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ABSTRACT. To improve the effectiveness of population estimators, researchers have recently imple-
mented dual supplementary information. They employed traditional rankings, the empirical cumulative
distribution function, and indicator functions as supplementary sources of information in their anal-
ysis. An improved family of population mean estimators is introduced in this article, which utilizes
the relative ranks of the auxiliary information’s configurations to incorporate the relevant informa-
tion. A first-order approximation is employed to derive the mathematical expressions for the bias
and the mean-squared error (MSE) of the proposed family of estimators. The empirical analysis
is investigated to demonstrate the practicality of the proposed estimators in real-world scenarios.
Additionally, the theoretical conclusions are effectively validated by the Monte Carlo simulation in-
tegration. Our results unequivocally indicate that the proposed family of estimators surpasses their

current counterparts.

1. INTRODUCTION

The primary goal of sample survey theory is to determine the values of population parameters
that are presently unknown, such as the mean, proportion, and variance of the study variable. In
order to generate a dependable estimation of the parameter of interest by analyzing a scrupulously
selected sample of individuals, a precise and efficient methodology is necessary. The efficacy of the
estimators is enhanced by incorporating the information of auxiliary variables that are associated
with the study variable. The integration of supplementary data to enhance various techniques that

were previously used to estimate the attributes of a population under study has a long and diverse
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history in a variety of academic fields. For additional information regarding this subject, please
consult to [1-8].

It is evident from a comprehensive examination of the literature that Pierre-Simon Laplace,
a prominent figure in the 18th century, played a substantial role in advocating for the use of
supplementary information to assist in the estimation of the parameters of study variables. For
instance, in order to improve the precision of the fundamental arithmetic of France's total population
during the 18th century, he proposed the utilization of vital birth records, which guarantee the
well-being of individuals, as a method for determining the heads count of a vast empire without
counting the individuals within it. As illustrated in [9], it is crucial to have an understanding
of the population-to-annual-births ratio in order to determine this. The fundamental concepts
that establish the mathematical validity of employing supplementary information to estimate the
properties of the variable(s) under investigation were disclosed by Cochran’s seminal work. The
concept of estimating the mean of a small group by utilizing the inherent relationship between the
main study variable and an additional variable was first introduced by Cochran [10].

In recent years, there have been significant improvements in the development of rank-based
estimators, which provide a novel method for incorporating supplementary information. In situations
where the dual use of the auxiliary variable provides valuable information about the research
variable, Haq et al[11] developed estimators that are superior to the aforementioned methods.
These estimators are based on the rank of a significant auxiliary variable. They have found that
these estimators exhibit resilient characteristics when assessed against both theoretical models
and real-world scenarios as a result of their research.

This article introduces a novel class of estimators that are designed to estimate the mean of
a finite target population within the design of simple random sampling. In order to enhance the
performance of the proposed family of estimators, we implemented the relative ranks as an auxiliary
variable in conjunction with auxiliary information. This relative rank approach, which considers the
distance between data points, was recently proposed by Hussain et al[12]. In accordance with
estimation theory, the performance of the proposed estimators is improved by a strong correlation
between the subject and auxiliary variables. By employing the auxiliary variable and its relative
ranking, we have achieved a better estimation of the population mean. The theoretical calculation
of the bias and MSE of the suggested estimators is performed using a first-order approximation.
The MSE of the proposed estimators is compared to those of their recently proposed competitors.
The comparative studies indicated that the proposed estimators consistently outperformed all other
estimators, as assessed in both theoretical and numerical evaluations.

The current article is summarized as follows. The conventional and contemporary methods for
determining the mean of a finite population are the primary focus of Section 2. Section 3 presents a

more precise class of estimators for estimating the mean of a finite population. Section 4 analyzes


https://doi.org/10.28924/ada/stat.4.13

Eur. J. Stat.

theoretical comparisons between the proposed and existing estimators. The numerical investigation
is presented in Section 5 to analyze and evaluate the performance of the estimators under our

consideration. Section 6 contains a concise summary of our findings.

2. EXISTING ESTIMATORS

This section examines numerous estimators of the finite population mean that are frequently
employed in the current literature of survey sampling. We focused on the variances and MSEs of
the estimators that were obtained from the first degree of approximation in order to offer a succinct
explanation. The conventional method employs y (where y is our study variable) with a variance

as follows to estimate the unbiased mean per unit
Var(y) = AY2C;. (1)

The conventional difference estimator Yp is

Yp =7+ k(X =),
where k is unknown constant and x is our auxiliary variable. Demonstrating the unbiasedness of
\A/D is a straightforward task. The minimum variance of the estimator \A/D at the optimal value of k,

denoted as ko, which is equal to p,x(S,/Sx), is expressed as
Varmin(Yo) = AY2C2(1 - p3,). (2)

The difference estimator \Q/D was found to be more efficient than the ratio and product estimators
when comparing the efficacy of estimators for estimating Y, see for instance, [13]. Additionally, the

author recommended the upgraded difference type estimator as follows
YrD = t1y + to(X = X),

where t; and t are constants. The minimum MSE of \i/R,D at the optimum values

1
fort) = 77 AC2(1—p2,)’

and
. _ Y Cypyx
2P0 T X (1 AC2(1 - 02,)’
is given by
- AY2C2(1—p2,)
MSE min(Yr D) =

1+ AC2(1 —p2,)

The better efficiency of \Q/R,D over \A’D can easily be shown as

N2V2CH(1L — g2, )
1+ AC2(1 —p3,)

MSEminO—/R,D) = Varmin(?D) -
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Grover and Kaur[/] has proposed an additional well-known study on a family of exponential es-
timators that employ auxiliary data in a difference-based formulation in terms of an exponential

functional. Their estimators are generally structured as they are

2 _ I a(X — x)
Yo = X — _ ],
6k = (w17 + wa( X))eXp(a(X—y)+2b)
where w; and w» are constants and 6 = aX_ The minimum MSE of \a/GK as

aX+b"
AY2(64C2(1 — p2,) — A0*Cf — 16X6°C2C2(1 — 02, )
64(1+AC2(1 - p2,)) ’

MSEmin(\a/GK) =

with the optimum values of w; and wy are given

y B 8 — \62C2
Mo T g (14 AC2(1 - 02,))’

and
Y >\93C§’ +8Cypyx — >\92C§Cypyx — 49CX(1 — >\C§(1 - pf,x))

w = =
2(opt) 8XCo{1+ AC2(1 — p2,)}
The authors showed that the estimate \Q/GK consistently outperforms the difference estimator \A/D,

Le.
N2Y2(62C2 +8C2(1 - p2,))°
64(1+AC2(1 - p2,))

In a recent work, Haq et al[11] proposed a difference-ratio-type family of exponential estimators,

MSEm/n(VgK) = Varmin(VD) -

(4)

which is expressed as
Tar =87+ 62(X = %)+ 83(Re ~ )00 ( S50 =0 )
where 01, 02, and 03 are constants. The MSE of their family of estimators
AY2(64C2(1— Q2,,.) — NO*CH — 16X02C2C2(1 - Q2,,))
64(1+AC2(1-Q2,,)) '
with the following optimal values of the constants
1ont) = - 8 — \G2C2 |
(121 = Q7))

MSE pin(Yan) =

_(APC(=1+ 0%, ) + (=8C, + A2 CECy ) (byx — OxrPyn )+
Y
49CX(41 + :O>2<rx)( -1+ AC;(]- - Q?/.xrx))

0 = _
2(opt) 8XCu(—1+ 02, )(1+2C2(1 - @2,,))

and ~
5 _ Y (8 = M C3)Cy (oxr Pyx — Pyr,)
OPY T BRXC,(—1 + oxr?) (1 + AC2(1 — @2,,,))

2 2
.. . . . . Oyt —2p 0
The coefficient of multiple determination is denoted by Q7. = == pmlipjxpm oLy
Xrx
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3. PROPOSED FAMILY OF ESTIMATORS

Motivation. The subsequent factors must be taken into account in order to enhance the precision
of an estimator. It is imperative to effectively employ supplementary information during both the
design and estimation phases. It is important to mention that supplementary data that is required
for the survey conducted within the specified context is typically accessible in the case of other
groups of researchers. In other words, the values of the study variable can be represented in the
estimated relative rank of the auxiliary variable when there is a strong correlation between the
research variable and the auxiliary variable. In light of this information, we suggest an enhanced
family of estimators for the mean of a finite population. This proposed class of estimators includes

the auxiliary variable’s relative ranks and supplementary information.

Notations. Let U = {x1,xo, ..., xn} be the set of N individual values of the X variable in a finite
population. Refer to the following formula to calculate the relative rankings, denoted as R;, of the

auxiliary variable X.

e Define (R,); = 1.

e Define
N — 1) (xiiy — X(i_
xr:i—1+( )(X(’) X 1)), 1=2,3,..., N
X(Ny — X(1)
eFor / = 23,..., N, define (R;); to be the (i — 1) smallest value of

{(x)2, (x)3, ..., (xr)n}, so that
(Rr)l < (Rr)2 << (Rr)/\/.

Let (F)x, (R:)x and 5(2F,)x represents the corresponding sample mean, population mean,

and population variance for relative ranks. We compute (%), = %Zle(rr)xv,-/n, (R)x =
LS N (r)xi/N = (N +1)/2, and St = A YN ((r)wi — (R),)7 where (1) denotes
the ith value of (R,)x in the population U. Let p, (), = Ssyys(#))xx be the correlation coefficient
between Z and (R,)x, where S, () = ﬁzll\lzl(\ﬁ = Y)((r)xi — (R)4) /(N — 1) is the pop-
ulation covariance between Y and (R;). Let C(,,) = (S,%:;i be the coefficient of variation of (R,).

We take into consideration the following relative error terms as we try to determine the bias
and MSE of the suggested estimators: €g = y\_-,y, €1 = Y}(X, and e = %, such that
E(ej) = 0 for i = 0,1,2. It is easy to show that E(e3) = AC2, E(e2) = AC2, E(e3) = AC?

(rr)
E(Eoél) = >\py><Cny: E(€O€2) = >‘py.(r,)CyC(r,)' and E(€1€2) = Apx.(rr)CxC(r,)

Layout. According to [13], an approach to estimating the mean of a finite population that takes

into consideration the auxiliary information with (R, ) is offered by a difference-type estimator as

\Q/P, =My +772()_< _)_() + 773((R)r)x - (Fr)x)-
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where 71, M2, and n3 are constants that will be chosen appropriate. We propose a difference-ratio-
type class of exponential estimators, \Q/,;‘r, based on the studies of [7, 11, 14, 15] as in the following

form

\A/Sr = 771_)7+T]2()_< —)_() +773((R_r)x - (Fl’)x) exp (‘3()2(-)}-()_(_)j—)2b)’

where a and b are as explained earlier. Upon reformulating Y3, in terms of relative error terms, we

get

2 38

We can write the following by expanding the above equation and restricting terms to only two

o * o - _ Q¢ 302¢2
Y,Dr = (T]ly(l + 60) - 7]2X€1 - 773(Rr)x€2) (1 — had} + 1 4. ) .

digits in €;'s
B e~ o _ 1_ _ _
(Y, —=Y) ==Y +Yn +Yeom — §Y9€1771 — Xerm — (Rr)x€ams
1, 300 L lo o 1
— EYeeoelm + §Y9 €M + EXeelng + E(Rr)xeelegm.

The bias and MSE of the estimated value \Q/F’,‘r, using the first-order approximation, can be expressed

as
NS D _ _
Bias (Y;:,) = (= 8Y + 400G (XCata + (R)xCirMab (1))
+ VM (8+ MG, (30Cx — 4Cypy.) ).

and
MSE(V3,) = V2 + AXC21a(—76 + ) + A(R2CE, 12 + M(Rr)xCxCi)
(—\79 + 2)_<772)773px.(r,)x + \_/277%(1 + >\(C§ +0C(6Cx — Qcypy.x)))
1_ _ _ _ _ (6)
+ ZYm( — 8Y + ACx (0Cx(—3Y6 + 8Xm2) + 8(R)x0CrM30x. (1),

+4C, (Y0 = 2XM2)py.x) — 8(Rr)xACy C(r)M30y (1), ) -

The optimal values of 11, 12, and n3 obtained by minimizing equation (6) are

. 8— >\92C)2<
1(opt) — )
op 8(1—|—>\C§(1_ K)%-X-(fr)x))
. NPCI(—1+ 0% (,y,) + (—8Cy + MZCZC ) (0yx — O (r)xPy.(r)x)
o +40C (=1 + 0% () ) — T+ AL = K], (1))
2(opt) 8XCy(—1+ p)2(.(rr)x)(1 +AC2(1 — K}%-X-(rr)x))
and
Y(8 - >\92C§)Cy(px_(r,)x,0y.x - p)/-(fr)x)
T3(opt) =

8(/§r)XC(I’r)(_1 + p)%(rr)x)(l + AC)%(]' o K)%-X-(rf)x)) |

2 2
. . . .. Py xtTP —2pPy.xPy.(rr)x Px.
The coefficient of multiple determination, K2 = D) 7P Xy ()P )
y.x.(r)x l_px.(rr)x

extent to which the variable Y can be explained by both X and (R,)x. By substituting the optimal

, represents the
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values of m1, 12, and m3 into equation (6) and simplifying, we obtain the minimum MSE of \Q/lé‘r as
AV2(64CH(1 = K7, (y,) = N*CL = 16X*CRCH(1 — K7 ()))

MSEmin f/* ;
( Pr) 64(1+>\C)%(1_ K)%.X.(fr)x))

Y

4. EFFICIENCY COMPARISONS

This section presents a comparison between the suggested estimator and the existing estimators
that are being considered in this study.
AYZ(N*CE + 16C§(4K§‘X_(rr)x +A02C2(1 - Kjx_(rr)x)) + 64XCy (1 — Kjxl(n)x))
4(T+AG— K, (1))

> 0.

MSEmin(f/F;kr) < Varmin(f/D) if
N2Y2(62C2 + 8C2(1 — 2,)%)
64(1+AC2(1 - p2,))
+ AY2CT(Py. () — PyxPr.(r))*(—8 + A6CF)?
64(1 = 02 () (L HACZ(L = p2)) (1 +ACZ(L ~ K2, (1))

> 0.

X262Y2C, (62C2 + 16C2(1 — p2,))
64(1+AC2(1 - p2,))
+ AY2CH by (r) = PyxPx.(r),) (=8 + A2 CR)?
AY2C3 By (1) — Pyxbx.(r).)* (=8 + M2 CR)?
64(1 = 0% (1)) (L +AG A = 05 (LA = KT (1))

> 0.

> 0.

ACZ|(Y(1 =X = XC2) +62C2((1+2XC2) + AC2))(Q2 — K2) | + X2Cl(4Y? — 02C2)(Q* — K*)
> 0.

41+ AC2 = AC2QR?)(1+ AC — ACZK?)
It is imperative to underscore that the aforementioned conditions are perpetually legitimate. Con-
sequently, the estimators that are recommended outperform all of the other estimators that were

evaluated in this scenario.

5. PERFORMANCE EVALUATIONS

This section provides a comprehensive account of the empirical and simulation-based investi-
gations that were employed to assess the relative efficacy of the aforementioned procedures. To
guarantee inclusivity, we have selected three authentic datasets that are widely acknowledged
in the field of survey methodologies and encompass a diverse array of disciplines. Additionally,
we have employed three distinct bivariate distributions to generate three datasets. Additionally,
the objectives of conducting a fair comparison are accomplished by considering the frequently em-
ployed datasets and the methodologies employed by contemporary researchers, such as the highly

regarded [11] family.
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5.1. Empirical evaluation. In this section, we employ numerical calculations to investigate the
relationship between the MSE and PRE of the proposed family of estimators. We have chosen
three authentic datasets that are well-known in the survey methodology sector and encompass

multiple disciplines.

Dataset 1. (Source : Singh[16])

Y: estimated length of sleep (in minutes) for individuals over the age of 50 years.

X: age of individuals in years.

N =236 n=5 Y =0.1709, X = 0.1856, Rx = 18.5, pyx = 0.8788, pyr = 0.8448, pxr =
0.9582, C, = 0.3709, Cx = 0.4050, C, = 0.5694, B2(x) = 3.3450.

Dataset 2. (Source : Gujarati[17])

Y: The millions of eggs that were produced in 1990.

X: The cost (cents) per dozen in 1990.

N =50,n=05Y =1357.622, X = 78.29, Rx = 25.5, pyx = —0.2888, pyr = —0.2469, pxr =
0.9468, C, = 1.2236, Cx = 0.2723, C, = 0.5716, B2(x) = 4.0255.

Dataset 3. (Source : Murthy[18])

Y: Output production of factories in a region.

X: No. of workers in factories in a region.

N =80, n=10, Y = 5182.637, X = 285.125, Rx = 40.5, pyx = 0.9150, pyr = 0.9836, pxr =
0.8902, C, = 0.3542, C, = 0.0.9485, C, = 0.5736, B2(x) = 3.5808.

Table 1-3 presents the results of the PREs evaluation of the proposed and existing estima-
tors with respect to y. The superiority of the proposed estimators over all other estimators studied

in this study on real populations 1-3 is evident from Table 1-3 respectively.

5.2. Simulation study. This section employs a simulation study to investigate the relationship
between the MSE and PRE of the proposed estimators. By generating three finite populations
from three distinct and well-known bivariate probability models, each with 1000 realizations. The

details are provided below.

Bivariate normal distribution. Our first simulated-investigation is follow to a bivariate normal

distribution with unique means for the study and auxiliary variables as

N py =11 02=T2  po,oy =142 |
py =52] \poo, =142 02 =337

We employed a uniform sample size of n = 100 and thereafter utilized the following equation to

Y
X

facilitate a comparison of efficiency. We compute the PREs for the proposed and contemporary
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estimators in relation to the variance of the study variable. The findings are presented in Table 4,

demonstrating that the proposed technique outperformed in all instances.

Bivariate uniform distribution. The population is assumed to be governed by a bivariate uniform
distribution with standardized means and variances along p = 0.9. For the aim of comparing
efficiency, we utilized a sample size of n = 100 and employed the subsequent expression. We
compute the PREs of both the proposed and contemporary estimators in relation to the variance
of the research variable. The findings are presented in Table 5, demonstrating that the proposed

technique outperformed in all cases.

Bivariate t-distribution. The population is assumed to be requlated by a bivariate student’s t

distribution with distinct means for both study and auxiliary variables as

(= 11 02=T2  po,oy =142
px =52) \poxo, =142 02 =337

For the purpose of comparing efficiency, we utilized a sample size of 100, denoted as n = 100, and

Y
X

employed the subsequent expression. We compute the PREs for both the proposed and contempo-
rary estimators in relation to the variance of the research variable. The results are presented in
Table 6, and they consistently demonstrate that the recommended estimators outperformed in all

scenarios.

6. SUMMARY

The present study’s findings contribute to the existing literature on survey sampling methodology
by addressing the challenges associated with estimating the mean within a finite population. By
introducing a novel class of estimators that employ auxiliary variables and their respective rankings
to offer additional information, the goals are successfully accomplished. This newly suggested
family of estimators is evaluated by an analysis of three real-world datasets and a thorough
simulation study utilizing three well recognized bivariate probability models. As predicted, the
very high degree of coupling of the relative ranks led to the introduction of dual information in
a more object-oriented architecture. As said before, the results of the study validated a rational
approach to leverage relative ranks in order to enhance the efficiency of the estimation procedure.
Moreover, this improvement is readily apparent in connection to all the examined datasets and

through simulation experiments.
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TaBLE 1. PREs of the estimators where \Q/ is

used as base-line evaluator by using

Dataset 1.
Families
Estimator a b Ver Yan v
y 100 _ ] - - -
Yo 439.09 _ ) ) ) ]
¢R,D 441.46 - _ B ) i
! - 1 Cx 44177 44195  444.42
2 - 1 Ba(x) 44146 44164 44411
3 - Bo(x) Cx 44274 44291 44539
4 - Cx Balx) 44146 44163 44410
> - 1 Py x 44155 44173 44419
6 - Cx Py x 44147 44165 44412
7 - Py x Cx 44172 44190 44436
8 - Bo(x) Py x 44202 44220 444.67
9 - Py X Ba(x) 44146 44164 44410
10 - 1 NX 44146 44163 44410

TaBLE 2. PREs of the estimators where Y is used as base-line evaluator by using

Dataset 2.
Families
Estimator a b %K \Q/AH \2’pr
y 100 - - - - -
Yo 109.10 - - - - -
YrD 136.05 - - - - -
1 - 1 Cx 136.51 137.32 138.22
2 - 1 Bo(x) 136.47 137.28 138.18
3 - Ba(x) Cx 136.51 137.33 138.22
4 - Cx Bo(x) 136.38 137.19 138.08
5 - 1 Py x 136.51 137.33 138.22
6 - Cx Py x 136.52 137.34 138.23
7 - Py x Cx 136.52 137.34 138.23
8 - Bo(x) Py x 136.51 137.33 138.22
9 - Py x Bo(x) 136.73 137.55 138.44
10 - 1 NX 136.05 136.87 137.76
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TaBLE 3. PREs of the estimators where Y is used as base-line evaluator by using

Dataset 3.
Families
Estimator a b \Q’GK SQ/AH \A/pr
_)7 - - - - -
Yo 614.21 - - - - -
YroD 615.31 - - - - -
1 1 Cx 663.77 6307.63 6351.57
2 1 Ba(x) 662.14 6182.12 6224.33
3 Ba(x) Cx 664.20 6342.04 6386.45
4 Cx B2(x) 662.02 6173.26 6215.35
5 1 Py X 663.79 6309.30 6353.26
6 Cx Py X 663.76 6306.83 6350.75
7 Py X Cx 663.71 6303.25 6347.13
8 Ba(x) Py X 664.21 6342.51 6386.93
9 Oy X B2(x) 661.94 6167.00 6209.01
10 1 NX 615.31 3993.05 4010.96

TaBLE 4. PREs of the estimators where

bivariate normal distribution.

Y is used as base-line evaluator by using

Families
Estimator a b %K SQ/AH \A/pr
17 100 - - - - -
Yo 593.2314 - - - - -
YeD 593.7678 - - - - -
1 - 1 Cx 593.9451 5945442  594.5445
2 - 1 Ba(x) 593.9274 5945265  594.5268
3 - B (x) Cx 593.9468 5945460  594.5462
4 - Cx Ba(x) 593.8983  594.4974  594.4977
5 - 1 Py x 593.9411 5945402  594.5405
6 - Cx Py x 593.9300 5945291  594.5294
7 - Py x Cx 593.9448 5945440  594.5443
8 - Ba(x) Py X 593.9454 5945446  594.5449
9 - Py x B (x) 593.9256 5945247  594.5250
10 - 1 NX 593.7678 5943668  594.3671
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TABLE 5. PREs of the estimators where Y is used as base-line evaluator by

using
bivariate uniform distribution.
Families
Estimator a b %K \Q/AH \A/p,
y 100 - - - - -
Yo 537.7205 - - - - -
YeD 538.0210 - - - - -
1 - 1 Cx 538.1143  538.6669  538.6681
2 - 1 B2(x) 538.0403  538.5929  538.5941
3 - B2(x) Cx 538.1899  538.7427  538.7438
4 - Cx B2(x) 538.0287 5385813  538.5825
5 - 1 Py X 538.0746  538.6272  538.6283
6 - Cx Py x 538.0452  538.5978  538.5990
7 - Py x Cx 538.1037  538.6564  538.6575
8 - B2(x) Py x 538.1304  538.6830  538.6842
9 - Oy X B2(x) 538.0374 5385900  538.5911
10 - 1 NX 538.0210 5385735  538.5747
TaBLE 6. PRES of the estimators where Y is used as base-line evaluator by using
bivariate Student’s t-distribution.
Families
Estimator a b %K SQ/AH \A/pr
y 100 - - - - -
Yo 593.5117 - - - - -
YeD 594.0485 - - - - -
1 - 1 Cx 594.2259  594.8235  594.8240
2 - 1 B2(x) 594.2081 594.8057  594.8062
3 - B2(x) Cx 594.2276  594.8252  594.8257
4 - Cx B2(x) 5941790  594.7766  594.7770
5 - 1 Py X 594.2219  594.8195  594.8200
6 - Cx Py X 594.2107  594.8084  594.8089
7 - Py X Cx 594.2256  594.8233  594.8237
8 - Ba(x) Oy X 594.2262  594.8239  594.8243
9 - Py X B2(x) 5942063  594.8040  594.8044
10 - 1 NX 594.0485  594.6459  594.6464
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