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𝜌(1)

𝜌(1)

𝜌(1)

𝑡0 𝜆 < 0

𝑑𝑋𝑡 = 𝐹′(𝑋𝑡)𝑑𝑡 + 𝜎𝐵𝑡 𝐹′(𝑥) = 𝑓(𝑥) − 𝜆 = −𝐴(𝑋 − 𝑚)2 − 𝜆 𝐴 > 0
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𝑋(𝑡)

𝑡𝑐 

𝐹(𝑥)

𝑥1 = 𝑚 + √−𝜆/𝐴 𝑥2 = 𝑚 − √−𝜆/𝐴

𝐹′(𝑥) 𝑥1

𝐹′(𝑥) ≈ 𝐹′(𝑥1) + 𝐹′′(𝑥1)(𝑥 − 𝑥1) = 0 + 𝑓′
(𝑥1)(𝑥 − 𝑥1) = −2𝐴(𝑥 − 𝑚)(𝑥 − 𝑥1)

= −2𝐴(𝑥 − 𝑥1 + √−𝜆/𝐴)(𝑥 − 𝑥1) = −2𝐴√−𝜆/𝐴 (𝑥 − 𝑥1) −2𝐴(𝑥 − 𝑥1)2

≈ −2𝐴√−𝜆/𝐴 (𝑥 − 𝑥1) = −2√−𝜆𝐴 (𝑥 − 𝑥1) = −𝛼(𝑥 − 𝑥1)

𝜆 𝑋(𝑡)

𝑥1

𝑑𝑋𝑡 = −𝛼(𝑋𝑡 − 𝑥1)𝑑𝑡 + 𝜎𝐵𝑡

𝐵𝑡

𝜇 = 𝑥1

𝑐𝑜𝑣(𝑋𝑠, 𝑋𝑡) =
𝜎2

2𝛼
𝑒𝑥𝑝(−𝛼|𝑡 − 𝑠|)

𝑋1, . . . , 𝑋𝑇

𝜇 = 𝑥1

𝛾(0) = 𝑣𝑎𝑟(𝑋𝑡) =
𝜎2

2𝛼

𝜌(1) = 𝑐𝑜𝑟(𝑋𝑡, 𝑋𝑡+1/12) = 𝑒𝑥𝑝(−𝛼/12)

𝛼 𝜎2 𝜏 = 𝐴𝜆 �̅� 𝛾(0)

�̂�(1) �̂� = −12 𝑙𝑜𝑔(�̂�(1) ) �̂�2 = 2�̂� 𝛾(0) �̂� = −�̂�2/4

𝜆
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𝑋1, . . . , 𝑋𝑛

𝑇 = 1 + 55 ∗ 12

𝛾1(0), . . . , 𝛾𝑛−𝑇+1(0) �̂�1(1), . . . , �̂�𝑛−𝑇+1(1)

𝑡0 = 1924 �̂�1, . . . , �̂�𝑛−𝑇+1 

�̂�𝑡 = −36 𝑙𝑜𝑔2(�̂�𝑡(1)), 𝑘 = 1, . . . , 𝑛 − 𝑇 + 1

𝑡𝑐 

𝛼 𝜎2

−𝜏 = −𝐴𝜆

𝑡𝑐 

𝐴𝜆

𝐴𝜆 = (
𝜎2

4𝛾(0)
)

2

= (
2𝛼𝛾(0)

4𝛾(0)
)

2

=
𝛼2

4

𝑡𝑐 

−�̂�𝑘 

𝛼2/4

𝛼
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𝛾(0) 𝜌(1) 𝛼

𝜎2 −𝜏 = −𝐴𝜆
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∑ (𝑋𝑡 − 𝐹𝑡)2𝑛
𝑡=1 + 𝛬 ∑ ((𝐹𝑡 − 𝐹𝑡−1) − (𝐹𝑡−1 − 𝐹𝑡−2))2𝑛

𝑡=3

𝐹𝑡 𝑋𝑡

𝐹𝑡

𝛬

𝐹𝑡 

𝛬 = 2.5 ∙ 109

𝛬 = 2.5 ∙ 107
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𝛬 = 2.5 ∙ 109

𝛬 = 2.5 ∙ 107

�̂�𝑐
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�̂�𝑐

�̂�𝑐

𝛾(0) 𝜌(1) 𝜏 = 𝐴𝜆

𝛬 = 2.5 ∙ 109

𝛬 = 2.5 ∙ 107
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𝛾(0)

𝜌(1)

𝐷1, . . . , 𝐷𝑛

 1
𝑛

∑ 𝐷𝑡
2𝑠

𝑡=1 , 𝑠 = 1, . . . , 𝑛,

1

𝑛
∑ 𝐷𝑡−1𝐷𝑡 

𝑠
𝑡=2 , 𝑠 = 1, . . . , 𝑛

∙
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𝑍𝑡
2

𝑍𝑡−1𝑍𝑡 

𝑉𝑡
2

𝑉𝑡−1𝑉𝑡 

𝑉𝑡
2 𝑉𝑡−1𝑉𝑡 𝜏

2 (𝑆𝑍
0(𝑗) − 𝑆𝑍

1(𝑗)) 2(𝑆𝑉
0(𝑗) − 𝑆𝑉

1(𝑗))

𝑆(𝑗)

𝛾(0)

𝛾(1)

𝑉𝑡−1𝑉𝑡 𝑉𝑡
2

𝜌(1)

𝑉𝑡−1𝑉𝑡 𝑉𝑡
2

𝜏

∙
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(𝑋𝑡) (𝜇𝑡)

𝐸(𝑋𝑡
2−𝑋𝑡𝑋𝑡+𝑘) = 𝐸(𝑋𝑡

2 − 𝜇𝑡
2) − 𝐸(𝑋𝑡𝑋𝑡+𝑘 − 𝜇𝑡

2)

= (𝐸𝑋𝑡
2 − 𝜇𝑡

2) − (𝐸𝑋𝑡𝑋𝑡+𝑘 − 𝜇𝑡𝜇𝑡+𝑘)−𝜇𝑡(𝜇𝑡+𝑘 − 𝜇𝑡)

= 𝛾(0) − 𝛾(𝑘)−𝜇𝑡(𝜇𝑡+𝑘 − 𝜇𝑡)  

𝐸(𝑋𝑡
2−𝑋𝑡𝑋𝑡+𝑘) 𝐸(𝑋𝑡

2−𝑋𝑡𝑋𝑡−𝑘) = 2𝜎𝑦
2 − 2𝛾(𝑘)−𝜇𝑡(𝜇𝑡+𝑘 − 𝜇𝑡)−𝜇𝑡(𝜇𝑡−𝑘 − 𝜇𝑡)

≈ 2𝛾(0) − 2𝛾(𝑘)

𝛾(0) 𝛾(𝑘)

𝑆(𝑗) = 
1

𝑛−2𝑘
 ∑ (2𝑋𝑡

2−𝑋𝑡𝑋𝑡+𝑘 − 𝑋𝑡𝑋𝑡−𝑘)𝑗
𝑡=𝑘+1 , 𝑗 = 𝑘 + 1, . . . , 𝑛 − 𝑘,

 𝑗 = 𝑘 + 1, . . . , 𝑛 − 𝑘

𝑆𝑊
0 (𝑗) =

1

𝑛
 ∑ 𝑊𝑡

2𝑗
𝑡=1 = 

1

𝑛
 ∑ (𝑋𝑡 − �̂�𝑡)2𝑗

𝑡=1 , 𝑗 = 1, . . . , 𝑛,

𝑆𝑊
𝑘 (𝑗) =

1

𝑛−𝑘
 ∑ 𝑊𝑡

𝑗
𝑡=𝑘+1 𝑊𝑡−𝑘 =

1

𝑛−𝑘
 ∑ (𝑋𝑡 − 𝜇 ̂𝑡)

𝑗
𝑡=𝑘+1 (𝑋𝑡−𝑘 − 𝜇 ̂𝑡−𝑘), 𝑗 = 𝑘 +

1, . . . , 𝑛,

�̂�𝑡

2(𝑆𝑊
0 (𝑗) − 𝑆𝑊

𝑘 (𝑗)) (𝑗)

𝜇 ̂𝑡 

𝜇𝑡+𝑘 − 𝜇
𝑡

≈ −(𝜇
𝑡−𝑘

− 𝜇
𝑡
)

𝑘 = 1
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𝜌(1)

𝑅𝑡 = 𝑠𝑖𝑔𝑛(𝑋𝑡−1𝑋𝑡)
min (|𝑋𝑡−1|,|𝑋𝑡|)

max (|𝑋𝑡−1|,|𝑋𝑡|)

�̅� 𝜌(1)

�̂�1 = ℎ−1(�̅�)

ℎ(𝜌) = 𝜌 +
√1−𝜌2

𝜋
log (

1−𝜌

1+ 𝜌
)

�̂�2 = −1 + 2𝛷0.295(�̅�)

𝛷𝜎

𝜎 |𝜌|

|𝜌| < 0.2

�̂�3 =
𝜋

𝜋−2
�̅�

�̂�3 =
1

𝑛−1
∑

𝜋

𝜋−2

𝑛
𝑡=2 𝑅𝑡 

𝜌(1)
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𝑋𝑡 𝜀𝑡 𝜀𝑡

𝛾(0) 𝑋𝑡 

𝐸(𝑋𝑡 + 3𝜀𝑡)(𝑋𝑡−1 + 3𝜀𝑡−1) = 𝛾(1) 𝐸(𝑋𝑡 + 3𝜀𝑡)2 = 10 𝛾(0)

𝑋𝑡 + 3𝜀𝑡 𝜌(1)

𝜋/(𝜋 − 2)

∙

𝜌 = 0.8 𝜌 = 0.85 𝜌 = 0.9
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