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ABSTRACT. In recent years, multiple frame surveys have gained significant attention due to their ap-
plicability in capturing special or challenging-to-sample populations. This paper introduces two
methodological advancements, the calibrated multiplicity estimator and without-replacement boot-
strap techniques, in the field of multiple frame surveys. A comprehensive simulation study assesses
their performance. The calibrated multiplicity estimator is demonstrated to outperform the multiplicity
estimator, particularly in terms of mean squared error, with a ratio ranging from 0.6 to 0.8. Further-
more, the study shows that without-replacement bootstrap techniques perform favorably compared to
their with-replacement counterparts. Future research directions include conducting more extensive
simulations with real-world data and establishing the theoretical properties of the proposed estima-
tor. This paper contributes to the growing body of knowledge on multiple frame surveys and their

estimation methods.

1. INTRODUCTION

In recent years, there has been a significant research focus on multiple frame surveys, as evi-
denced by the works of [1], [2], [3], [4], and [5]. While the initial motivation behind the development
of multiple frame surveys was to reduce survey costs, their current application is primarily centered
around capturing populations that are special, rare, or challenging to sample accurately.

The fundamental concept underlying multiple frame surveys involves the assumption that the
target population can be effectively covered by a combination of sampling frames, each of which
covers only a portion of the total population. To obtain estimates, the usual practice involves
independent sampling from each of these frames, with resulting estimators designed to appropriately
account for the overlapping units.

The realm of multiple frame survey research has introduced a plethora of estimators, many of
which have been proposed and discussed in works by [3] and [4]. Just as in classical sampling theory,
the standard error serves as a crucial measure for assessing the quality of estimators in multiple
frame surveys. This field has explored both analytical methods, such as the Taylor linearization, as

well as replication methods like the Jackknife and the with-replacement bootstrap, for estimating
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standard errors. Notably, the bootstrap method holds a distinct advantage over other approaches
due to its applicability to both smooth and non-smooth statistics, in addition to granting users the
flexibility to choose the number of replication runs.

In the context of contributing to this area of research, this paper introduces two key advancements.
First, it proposes the calibrated multiplicity estimator which is an extension of the multiplicity
estimator introduced by [4]. Second, it presents without-replacement bootstrap techniques that
build upon the methods outlined in [5].

The subsequent sections of this paper are structured as follows: Section 2 elaborates on the cal-
ibrated multiplicity estimator, while Section 3 delves into the novel without-replacement bootstrap
techniques tailored for the multiple frame survey setting. To empirically evaluate the performance
of the proposed bootstrap techniques, Section 4 outlines the design of simulation studies. Finally,

Section 5 concludes with closing remarks on the findings and contributions of this study.

2. CALIBRATED MuLTIPLICITY ESTIMATOR

In this section, we provide a concise overview of the multiplicity estimator introduced by [4],
along with an improved version of this estimator that we refer to as the calibrated multiplicity
estimator.

Consider a population of interest comprehensively covered by Q(> 2) overlapping sampling
frames, allowing for the potential inclusion of a unit in one or more frames. Each population unit
i has a corresponding multiplicity, denoted by mj;, indicating the number of frames it belongs to.
We are interested in the population total of a characteristic variable y, denoted as T,. Let Al

signify the g-th sampling frame, where g =1, ..., Q. It is evident that:
Q
T,=)_ yim; . (1)

For each g, let S(9) be a probability sample independently selected from A9 Further, let d,-(q)

denote the design weight associated with frame A(?). The multiplicity estimator takes the form:

Q
ty=) 3 dum’. 2

q=1 kes(a)

This estimator, referred to as the multiplicity estimator (for detailed information, consult [4]), can

be represented as a function of weights:
t, = F(dD, ... dD ... d@), (3)

where d(9) is the weight vector for frame q.
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To simplify, we assume complete auxiliary information is available from each of the Q sampling

frames on a known vector variable x. We introduce the following estimator:

Q
be=Y > wlyml, (4)

q=1 kes(a)

(q)

where the weights w; "’ are defined to satisfy:

Z (q)kak = Z xim b for g=1,---,Q. (5)

keS(a@) ieAla)

This constraint can be expressed more compactly as:

Q
Z ST owixmt=Y Y xmit. (6)

q=1 keS(a) a=1 jc A9

For each S(9), the aim is to determine weights W,Eq) that closely match c/lgq) using a distance func-

tion Dq(w(q ,d(@) subject to the constraint in (5). It is worth highlighting that w(%) is analagous
to d(9, and it can be defined as w(%) = (Wl(q), e IS(CL))

This problem becomes an optimization task, aimtng to minimize:

Law @A) = > Dew(® a4+ x, [ S xim = > wixm;? (7)

keS(a) i€ Ala) kes(a)

using the Lagrange multipliers method. We adopt the chi-square distance function, known to
yield weights similar to those of the linear generalized regression estimator (GREQG).

For the optimization, we express the problem as minimizing:

Q
Lw,A) =) Lo(w? xq) (8)
q=1

yielding calibrated weights given by:

w? = a1+ [ Y xm = Y dPxem)
jeAla) keS(a)
-1

— ! —
Z C//Eq) my Xk Xy Xk M, ! 9)
kes(a)

An alternate formulation involves minimizing Zgzl Y kes@ Dq(W,Eq), d,gq)) subject to the con-

straint in (6). Applying the Lagrange multipliers method leads to the minimized Lagrangian:

Q Q Q
Lw, ) =Y > Dew P d) +x (D> xim =Y Y wPmt] . (10)

q=1 keS(a) g=1jc A9 q=1 keS()


https://doi.org/10.28924/ada/stat.4.1

Eur. J. Stat.

Applying the chi-square distance function, we minimize (10) with respect to the weights w (q)

and obtain the calibrated weights:

Q Q
W@ = @314 (S5 xm =Y S dPxem;?
a=1jc Al =1 keS()
-1

/

Q

STY dPmxex | xemt (11)

=1 keS(a)
It is crucial to note that these weights in (9) or (11) serve to estimate various parameters of
interest. Additionally, the proposed bootstrap variance estimation algorithms can be applied to all

multiple frame survey estimators.

3. ProrPoSED BooTsTRAP TECHNIQUES FOR MULTIPLE FRAME SURVEYS

In the realm of survey sampling, the selection of primary sampling units (PSUs) often involves
unequal probabilities and is done without replacement. However, when it comes to variance esti-
mation during replication, computations are considerably simplified by assuming that these PSUs
were chosen with replacement. In this paper, we retain the without-replacement PSU selection
and outline our proposed methodology as follows.

To set the stage, we consider @ stratified samples denoted as S = ngls(q), where S(@)
represents a stratified sample independently drawn from the g-th sampling frame. Each S(9) is
composed of H(%) strata, defined as S(9) = u,ﬁ’j{sg"). It is important to note that Sf(,q) is the sample
independently drawn from the h-th stratum of the g-th sampling frame. Additionally, we assume

that 5,(767) consists of n,gq) PSUs, and a resample of mgq)

units is drawn from it without replacement.
In single-frame surveys, the rescaling bootstrap without replacement weights, as introduced in [7],
can be considered an extension of the technique proposed by [8]. These weights, designated for

PSU i within stratum h of S, are defined as:

dhj = dni | 1 =¥+ ’Yh 6h, (12)

Here, v, = \/(1 — fp)mn/(np — mp); fy = np/Np, where N is the stratum size; 05, = 1 if i € 5,’3
and 0 otherwise; my = [np/(2 — f4)], with [-] indicating rounding down to the nearest integer; and
dpi is the original weight associated with PSU i of the h-th stratum. In multiple-frame surveys,
these weights are applied to the Q independent samples either individually or simultaneously. For
the g-th independent sample and b-th simulation run, the follow'mg weights are used:

d/g:?)[b] _ d’(”CI) 1 _’Yf(yq) _|_,Y(q) féq 6(q)[b] (13)

These weights, d,-(q)[b], are subsequently adjusted for calibration to obtain the final bootstrap

weights and the multiplicity estimator for the parameter of interest.
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When these weights are applied separately to the Q independent samples, the resulting bootstrap
variance estimator is referred to as the separate bootstrap, akin to the approach described in [5].
In this case, denoting the multiplicity estimator with the original weights replaced by the final
bootstrap weights for just frame g in the b-th simulation run as 8(9)[b], the separate bootstrap

estimator is formulated as:
(a)

oy}

iBl (é(q)[b]—é)2 (14)

Here, B(a) represents the number of simulation runs in the g-th frame.

o~

Similarly, when the weights are simultaneously applied to the @ independent samples, the
resultant bootstrap variance estimator is termed the combined bootstrap, similar to the approach
outlined in [5]. In this scenario, using 8[b] to denote the multiplicity estimator when the original
weights are replaced by the final bootstrap weights across all Q frames, the combined bootstrap

estimator is given by:
1 & 2
Ve=5 bgl (Q[b] - 9) (15)

Here, B signifies the number of simulation runs.

4. SIMULATION

The performance evaluation of the introduced methodologies for multiple frame surveys was con-
ducted through a controlled simulation study. In this context, we employed an artificial population,
as detailed in [6]. This synthetic population comprises H = 5 strata, each consisting of N, = 1000

units. The model distributions for this population are as follows:

X1i~T(2,1), E1i ~ N(0, 1),
Xoi ~T(2,1), Ezi ~ N(O, X2)),
X3i~T(2,1), Esi~ t(4+3/(X5 + 1)),
Xaji ~T(2,3), Eoi ~ N(0, X4)),
Xsi ~T(2,9), Eoi ~ N(0O, Xs;),
Yhi = Xni + Eni, h=1,---,5
Here, h=1,---,5 indicates the strata, i = 1,--- , N, refers to the units within strata, and X;

and E; are independent both within observations and across observations.

From this artificially constructed population, we generated Q = 3 partially overlapping sampling
frames by randomly assigning each pair (Xj, Yj) from the population to one of the sampling frames
through 3 independent Bernoulli trials, each with a probability ag = N /N for ¢ = 1,2, 3.

We ensured that no sampling frame was devoid of samples, and when combined, they sufficiently
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covered the population of interest. Furthermore, our simulation encompassed various frame coverage

settings, as summarized in Table 1.

TaBLE 1. Frame Coverage Settings

Frame coverage

_ N@
9= "N

Setting

0.35 035 0.35
0.60 0.60 0.60
0.85 0.85 0.85
0.35 0.60 0.85
0.60 0.35 0.85
0.60 0.85 0.35

Mmoo ® >

Subsequently, three independent stratified random samples (S(!), S and S(®)) of sizes n(*),
n@), and n®) units were selected from frames A1), A2 and AG), respectively. We focused
on estimating the population total (7,) and median (M) of the variable y. We employed the
multiplicity and calibrated multiplicity estimators (denoted as Mest and Mcal, respectively) for
these estimations. We performed a total of 30,000 independent stratified random samples from
each of the 3 frames to compare the efficiency of the estimators.

We compared the estimators under different frame coverage settings (as described in Table 1)
and employed a stratum sample size nﬁq) that represented 3 percent of the stratum population size
N for g =1,2,3.

Furthermore, we examined various variance estimators, including the separate and combined
bootstraps (denoted as BSWR and BCWR) described in [5], as well as the proposed separate and
combined bootstraps (denoted as BSWOR and BCWOR).

A total of B = 1000 simulation runs were executed. For each run, a simple random sample
2(7) (

without replacement of size n;%’ (equivalent to 3 percent of the stratum population size N(?)h) was

drawn from each stratum of S(@ for g =1, 2,3, and variance estimates were computed using the four

variance estimators. The bootstrap stratified sample size drawn from S(@) was m(?) = Zg?:l mf(f’),

,(f’) = n,(f’) — 1 for the with-replacement bootstrap methods and mf,q) = [nf,q)/Q] for the

where m
without-replacement bootstrap methods. The number of replications was R = 200 for all bootstrap
methods. All computations were performed using the R software (see R Core Team, 2021).

The performance assessment of the variance estimators was based on the simulated relative
percentage bias (RB%), coefficient of variation (CV), and empirical coverage probabilities of 95%
confidence intervals (CP). The RB% and CV for a given variance estimator v were calculated using

the formulas:


https://doi.org/10.28924/ada/stat.4.1

Eur. J. Stat.

B
1 Vp — MSE
RB-lOObi§:1 TISE (16)
1 B
V=45 b§_1(vb — MSE)?/MSE (17)

where v, represents the variance estimate of v for the b-th simulated sample. The true mean

squared errors (MSEs) were approximated using 10,000 simulation runs.

4.1. Simulation Results for Efficiency Comparison. Table 2 clearly illustrates the superior effi-
ciency of the proposed calibrated multiplicity estimator (Mcal) over the conventional multiplicity
estimator (Mest). This enhanced efficiency of the calibrated estimator is consistently observed
across various frame coverage setups. Notably, the efficiency enhancement of the calibrated multi-
plicity estimator is particularly conspicuous in the context of total estimation compared to median
estimation, with a mean squared error ratio of approximately 0.6 for total estimation and 0.8 for

median estimation.

TasLE 2. Efficiency of Mcal versus Mest for total and median: Six indicative simu-

lation runs

Empirical Empirical

Setting  efficiency ratio  efficiency ratio

MSE(t,c) MSE(myc)

MSE(t,) MSE(my)
A 0.6457 0.8165
B 0.6323 0.8141
C 0.6867 0.8775
D 0.6518 0.7834
E 0.6796 0.8057
F 0.6507 0.8030

4.2. Simulation Results for Bootstrap Estimators. Table 3 presents three notable observations
across a range of settings concerning relative bias. Firstly, the with-replacement bias remains
consistently slightly positive and generally equivalent. Secondly, the without-replacement bias
consistently remains negligible and exhibits a fair uniformity. It is worth highlighting that the bias
without replacement is smaller than the bias with replacement. Crucially, these observations remain
consistent regardless of the type of estimator under consideration, whether it is the multiplicity
estimator or the calibrated multiplicity estimator.

Moreover, Table 3 offers valuable insights into the coefficient of variation across various set-

tings. Firstly, the coefficients of variation are approximately equal. Secondly, in scenarios without
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replacement, the coefficients of variation are slightly smaller than those with replacement. This
noteworthy pattern is observed in both the multiplicity estimator and the calibrated multiplicity
estimator.

Furthermore, when considering various methods and estimators in Table 3, the primary observa-

tion is their consistent demonstration of similar coverage rates.

5. CoNcCLUSION

This paper has introduced several methodological innovations in the domain of multiple frame
surveys, with a focus on the calibrated multiplicity estimator and the without-replacement bootstrap
techniques. A limited simulation study was carried out, which demonstrated that the calibrated
multiplicity estimator outperforms the multiplicity estimator in terms of mean squared error by
a ratio ranging from 0.6 to 0.8. Additionally, the study indicated that the without-replacement
bootstrap techniques perform quite favorably when compared to the with-replacement bootstrap
techniques.

Several potential avenues for future research include conducting more extensive simulation stud-
ies involving real-world data and establishing the theoretical properties of the proposed estimator.
These endeavors would contribute to a deeper understanding of the practical applications and

theoretical underpinnings of the methodologies introduced in this paper.
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TaBLE 3. Comparison of Variance Estimators

Setting A

Multiplicity for Total

Calibrated Multiplicity for Total

RB% cv CcP RB% Cv CcP

BSWR 582 0.0859 949 BSWR 6.87 0.0932 953
BCWR 574 01184 958 BCWR 6.82 01282 949
BSWOR 044 0.0593 949 BSWOR 143 0.0609 946
BCWOR 060 01003 945 BCWOR 1.69 01016 945
Multiplicity for Median Calibrated Multiplicity for Median

RB% cv CcpP RB% Cv CcP

BSWR 550 0.1899 956 BSWR 463 01837 949
BCWR 544 0.1750 957 BCWR 470 01685 957
BSWOR 053 01753 950 BSWOR -031 01726 945
BCWOR 056 01620 956 BCWOR -0.09 0.1583 942

Setting B
Multiplicity for Total Calibrated Multiplicity for Total

RB% cv CcP RB% Ccv CcP

BSWR 784 01000 962 BSWR 6.27 0.0890 95.6
BCWR 746 01296 963 BCWR 561 01204 952
BSWOR 223 0.0647 956 BSWOR 058 0.0618 952
BCWOR 250 01024 960 BCWOR 074 01003 949
Multiplicity for Median Calibrated Multiplicity for Median

RB% cv CcP RB% Ccv CcP

BSWR 9.60 02118 949 BSWR 501 01836 949
BCWR 889 01959 948 BCWR 467 01746 953
BSWOR 4.04 0.1881 941 BSWOR -042 01733 940
BCWOR 346 01679 943 BCWOR -0.60 0.1548 937
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TaABLE 4. Comparison of Variance Estimators

Setting C

Multiplicity for Total

Calibrated Multiplicity for Total

RB% Ccv CcP RB% cv CpP

BSWR 786 0.0993 967 BSWR 6.89  0.0941 96.0
BCWR 748 01330 968 BCWR 7.01 01273 955
BSWOR 214 0.0622 963 BSWOR 129 0.0594 957
BCWOR 198 01015 962 BCWOR 153 0.0992 953
Multiplicity for Median Calibrated Multiplicity for Median

RB% Ccv CcP RB% cv CcpP

BSWR 6.79 01785 947 BSWR 258 01564 945
BCWR 585 01661 948 BCWR 173 01499 947
BSWOR 139 01578 938 BSWOR -269 0.1522 938
BCWOR 090 01504 941 BCWOR -297 0.1505 941

Setting D
Multiplicity for Total Calibrated Multiplicity for Total

RB% Ccv cP RB% cv CcP

BSWR 225 0.0815 958 BSWR 291  0.0866  96.2
BCWR 260 01042 956  BCWR 280 01040 965
BSWOR -217 0.0779 953 BSWOR -198 0.0779 957
BCWOR -319 01020 946 BCWOR -271 01032 953
Multiplicity for Median Calibrated Multiplicity for Median

RB% Ccv CcP RB% cv CP

BSWR 409 01723 952 BSWR 407 01749 947
BCWR 397 01647 952 BCWR 387 01637 953
BSWOR -0.77 01633 948 BSWOR -071 0.1636  94.6
BCWOR -148 01520 950 BCWOR -154 0.1501 94.2
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TaBLE 5. Comparison of Variance Estimators

Setting E

Multiplicity for Total

Calibrated Multiplicity for Total

RB% cv CcP RB% Cv CcP

BSWR 622 01035 942 BSWR 6.02 01002 943
BCWR  6.67 01316 941 BCWR 6.03 01248 940
BSWOR 082 0.0755 938 BSWOR 042 0.0748 937
BCWOR 100 01069 945 BCWOR 062 01037 937
Multiplicity for Median Calibrated Multiplicity for Median

RB% cv CcpP RB% Cv CcP

BSWR 586 0.1905 950 BSWR 487 01935 946
BCWR 521 01754 953 BCWR 395 01728 949
BSWOR 056 01711 946 BSWOR -031 01766  93.8
BCWOR 015 01657 948 BCWOR -0.73 0.1655 941

Setting F
Multiplicity for Total Calibrated Multiplicity for Total

RB% cv CcP RB% Ccv CcP

BSWR 778 01141 959 BSWR 6.16  0.1021 94.9
BCWR 828 01357 957 BCWR 6.95 01267 955
BSWOR 254 0.0822 956 BSWOR 122 0.0766 943
BCWOR 249 01036 953 BCWOR 085 0.0982 939
Multiplicity for Median Calibrated Multiplicity for Median

RB% cv CcP RB% Ccv CcP

BSWR 767 01912 941 BSWR 743 01866 939
BCWR  7.06 0.1831 935 BCWR 6.72 01779 941
BSWOR 270 01716 934 BSWOR 225 01672 938
BCWOR 131 01624 929 BCWOR 1.01 01572 940
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