 = sbathl(s, x1), Co = (sh)3A1h(s, x1), and C3 = (sb)2A1hi(s, xb).

(ii) For a unique solution of the leader’s wave function W1s(x) and \' is a C? function with
1%

-~
I

respect to s, a leader’s optimal opinion x** is obtained by solving following equation

h'(s. xl){2b>\lxl +sb3AH(xY)? + sbZA + b(1 + sbx!) P [[(sb)2 +b(L+ b+ sb)]aa%l]

n n
A A X Y # ) -t | s+ A1+ sx)]
n . ~
+sbAl | 14sb | xt—5ly ) ¥ 2}+als2b3[xl(3+sbx1)+%§”
Jj=2
= X!k + W) = (WX + kixg) + b’ (s, xl){sbxlxl(l +59) AL+ 52

n
+°bA | 1 =F)2 Y F—ut | +s3' (% —I—s2bal)},
j=2

which is

N
NI

1
3
)

(5.19)

= A+ {12\12 + [(A12)2 + [A1s — (A11)2]3] }3 + {/2\12 - [(A12)2 +[Aiz — (A11)2]3]
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where
- Ao(s, o, 4, AL ut, %)
A1z = =

3A7(S >\1)
N YRCIN Ag(s, ol A4, AL ut, %) Ag(s, o, 4, AL, ut, %) — 3A7(s, AN AL(s, ot 4, AL, ut xf)
Ap = (A1)’ +

6[A7(s, A1)

N Ag(s, o, 4, AL, ut, %)
Al = —

3A7(s, A1)

Aro(s, ot 4, 0L Ut &) = Ag(s, ot 4, AL ut, ) + beAs(s, ot 4, 0L Ut &),

Ao(s, o', A, A1 ut, %) = beAs(s, o', 4, A1, ut, ¥) + sb?As(s, o1, 4, AL ut, ¥) — (ka + nw),
Ag(s, ot 4,21, ut, &) = sb’[eX + Ag(s, 0!, 4, A ut, %),

Az(s, A1) = s2p*Al,

As(s ot vt AL ut, ) = [2 4+ 4s + 522 + o (sb)? — sh(1 + sA)]A!

+[sb+A(1 + b+ sb+ s2h)| 2,
and

A5(5,01,'7,)\1,u1,>~<f)

a;§1+as+[(1+b+sb+s )2 ] 1-49)-1Y & —ut +"AY>‘1(1+563%1)

+sAt |1 —sbLs fo 9 4 ol(sb)?(3A! + ) Au(s. ot AL ut %).
j=2

As in Corollary 5.1 optimal opinion of agent 1 is a solution of a cubic equation x'* takes
three values and because of rationality he chooses that x'* which has the maximum value. If
= {x{*,x3*, x3*} then optimal opinion of the leader is x* = max{x{*, x3*}. Under
complete information all the other agents has the information about X'* before a game starts and
adjusts their opinions on it. The network is represented by a direct graph with edges directed from
all the agents towards the leader. Thus m1 = 0, m; = {1},Vi € N\ {1} [9]. Each of other agents

represented by / € N\ {1} minimizes the expectation of his cost functional expressed in Equation

(2.1) where w;; # 0 if j = 1, subject to his stochastic opinion dynamics
dx'(s) = [% (kix'(s) + winx™) + &i(s) (' (s) — %) — u"(s)] ds ++V20B'(s), (5.20)
Wi1 cosh(ﬁ(t—s)) ~

— = X = ki + w1, u'(s) is the control of opinion,
Alvcosh(\/:,t) ! i+ Wit ( ) P

o > 0 is a constant diffusion component and B/(s) the Brownian motion of agent /. In this framework

where for all i € N\ {1}, &,(s) =

we assume that, apart from the leader other agents have very small influence in i*" agent’s opinion.
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Proposition 5.2. Suppose, there is a network where all agents are unilaterally connected to their

leader. Let agent i minimizes his objective cost function
= : 12 ; 12 12
E {é Z wit [X'(s) =X ()] + 3k [x'(s) = x|+ 5 [v'(s)] } , (5.21)
i=1
subject to the stochastic opinion dynamics expressed in Equation (5.20). For b,d > O, define

hi(s, x") = exp(sbx’ + d).
(i) Then for

fi(s,x, N, u') = %Z wip (x' — XJ)Q + ki (x' = x(g)2 + 1 (ui)2 + XX (5, x") + b (s, x')
+ shbA R (s, x") [ (kix" + win x™) + & (x — x*) - u’] + s2b2o N hi (s, x"),
we have a feedback Nash Equilibrium control of opinion dynamics
13 13
0560 =p+{ar@ -2} +fa-@re-2r1 L s

where

4@2(5,5,‘,Xi,xj,>\i)

P =TT 3B (s, 50 )

G Bt Bo(s, &, x", xI, N)Ba(s, &, x', xI, N1) — 3By (s, x', N')Ba(s, &€, x', X/, >\’)
6[B1(s, x', A2

- é3(5,é/,Xi,Xj,>\i)

3B1(s, x', 1)

él = (52)2, ég = —62(2A2 + Cl), é3 = (AQ)Q — 2A~2€1€2 — (53)2, Bs = Alié — él(Ag)z,
C1 = sbX'hi(s,x"), Co = (sb)3Nhi(s,x'), and C3 = (sb)2X h(s, x").
(ii) For a unique solution of the wave function W,s(x) as expressed in Proposition 4.2 and \'(s)

is a C? function with respect to s, an optimal opinion x'* is obtained by solving following equation
SEANH (s, x")(x))2 + hi (s, x"){sz’ +5b2% +s[1+ sb> % + bA(1+ b+ sb)] ( i" )
i
+ szbz%i’ + S3b*oN — s [1 +s (E, 3, ) :|]>Xi — (ki + wi1)x' + h'(s, x")x
{ bEX 4 bR sp[sh 4 N/ (1+b+sb)][(£,+>\)x +u] (é,+§’l) X

i

b\ + as)—i—sb)\ (1 — sb%l*)ag’ + D3N (14 25+ 5B) — bAs(s, 0, &, N ' xf)}

+ As(wi1, ki, X)) = 0,


https://doi.org/10.28924/ada/stat.3.10

Eur. J. Stat.

which is

X" = A+ {AIS + [(A13)* + [Ara — (/2\12)2]3]% }3 + {/2\13 — [(A13)® + [Awa - (A12)2]3]§}3
(5.23)

where

x Aro(s, o, & N uh)
A = = .
3A8(S )\’)
AQ(S g, g/ N, U)AIO(S g, gl N, U)_3A8(5 >‘)A11(5 g, 5/ Wi, K, A XJ)

Ria = (A10)3 4
Az = (A1)’ + 6[Ag(s, A)]?

~ Ao(s, 0, &, N, ul)
Alp = — = -
3As(s, N)
Ani(s o, win, ki, &N U XY = As(wi, ki, X)) + eAq(s, 0, €, N U,

Alo(s, g, Wi, k,', é,', >\i, Ui) = k,' + w1 + €A6(S, g, é,', >\j, Ui) + SbA7(S, g, é,‘, )\i, Ui),
Ao(s, 0, & N u') = e+ As(s, ') + sbAs(s, 0, &, N, u'),
Ag(S,)\i) = sbA5(s, >\’),

~ o i i i i i ; ~ o ki
Ar(s,0, 6N, ') = sh2A +b%§—sb[sb%§+x(1+b+sb)1[(g, )\’1))?1*—|—u] - (£,+’

1

x b(A + %ﬁl) + shbA'(1 — sbil*)%—é + $2h3oN (1 + 25 + s%) — bAs(s, 0, &N U,
As(s,0, & N 1) = 26\ 4 sb? D 4 s[1+ sb? LY 4 bA/(1 + b + sb)] ( §)
j
+22% 4 SBproN — sb2A [1—|—s (g, X-) ]
As(s, \) = sb3N,
Au(s, o, & N u) =N +sas + s2h\ ( Al,l g g — u’) +s>\'[§/+ ;(’, +52b3a],

and
A~3(W,‘1, k,‘, Xj) = W,‘1Xj + k,‘Xé.

Proof. (i). For b > o d >0 let hi(s,x") = exp(sbx' + d), Zh'(s,x") = bx'h(s, x), 2hi(s,x") =
sbhi(s, x") and 5 h’(s x') = s?b?h'(s, x"). Hence, Proposition 4.1 implies,

n—1
fi(s,x, N, u') = %Z wip (x' —XJ)2 + ki (x' —x(g)2 +1 (Ui)2 + XX H (5, x") + L h (s, x")
i=1

- sbAN (5, x) [ (! + wn &) + & (x = 31) = o] + 260N N (s, ).
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Now
%f’(s,x, Nouh) = win(x' = X)) 4 ki(x' = x§) + bh'(s, x’){s"»

)\[1+bsx +s b[ (Kix" + winx™) + & (X' Xl*)—u’]

ol ) eev]

= A~1(51 E.x' X, >\i) — 52b2>\’hi(s, x’)u’,

a(X o fi(s,x, X\, u') = W,1+k,+sb2h’(s,x’){sas + N [1+sbx"+s (g, e ) + 0s3b?

i

+s b[ (Kix" + win %) + & (x' >‘<1*)—u’]”+sb2x’ (g, )h(s x")

I
= Ao(s, & x' X X)) = SBE3N K (s, X,
2 (s, x, N, u') = u' — sbA'H (s, x"),

and,

6X’6u’f (s, x, N, u") = =22 N h (s, x").

Therefore, Equation (4.21) implies
[u’ — sbA’h’(s,xi)] [Ag(s, £ x' X N — 53133u">\"h"(s,x")]2
= 25D\ K (s, x") [s2LPU' N H (s, ') — Ar(s, &, x', !, D],
and the cubic polynomial of agent / with respect to control under the presence of a leader is
Bi(s, x", X (u')2 + Ba(s, &, x', 2, XY (u')? + Bs(s, &, x', X!, XN u' + Ba(s, &, x', X/, \') = 0,

where él = (52)2, éz = —62(2/2\2 + 61), é3 = (/2\2)2 — 2/2\26152 — (63)2, é4 = A1€3 — 51(/&2)%
Ci(s, x", Ny = sbA’hi (s, x"), Co(s, x", \') = (sb)3N\hi(s, x7), and C3(s, x', \') = (sb)2X\h/ (s, x).

Therefore, feedback Nash equilibrium control under the presence of a leader is

bo(s.x)=p+ {d+ [+ (- ﬁ2)3]5}3 + {5/— [+ (F - ﬁ2)3]5}3
where

_ 92(5, é,‘, Xi, Xj, >\I)

P= 7 3B, (s, 1, N)

G— 5t Bo(s, &, x" xI, N)Ba(s, &, x', xI, N) — 3B1(s, x', AN)Ba(s, &, x', xI N1
6[1§1(S,X’,>\’)]2 '

¥ é3(5,é,‘,Xj,Xj,>\i)

3B1(s, x/, A1)
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(il). Using Proposition 4.2 the right hand side of Equation (4.22) becomes,

a5, %(5), N (s), u'(s)]

. . . . . o .k ,
= x'(ki + wj1) — (wj1x) + kix) + bh'(s, X’){sbk’x’[l +s(& + 5\_)] + 2+ s%ﬁ
1

24 _ Slx i a3 ki 213
+ s°bX [()\I 5,) u]+s>\[.§ 5\ sba]}

. - . . . - N L . N k:
= X’(k,‘ + W,'1) — A3(W,'1, k,',XJ) + bh’(S,X’) [A4(S,O’, &,’, >\I, U’) + Sb)\’X’I:l +s (5, + S\I) ]] y
i

the left hand side implies
55 x(5). N (s), /()]
— h"(s,x”){x"(bx")2 +2X 4 Y
+b[ m’+>\(1+s><")][ (kix" 4 wirxM) + &;(x' 1*)—u’]

+ N (X' = x1%) % 4 2B20 Y 4 sbPon[2 + sbx’]}

and

5 115, %(5), N (5), /(5)]

— h’(s,x’){sz " sHAN (x)? 4+ sbZA 4 b(1 + shx') X 4 [(sb)2 + sbX’ (1+b+sb)]
[il(kx — Wi )+ &(x — x) — u’] - (é,-+ Xl,) [sb%+bx"(1+sx’)]

+ SO [1+ sb (x' = x1%)] & + 23N [1 + 25 + sbx! +s%§]} (5.25)

Comparing Equations (5.24) and 5.25 we get,

{2b>\’x’+sb3 I(x1)2 4+ sbZY + b(1 + sbx') X +[(sb)2m + sHX’ (1+b+sb)]
[;I(kx — Wi XY 4+ (X —xl*)—u] ( )[b +b>\(1+5x’)]

+ DN [1 4 sb (x' = x**)] % + s2B30N[1 + 25 + sbx’ +sés]}

. . . . . - N L L N k:
= x'(ki + wj1) — As(wj1, ki, ) + bh'(s, x") [A4(s,a, .\ U+ sbA’x’[l +s (5,- + 5\') ” }
i
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The polynomial of the opinion dynamics is

. . . . . . i i : > k
Sh3N' A (s, x")(x")? + h’(s,x’){2b>\’ + b2 % +s[1 + sb* % + bA'(1+ b+ sb)] (g, + J)

S
1

>

. . ) . ki ) . . .
+ 5228 4 SBhtoN — sb2>\’[1 +s (g,- + i’) ”x' — (ki + wip)x' + h'(s, x")x

i

{sb%?;' +b%y —sblshGr + XN (1+ b+ sb)][ (é, + V;’Il)xl + u’] + (é, + /;’I) x
BV + ) 4+ shA'(1 — sbx™) % + 230N (1 4 25 + s — bAy(s, 0, &, N, u’)}
+ As(wir, ki, ¥) =0,
or,
As(s, XA (s, xV(x)2 + As(s, 0, &, N u YW (s, x))x" + (ki + wip)x'

+ A7(S, g, é,’, >\i, Ui)h/(S, Xi) + A3(W,‘1, ki, Xj) =0. (5.26)

As in Equation (5.26) h'(s, x') = exp(sbx' + d), for b > 0, d > 0 fixed and a very small value of x’
it can be approximated as h'(s, x') = 1+ (sbx' + d) + o([sbx’ + d]?) ~ 1 + d + sbx' = e + sbx’
where assume e = 1 4 d.

Therefore, we get a cubic equation expressed as,

Ag(s, M) (x1)3 + Ao (s, 0, &, N 1) (x')?
+ /Z\lo(s, o, wi, ki, E N XJ)X/ + All(s, o, win, ki, E N U xj) =0, (5.27)

where

Ag(s, \) = sbAs(s, \'),
Ao(s, 0, & N u') = e+ As(s, \') + sbAs(s, 0, &, N, u'),

Avo(s, o, wit, ki, €N Ul X)) = ki + wip + eAs(s, 0, &, N u') + sbAs(s, 0, &, N U,
and
/2\11(5, o &N, u’,xj) = /2\3(W,-1, k,-,xf) + 6A7(5, o &N, ui).
Solving Equation (5.27) gives agent /'s optimal opinion

x* = A + {A13 + [(A13)* + [Ara — (A12)2]3]% }3 + {AB ~ [(Ae)® + [Awe 0512)2]3]%}3 Y
(5.28)
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where

. Ag(s, o, é,', A u’)

Ap = — = -
3A8(S, >\’)

Az = (A1) +

Ao(s &, v, N, uN)Aro(s, 0, win, ki, € N, u', X)) — 3Ag(s, N) A1 (s, o, win, ki, €, N, Ul x9)

6[As(s, A2

~ Alo(S,U, W,‘l,/(,‘,é,',xi,ui,Xj)
Ag = = . .
3A8(S, )\’)

6. DiscussioN

This paper shows consensus as a feedback Nash equilibrium from a stochastic differential game.
The same integral cost function has been used as in [9] subject to a stochastic opinion dynamics. A
Feynman-type path integral approach has been used to construct a Wick-rotated Schrodinger type
equation (i.e a Fokker-Plank diffusion equation). Finally, optimal opinion x™* and control u’* have
been determined after solving the first order condition of the Wick-rotated Schrodinger equation.
So far from my knowledge, this is a new approach. As different people have different opinions,
an opinion changes over time and stubbornness and influence from others have some effects on
individual decisions under the assumption that human body is a automaton. The fundamental
assumption of this paper is opinion dynamics is stochastic in nature which is another contribution
of this paper. Furthermore, results of this paper give more generalized solution of opinion dynamics
than [9].
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