©2025 Ada Academica
Eur. J. Stat. 5 (2025) 4
doi:

On Poisson Sampling for Estimation in Sub-Fractional Levy Stochastic Volatility Models

Jaya P.N. Bishwal

Department of Mathematics and Statistics, University of North Carolina at Charlotte, 376 Fretwell
Building, 9201 University City Blvd. Charlotte, NC 28223, USA
J.Bishwal@charlotte.edu

ABSTRACT. The paper studies quasi-maximum likelithood and generalized method of moments esti-
mators of the parameter in the sub-fractional Levy inverse-Gaussian Ornstein-Uhlenbeck stochastic

volatility model based on Poissonly sampled data.

1. Introduction and Preliminaries

Non-Gaussian Ornstein-Uhlenbeck stochastic volatility model has been paid recent attention in
finance, see Barndorff-Neilsen and Shephard [1]. On the other hand, processes with long-memory
has also been recent attention due to volatility clustering. The parameters of the volatility processes
are unknown. In view of this, it becomes necessary to estimate the parameters in the unobserved
volatility process in the model from irreqular discretely sampled data. We consider data from
random sampling intervals, specifically the when inter arrival times are exponentially distributed.
Random sampling also removes the alishing problem. We consider quasi-likelihood method and
generalized method of moments (GMM) for estimating the unknown parameters.

Levy driven processes of Ornstein-Uhlenbeck type have been extensively studied over the last few
years and widely used in finance, see Barndorff-Neilsen and Shephard [1]. Parameter estimation
in It6 diffusions models with constant volatility from both continuous and discrete observations
was studied in Bishwal [7]. Fukasawa [22,23] and Fukasawa and Rosenbaum [24] studied random
sampling for volatility estimation in continuous-time models. Bishwal [11] studied sufficiency and
optimal discretization problem in Vasicek model. FLOU process generalizes FOU process to include
jumps. Maximum quasi-likelihood estimation in fractional Levy stochastic volatility model was
studied in Bishwal [12]. Berry-Esseen inequalities for the discretely observed Ornstein-Uhlenbeck-
Gamma process was studied in Bishwal [13]. Minimum contrast estimation in fractional Ornstein-
Uhlenbeck process based on both continuous and discrete observations was studied in Bishwal [14].
Berry-Esseen inequalities for the fractional Black-Karasinski model of term structure of interest

rates was studied in Bishwal [16]. Parameter estimation in stochastic volatility models from both
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continuous and discrete observations was studied in Bishwal [17]. Quasi-likelihood Estimation in
fractional Levy SPDEs from Poisson sampling was studied in Bishwal [18]. Paramater estimation
for SPDEs driven by cylindrical stable processes was studied in Bishwal [19].

Recently, long memory processes have received attention in finance. A normalized fractional
Brownian motion {W/’, t > 0} with Hurst parameter H € (0,1) is a centered Gaussian process

with continuous sample paths whose covariance kernel is given by
1
E(WtHWSH):5(52H+t2H—|t—5|2H), s, t>0. (1.1)

The process is self similar (scale invariant) and it can be represented as a stochastic integral
with respect to standard Brownian motion. For H = % the process is a standard Brownian motion.
For H # % the fBm is not a semimartingale and not a Markov process, but a Dirichlet process. The
increments of the fBm are negatively correlated for H < % and positively correlated for H > % and
in this case they display long-range dependence. The parameter H which is also called the self
similarity parameter, measures the intensity of the long range dependence. The ARIMA(p, d, q)
process with autoregressive part of order p, moving average part of order g and fractional difference
parameter d € (0, 0.5) converge in Donsker sense to fBm, see Mishura [27].

As a generalization of fBm we have the weighted fBm. A weighted fBm (wfBm) &; has the

covariance function
SAt
q(s, t):/ w(t — )P+ (s — u)Pldu, s, t>0 (1.2)
0

where a > —1, —1 < b <1, |b| <1+ a When a=0, it is the usual fBm with Hurst parameter
(b+1)/2 up to a multiplicative constant. For b =0 it is a time-inhomogeneous Bm.

The function u? is called the weight function of wiBm. For a = 0, this process is usual fBm with
Hurst parameter (b + 1)/2. For the case b = 1, this process has the covariance of the process
fot W,adr where W is standard Brownian motion. For b = 0O, this process is time-inhomogeneous
Brownian motion. The finite dimensional distributions of the process (T~/2(¢1 — £7)),t > 0
converge as T — oo to those of fBm with Hurst parameter (1 + b)/2 multiplied by (2/(1+ b)))'/2.
The process has asymptotically stationary increments for long time intervals, but not for short time
intervals. For b # 0O, the process is neither a semimartingale nor a Markov process.

This process occurs as the limit of occupation time fluctuations of a particle system of indepen-
dent particles moving in RY with symmetric a-stable Levy process, 0 < a < 2, started from an
inhomogeneous Poisson configuration with intensity measure dx/(1+ [x|[7),0 < v < d =1 <
a,a=—y/a, b=1—1/a,—-1<a<0,0<b<1+a. The homogeneous case v =0 gives fBm.

As another generalization, we have the bi-fractional Brownian motion. A bi-fractional Brownian
motion (bfBm) has covariance

1
E(s2H+zr2H)k—|t—s|2Hk), s,t>0, 0<k<1. (1.3)

For k =1, it reduces to fBm. For H = 1/2, bfBm can be extended for 1 < k < 2.
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As a further generalization of fractional Brownian motion, we get the Hermite process of order
k with Hurst parameter H € (% 1) which is defined as a multiple Wiener-It6 integral of order k

with respect to standard Brownian motion (B(t))ter
H,k g (3+75)
zi = () [ [ Mia(s =y 5 ds dBOa)dBUR) - dBLA)  (14)

where x; = max(x, 0) and the constant c(H, k) is a normalizing constant that ensures E£(Z/")2 =
1.

For k = 1 the process is fractional Brownian motion W/ with Hurst parameter H € (0, 1).
For k = 2 the process is Rosenblatt process which is non-Gaussian. For k > 2, the process is
non-Gaussian.

The Rosenblatt process is not a semimartingale and for H > 1/2, the quadratic variation is
0. The distribution of the process is infinitely divisible. It is unknown yet whether the process is
Markov or not.

The covariance kernel R(t,s) is given by

t S ( +H 1) ( +H 1)
R(t,s) = E[zF*zMK = ¢(H, k)2/ / [(u — 20ds(v—y), 2 2 dy] dudv.
o Jo

(1.5)
Let .
Bp.a)i= [ 271 -2)dz p >0 (16)
0
be the beta function. Using the identity
1
/0 /]R (u—s)itds(v—y)itdy =B(a,2a—1)ju—v[**, (1.7)
we have
1 1- H 2H
R(t,s) = c(H, k)8 (2 0 ) / / |u— v| o dvdu
5(; _1-H 2H- )
= c(H. k=2 H(QkH = 1; (277 — [t — s M), (1.8)
In order to obtain E(Zgl—l‘k))2 =1, choose
-1
B(L — L=H 2H=2yk
H k) = | =2k 1.
c(H. k) H2H — 1) (1.9)
and we have
1
R(t,s) :§(t2H+szH— It — s2). (1.10)
Thus the covariance structure of the Hermite process and the fractional Brownian motion are the

k) is H-self similar with stationary increments and all moments are finite.

same. The process ZE
For any p > 1,

E|zHR — ZUHR 0 < c(p, H, k)|t — s|PH. (1.11)

Thus the Hermite process has Holder continuous paths of order § < H.
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Consider the Gaussian process with the covariance function
1
Ku(s, t) = (2 —2H) [ s?H + ¢2H — 5 [(s+ )27 +|s—t?"]], s, t>0 (1.12)

for 1 <2H < 2. The case H = 1/2 corresponds to standard Brownian motion.

This process occurs as the limit of occupation time fluctuations of a particle system undergoing
a critical branching, i.e., each particle independently, at an exponentially distributed lifetime,
disappears with probability 1/2 or is replaced with two particles at the same site with probability
1/2. More generally, it is a branching particle system with Poisson initial condition, where the
particle motion is symmetric o stable Levy process, a € (0,2]. For o« = 2, which corresponds to
Brownian motion, one reaches super-processes.

Recently, sub-fractional Brownian (sub-FBM) motion {; which is a centered Gaussian process
with covariance function

1
cov((e, Cs) = Cu(s, t) = 2 t2H — 5 [(s+ t)2H 4 |s — t|2H] , 5, t>0 (1.13)

for 0 < H < 1 introduced by Bojdecki et al. [20] has received some attention recently in finite

dimensional models. For s < t,
E(¢r —¢s)% = =221 (t2H 1 2Hy 4 (14 5)2H + (t — 5)?".

For H = 1/2, sfBm is standard Brownian motion. For H > 1/2, this covariance is less than
that of fBm and for H < 1/2, this covariance is more than that of fBm. The interesting feature
of this process is that this process has some of the main properties of FBM, but the increments
of the process are nonstationary, more weakly correlated on non-overlapping time intervals than
that of FBM, and its covariance decays polynomially at a higher rate as the distance between the
intervals tends to infinity. We generalize sub-fBM to sub-fractional Levy process (SFLP) as the
driving terms in our model.

The nonstationarity of increments of SFLP distinquishes this process from fractional Brown-
ian motion. The sub-fractional Levy Ornstein-Uhlenbeck (sfOU) process, is an extension of sub-
fractional Ornstein-Uhlenbeck process with sub-fractional Levy motion (SFLM) driving term. In
finance, it could be useful as a generalization of fractional Vasicek model, as an one-factor short-
term interest rate model or a stochastic volatility model or a stochastic intensity based credit-risk
model which could take into account the long memory effect and jump of the interest rate or the

stochastic volatility. The model parameters are usually unknown and must be estimated from data.

2. Quasi Likelihood Method

Maximum quasi-likelihood estimation in fractional Levy stochastic volatility model was studied in
Bishwal [15] where the driving term was fBm. Recall that the increments of the fBM are stationary.
On the other hand, the increments of sfBM are nonstationary, more weakly correlated on non-

overlapping time intervals than that of fBM, and its covariance decays polynomially at a higher
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rate as the distance between the intervals tends to infinity. Weaker correlation seems to fit the
financial data well.
The sub-fractional Levy Process (SFLP) is defined as

1 _ _
My, =—— | [s2H+2H 4 (t —)V2 _(—)"1219Mm, teRr 2.1
" r(H+;>/R[ (t — $)"2 _ (L)1, (2.1)

where {Ms, s € R} is a Levy process on R with E(M;) =0, E(M?) < oo and without Brownian
component.
Here are some properties of the sub-fractional Levy process: 1) the covariance of the process is
given by
E(MZ)
2[(2H 4 1) sin(mH)

2) My is not a martingale. For a large class of Levy processes, My is neither a semimartingale.

cov(My ¢, My s) = s2H + t2H 4 [£127 + |s)?F — |t — s?H]. (2.2)

3)My is Holder continuous of any order 3 less than H— % 4) My has nonstationary increments. 5)
My is symmetric. 6) M is self-similar, but My is not self-similar. 7) My has infinite total variation
on compacts.

Thus SFLP is a generalization and a natural counterpart of SFBM. Sub-fractional stable motion
is a special case of SFLP. First we discuss estimation in partially observed models and then we
discuss estimation in directly observed model in finite dimensional set up. In finance, the log-
volatility process can be modeled as a sub-fractionally integrated moving average (SFIMA) process
which is defined as

Vi (D) :/t Gu(t—u)dM,, t € R where gp(t) = 11/tg(t—s)sH_gd5, teR (2.3)
oo Fr(H—-35) Jo
which is the Riemann-Liouville sub-fractional integral of order H and the kernel g is the kernel of
a short memory moving average process. The log-volatility process will have slow (hyperbolic rate)
decay of the auto-correlation function (acf).
The process Yy(t) can be written as

Yu(t) = /_t g(t —u)dMy,, t €R. (2.4)

We assume the following conditions on the kernel g : R — R, namely: g(t) = 0 forall t < 0
(causality) and |g(t)| < Ce™ ¢! for some constants C > 0 and ¢ > 0 (short memory).

The SFIMA process is stationary and is infinite divisible. It has long memory and jumps which
agree empirically with stochastic volatility models. The asset return can be modeled as a SCOG-
ARCH process

dX(t) =VemdL, (2.5)
where (L¢, t € R) is another Levy process and the initial value Yy (0) is independent of the process
L.

Consider the kernel

g(t—s)=0e 9o (t—5s), >0 (2.6)
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then
g o0 3
g (1) :/ =9 o) (t — s)sH2ds, t e R. (2.7)
F(H-1) Jo (0:00)
Note that

yhe.o = /RgH(t —u)dM,, t€R (2.8)

is the sub-fractional Levy Ornstein-Uhlenbeck (SFLOU) process satisfying the sub-fractional Langevin
equation
dUt = —0Usdt +0dMpyt, t € R (2.9)

The process has long memory. Consider the asset return driven by sub-fractional Levy process
dSpt=0t-dlLps, t>0, So=0, (2.10)

with log-volatility
logo? =+ X¢, t>0 (2.11)
where the Levy driven OU process X satisfies

dX: = —0X¢dt + dMs, t>0 (2.12)

with 6 € R* and the driving compound Poisson process M is a Levy process with Levy symbol

U2 -
V(o) = =5 + [ (€ = DABo 1 (6x). (213)

where ®q 1/ being a normal distribution with mean 0 and variance 1/X. This means that M is the
sum of a standard Brownian motion W/ and a compound Poisson process J; = Zi\il Ly, J_t=

;ivf Z_k, t >0 where (N, t € R) is an independent Poisson process with intensity A > 0 and
jump times (tx)kez, i.e., My = Wi + Jr. The Poisson process N is also independent from the i.i.d.
sequence of jump sizes (Zx)kez with Z; ~ N(0,1/X). The Levy process M in this case is given
by

Nt
2
M = Z(aZk +9|Zk|) —wt, t >0 and w = IY/R IX[A®q 1/2(dx) =1/ -7 (2.14)

k=1
The process {M_¢, t > 0} is defined analogously. The stationary log-volatility is given by

t N
w
logo? = u +[ e =My = + E e 00z, + | Z,|] — 5 = 0. (2.15)
> k=—00,k#0

We observe S at n consecutive jump times 0 = tp < t; < ... < t, < T < th41, n € Z over the time
interval [0, T]. The state process X has then the following autoregressive representation

Xt

1

Ne, :
e X,  + Y e TWaz +4]Z, ] - / e 0= ds
k=Ng_,+1 ti-1

— w -
= e X,  +aZ+ (|Zi| - g(l —€ Mt')) (2.15)

where At; =t —ti_1, 1=1,2,..., nand Ny, | +1=N¢ = 1.
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We do the parameter estimation in two steps. The rate A of the Poisson process N can be
estimated given the jump times t;, therefore it is done at a first step. Since we observe total
number of jumps n of the Poisson process N over the T intervals of length one, the MLE of A is
given by A, 1= 4

To estimate the remaining parameters (o, 6, 1), we use the quasi maximum likelihood estima-
tion procedure in conditionally heteroscedastic time series models developed by Straumann [29]
and Straumann and Mikosch [30]. Gaussian quasi-maximum likelihood estimation is a method of
estimation under the hypothesis of Gaussian innovation.

Assuming that Sﬁ’ given SM’ L Sﬁi}l,Xo is conditionally normally distributed with mean
zero and variance a%,/)\, the condltional log-likelihood given the initial value Xp has the repre-
sentation
( At, )2

L(9]SB, 2 = —g log(27) — % Z log(02_/A) — Z (2.17)
=1

i=1 ff—/>‘

where Sﬁ% = Sy, — SHt,_, is the return at time t;. Since the volatility is unobservable, this log-
likelihood can not be evaluated numerically. The quasi log-likelihood function for % = (6, c, 7y, )
given the data Sﬁ = (Sfltl}l Sf,té ..... SAt") and the MLE )\ is defined as

At 2
~ 1 <& ‘)
L(8SE ) === 10g(62 , (9, Ap)) — 2.18
(91565 A0) = =3 )_Iog(@F;, (9.3,) ZAQ NZRAY (2.18)
where the estimates of the volatility U%‘tl_, i=1,2,..., n are given by
6%, (0, An) = exp(u + e *2U Xy (9,0) — BAL), i=1,2,....n (2.19)

and given the parameters ¥ and ), the estimates of the state process X are given by the recursion

Xpye = e Xy,  +a ts(’;t'k) + (GLS(:’;;) —z%At,—) Ci=1,2,....n (2.20)
Note that E(|W|) = /&, W ~ N(0,1/X). Hence @ = A/ 3.

Here the approximation (1 — e™%) &~ z for small z is used which is similar to approximate exact
scheme by Euler scheme in linear SDE simulation and Sy ¢, /0t (9, A) approximates the innovation
process Z; producing )?H,t,- = e‘eAt")?H,t,_l +aZ;+ (|Zj| — wAt;). The recursion needs a starting
value )?H,O which will be set equal to the mean value of the stationary distribution of X which is
zero, the mean value zero of the stationary distribution of X.

The quasi-maximum likelihood estimator (QMLE) of ¥ is defined as

B, = arg max L(9]S5, An). (2.21)

As a byproduct, we get a parametric estimator of the volatility. If we determine the QMLE B, we

can plug-in into volatility estimate and get estimates

6%, (O An) = exp(fin + €™ G Xy o (9n, ) — BAL) (2.22)
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of the volatility at jump times t1, to, .. ., t, based on 9, = (5,7 Qn, Yn, Wn) and .

3. Generalized Method of Moments
Let (2, F, {Ft}+>0, P) be the stochastic basis on which is defined the Ornstein-Uhlenbeck process

Xt satisfying the 1t6 stochastic differential equation
dX¢ = —0X¢dt + dMy,, t >0, (3.1)

where {My +}+>0 is a sub-fractional Levy motion with H > 1/2 with the filtration {F;}+>0 and
6 € RT is the unknown parameter to be estimated on the basis of completely directly observed

continuous observation of the process {X:}+>0 on the time interval [0, T]. Observe that
t
Xt :/ e =) dMy,, t>0. (3.2)
—0o0

This process is stationary and is a process with long memory. It can be shown that X; is a
stationary discrete time AR(1) process with autoregression coefficient ¢ € (0, 1) with the following

representation

ti
Xt = Xt +€, where p=e% and ¢ , = / e 0= dMy , i=1,2,..., n. (3.3)
ti_1

Then the problem is an AR(1) estimation with non-Gaussian non-martingale error. For equidistant
sampling, one can study the least squares estimator which boils down to the study of error distribu-
tion for non-semimartingales. One can specialize to the case when M is a either a gamma process
or an inverse Gaussian process in order to have infinite number of jumps in a finite time interval
unlike the compound Poissoan case which have finite number of jumps in a finite time interval.
These sub-fractional Gamma and sub-fractional inverse Gaussian Ornstein-Uhlenbeck (SFLOU)
processes are LOU processes which include long memory.

Let (2, F,{Ft}t>0, P) be a stochastic basis on which is defined the stochastic volatility model

dY: =/ XedWe, dXe=60X; dt+ dZs, t>0 (3.4)

where {W;} is a standard Brownian motion, {Z;} is a homogeneous Levy process, 6 < 0. Let the

integrated volatility be defined as
-
Ve ;:/ Xedt. (3.5)
0

In IGOU model, calculation of conditional cumulants of the integrated volatility conditioned on the
initial value is enough to be able to compute European style options very rapidly.

The kumulant functions of IG-OU process are given by
k(8) = log E[e~%?M] = —g5y~1(1 + 20y72)71/2, (3.6)
K'(0) = log E(e7%"t) = §y — §y(1 4 20y 2)/2. (3.7)
The Conditional Mean is given by

E(V:|Vo) = €(t,0)(Vo — k1) + K1t (3.8)
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where .
e(t,0) = / e 0t=Wqz,.
0

The Conditional Second Moment is given by
1 1
Var(Vi|Vo) = 072(0t — 2 + 2279 + 5= 5e%t). (3.9)
Now we introduce the Generalized Method of Moments (GMM).

Let
E[Vig1,642|Ge) — Vt+1 t42

EVE1 e42lGel = Vi eeo
EVit1,t42Ve-1,t1Gt] — Vt+1 tr2Ve-1t
E[Vt+1 t+2Vt 1 t‘gt] t+1 t+2Vt 1.t
ElVes1,e42VE2 1 1G] — Vt+1 42Vi2 1,
E[\/t%rl t+2Vt 1, t‘gt] t+1 t+2Vt 1t J
where G; is the filtration generated by {Xs,0 < s < t}. By construction E[f:(£0)|G¢] = 0. The
GMM estimator is defined as

fe(€) = 4 (3.10)

€r = argmin g7 (€)' Ggr(¢) (3.11)
where gr(§) = + ZtT:_12 fr(€), and G denotes the asymptotic covariance matrix of gr(&p).

The GMM estimator can be seen as a minimum Mahalanobis D? estimator. The minimized value
of the objective function multiplied by the sample size distributed as a chi-square distribution with
three degrees of freedom, which allows for an omnibus test of the over identifying restrictions.

The invariant (marginal) distribution of X; is Inverse Gaussian with parameters (9, y) with density
function given by

f(x) = @x_:‘;/z exp —1((52x_:L +9%x)], y>0,6>0 x>0 (3.12)
V2T 2

and, mean and variance respectively

E(X) = j Var(X) = ; (3.13)

The normal inverse Gaussian (NIG) process with parameters «, 3, 1,6 can be described as the

distribution of

YZ,LL—l-ﬁXl-i-\/XlZ, ZNN(O,l) (3.14)
with Z is independent of X;, o =+/62+ 2.
B J5] B 0
S 7y R R e T e (5:19)
2
Skewness(Y) = b Kurtosis(Y) = 31 +4(B/)) (3.16)

a?(6(1 — (B/a)?))1/?’ ad(1—(B/a)?)

Let yi :=Yia —VYi_1a, 1 =1,2,..., n. The cummulants satisfy

K = 6pAkY, (3.17)


https://doi.org/10.28924/ada/stat.5.4

Eur. J. Stat.

K2 = Ak + 20070k 2. (3.18)
We know that
kY = % (3.19)
K2 = O‘(‘Ejl) (3.20)
L(Xo) = L(X:) = GIG(\, 8,/ a2 — B?). (3.21)

The distribution of Y; is Normal Inverse Gaussian (NIG). Inverting (3.17) and (3.18) and replacing
the cummulants by their sample cummulants, we obtain the explicit method of moments estimators.

The moment estimators of p and X\ are given by

sy - A8~ a4y
ST VR

(3.22)

where
1 1< 1<
s, = - Y -9)P= - Y V-)R yi= - > iy =Y =Y. (3.23)
j=1 j=1 j=1
Proposition 3.1
a) 0, — 6y as. asn— .
b) (6, —60) =P N(0, J1(6y)) as n— oo.
C) Pn—pPo as. asn-— oo.
d) /n(fn —po) =P N(0, I7*(po)) as n— oo
where J(6p) and /(pg) are corresponding Fisher-information.

Next we observe the process {Y;, t > 0} at random times {to, t1, to, ....}. We assume that the
sampling instants {t;,i = 0,1,2...} are generated by a Poisson process on [0, ), i.e, to =0, t; =
tio1 +aj, 1 = 1,2,... where «; are i.i.d. positive random variables with a common exponential
distribution F(x) = 1 — exp(—Xx). Note that intensity parameter A > 0 is the average sampling
rate which is assumed to be known. It is also assumed that the sampling process t;,/ =0,1,2, ... is
independent of the observation process {X;, t > 0}. We note that the probability density function
of txyi — tx is independent of k and is given by the gamma density

fi(t) = A(OAt) " Lexp(=At)l;/(i— 1)1, i=0,1,2,.... (3.24)

where [y =1 t>0and /; =0if t <O.
We do the parameter estimation in two steps: The rate X of the Poisson process can be estimated
given the arrival times t;, therefore it is done at a first step. Since we observe total number of

arrivals n of the Poisson process over the T intervals of length one, the MLE of X is given by

Ap = (3.25)

==

Theorem 3.1 We have
(a) Ao > Aas. as N — oo.
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(b) vn(hn—A) P N(0, e*(1—e ™)) as n— oco.

1,2,..., n. Note that

ii lioy(Ye) =% E(lip\h) = P(Vi =0) = e * as n — o0. (3.26)
i=1
LLN and CLT and delta method applied to the sequence /;03(Y;), 1 =1,2,..., n give the results.
The CLT result above allows us to construct confidence interval for the jump rate .
Corollary 3.1 A 100(1 — )% confidence interval for A is given by

n 1 1 n 1 1
[T‘le\/n‘r' r*levn‘r]

where Z;_q is the (1 — 5)-quantile of the standard normal distribution.

For random sampling,

2 X,0) %
m;lgifll,m;AW\ (3.27)
2y An0pn
where
1< 1< 1<
5= =9 =00 = 0 7= ) i =Yg, = Y, (3.28)
Jj=1 Jj=1 Jj=1
Theorem 3.2

a) §n — 0y as. as n— oo,
b) /n(6, —60) P N(0, J~1(60)) as n — oo,
C) Pn— Po as. as n— oo,
d) /n(fn — po) =P N(0, I7*(po)) asn— oo

where J(6p) and /(pp) are corresponding Fisher-information.

The robust estimators of p and A are given by

C(va -8 - a4y
b= e b= (3.29)
where
1 n
ay == Iy~ (3.30)
j=1

is the sample mean absolute deviation (MAD) from median,

y = median of {y;, 1 <j <n}
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which is defined as
B )/k+£/k+1 : n =2k
y =
Y+l n=2k+1
and median absolute deviation (MDAD) from median is defined as

a, = median of {y; —y, 1</ <n}

Let ® := (p, A) and ¥, := (Bn, An). By using the standard theory of order statistics, see Theorem
5.9 and 5.21 in Van der Vaart [31] and mixing property of the process, along with Glivenko-Cantelli
argument and Delta method, we obtain, for deterministic sampling the following properties of the

estimators:
Theorem 3.3 For fixed A > 0 as n — oo,

(a) ¥,— Vg as. asn— oo.
() VNS, —80) =P Na(0, 5(20022%6%y*) D (80)) as n — oc

where D(%g) is the limiting covariance matrix.

For Poisson random sampling, we have

= a, — X =
0 = w, Ap = A,W: (3.31)
2y An0p,

Theorem 3.4 Let 9, := (;);n Xn). As n — o0,

(a) ¥,— Vg as. asn— oo.
() V(9 = 90) =P Na(0, 7(200°4%6%y™*)2D(B0)) as n — oo

where D(%g) is the limiting covariance matrix.

For sub-fractional Gamma process with deterministic sampling, we have

~ 2a3(a+1) (L3 7 (Yia — Yi-1)a))?
n — .
BHA - L (Yia = Yi—na)? = AR XL (Yia = Yi—1a)?
Direct application of Birkoff Ergodic Theorem and Mixing CLT (see Durrett [21]) give the fol-

(3.32)

lowing results:

Theorem 3.5

(a) 6, — 6y as. as n— oco.

(b) vn(8, —60) =P N(0,171(60)) as n — oo.
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For Poisson random sampling, we have

5 B 20[3(OL+1) ( ZI 1( i / 1, ))2
,54>\n IZ 1( >V , 1>\,,) _A”nZ 1( ixg (/ 1)>\n)2

(3.33)

Theorem 3.5 along with Theorem 3.1 gives the following results:

Theorem 3.6

(a) 0, — 0y as. as n— oo.

(b) /1B, — 60) =P N(0,171(80)) as n — oo.

Conclusion

Another possible generalization of the paper is the following: Hawkes processes (see Hawkes [26])
are an efficient generalization of the Poisson processes to model a sequence of arrivals over time of
some types of events, that present self-exciting feature, in the sense that each arrival increases the
rate of future arrivals for some period of time. This class of counting processes allows one to capture
self-exciting phenomena in a more accurate way compared to inhomogeneous Poisson processes
or Cox processes. This is the case with aftershocks of earthquakes; an earthquake increases the
geophuysical tension in the region and can cause a second earthquake. In finance, they are accurate
to model for example credit risk contagion, order book or microstructure noises’s feature of financial
markets.

A Hawkes process is a counting process A; with stochastic intensity A+ given by A\ = p +
fot ®(t —s)dAs where >0 and ® : R — R are two parameters. The parameter & > 0 is called
the background intensity and the function @ is called the excitation function. When ® = 0, this a
homogeneous Poisson process.

A sub-fractional Hawkes process {Ay(t), t > 0} with Hurst parameter H € (1/2,1) is defined

as

A(t) = I'(H 5 / (/ H3 (7 — w)H-dr | dR(u)
where R(u) := A(u)/vAt — VA:u and A(u) is a Hawkes process with stochastic intensity A;.

It would be interesting to investigate QML and GMM estimation in stochastic volatility model
driven by sub-fractional Hawkes process which would incorporate self-excitation, jumps and long

memory of financial models.

Competing interests: The authors declare that there is no conflict of interest regarding the publi-

cation of this paper.


https://doi.org/10.28924/ada/stat.5.4

Eur. J. Stat. 10.28924/ada/stat.5.4 14

REFERENCES

[1] O.E. Barndorff-Nielsen, N. Shephard, Non-Gaussian Ornstein—Uhlenbeck-Based Models and Some of Their Uses
in Financial Economics, J. R. Stat. Soc. Ser. B: Stat. Methodol. 63 (2001), 167-241. https://doi.org/10.1111/
1467-9868.00282.

[2] O.E. Barndorff-Nielsen, N. Shephard, Econometric Analysis of Realized Volatility and Its Use in Estimating Sto-
chastic Volatility Models, J. R. Stat. Soc. Ser. B: Stat. Methodol. 64 (2002), 253-280. https://doi.org/10.1111/
1467-9868.00336.

[3] O.E. Barndorff-Neilsen, N. Shephard, How Accurate Is the Asymtotic Approximation to the Distribution of Realised
Variance? in: DW.F. Andrews, J.L. Powell, PA. Ruud, J.H. Stock, Eds. Identification and Inference for Econometric
Models, Cambridge University Press, (2002).

[4] O.E. Barndorff-Nielsen, N. Shephard, Estimating Quadratic Variation Using Realized Variance, J. Appl. Econ. 17
(2002), 457-477. https://doi.org/10.1002/jae . 691.

[5] O.E. Barndorff-Nielsen, N. Shephard, Realized Power Variation and Stochastic Volatility Models, Bernoulli 9
(2003), 243-265. https://doi.org/10.3150/bj/1068128977.

[6] B.M. Bibby, M. Sgrensen, M. Sorensen, Martingale Estimation Functions for Discretely Observed Diffusion Pro-
cesses, Bernoullt 1 (1995), 17-39. https://doi.org/10.2307/3318679.

[7] J.P.N. Bishwal, Parameter Estimation in Stochastic Differential Equations, Springer, Berlin, Heidelberg, 2008.
https://doi.org/10.1007/978-3-540-74448-1.

[8] J.P.N. Bishwal, Berry—Esseen Inequalities for Discretely Observed Diffusions, Monte Carlo Methods Appl. 15 (2009),
229-239. https://doi.org/10.1515/MCMA.2009.013.

[9] J.P.N. Bishwal, M-Estimation for Discretely Sampled Diffusions, Theory Stoch. Processes 15 (2009), 62-83.

[10] J.P.N. Bishwal, Conditional Least Squares Estimation in Diffusion Processes Based on Poisson Sampling, J. Appl.
Prob. Stat. 5 (2010), 169-180.

[11] J.P.N. Bishwal, Milstein Approximation of Posterior Density of Diffusions, Int. J. Pure Appl. Math. 68 (2011), 403-414.

[12] J.P.N. Bishwal, Some New Estimators of Integrated Volatility, Open J. Stat. 01 (2011), 74-80. https://doi.org/
10.4236/0js.2011.12008.

[13] J.P.N. Bishwal, Stochastic Moment Problem and Hedging of Generalized Black—-Scholes Options, Appl. Numer.
Math. 61 (2011), 1271-1280. https://doi.org/10.1016/] . apnum.2011.08.005.

[14] J.P.N. Bishwal, Sufficiency and Rao-Blackwellization of Vasicek Model, Theory Stoch. Processes 17 (2011), 12-15.

[15] J.P.N. Bishwal, Maximum Quasi-Likelihood Estimation in Fractional Levy Stochastic Volatility Model, J. Math.
Finance 1 (2011e), 58-62.

[16] J.P.N. Bishwal, Berry—Esseen Inequalities for the Fractional Black—Karasinski Model of Term Structure of Interest
Rates, Monte Carlo Methods Appl. 28 (2022), 111-124. https://doi.org/10.1515/mcma-2022-2111.

[17] J.P.N. Bishwal, Parameter Estimation in Stochastic Volatility Models, Springer, Cham, 2022. https://doi.org/
10.1007/978-3-031-03861-7.

[18] J.P.N. Bishwal, Quasi-Likelihood Estimation in Fractional Levy SPDEs from Poisson Sampling, Eur. J. Math. Anal.
2 (2022), 15. https://doi.org/10.28924/ada/ma.2. 15.

[19] J.P.N. Bishwal, Parameter Estimation for SPDEs Driven by Cylindrical Stable Processes, Eur. J. Math. Anal. 3
(2022), 4. https://doi.org/10.28924/ada/ma.3.4.

[20] T. Bojdecki, L.G. Gorostiza, A. Talarczyk, Sub-Fractional Brownian Motion and Its Relation to Occupation Times,
Stat. Prob. Lett. 69 (2004), 405-419. https://doi.org/10.1016/7.spl.2004.06.035.

[21] R. Durrett, Probability: Theory and Examples, Cambridge University Press, (2019).

[22] M. Fukasawa, Central Limit Theorem for the Realized Volatility Based on Tick Time Sampling, Finance Stoch. 14
(2010), 209-233. https://doi.org/10.1007/s00780-008-0087-3.


https://doi.org/10.28924/ada/stat.5.4
https://doi.org/10.1111/1467-9868.00282
https://doi.org/10.1111/1467-9868.00282
https://doi.org/10.1111/1467-9868.00336
https://doi.org/10.1111/1467-9868.00336
https://doi.org/10.1002/jae.691
https://doi.org/10.3150/bj/1068128977
https://doi.org/10.2307/3318679
https://doi.org/10.1007/978-3-540-74448-1
https://doi.org/10.1515/MCMA.2009.013
https://doi.org/10.4236/ojs.2011.12008
https://doi.org/10.4236/ojs.2011.12008
https://doi.org/10.1016/j.apnum.2011.08.005
https://doi.org/10.1515/mcma-2022-2111
https://doi.org/10.1007/978-3-031-03861-7
https://doi.org/10.1007/978-3-031-03861-7
https://doi.org/10.28924/ada/ma.2.15
https://doi.org/10.28924/ada/ma.3.4
https://doi.org/10.1016/j.spl.2004.06.035
https://doi.org/10.1007/s00780-008-0087-3

Eur. J. Stat. 10.28924/ada/stat.5.4 15

[23] M. Fukasawa, Asymptotic Analysis for Stochastic Volatility: Martingale Expansion, Finance Stoch. 15 (2011),
635-654. https://doi.org/10.1007/s00780-010-0136-6.

[24] M. Fukasawa, M. Rosenbaum, Central Limit Theorems for Realized Volatility under Hitting Times of an Irregular
Grid, Stoch. Processes Appl. 122 (2012), 3901-3920. https://doi.org/10.1016/j.spa.2012.08.005.

[25] M. Hallin, C. Koell, B.J.M. Werker, Optimal Inference for Discretely Observed Semiparametric Ornstein-Uhlenbeck
Processes, J. Stat. Plan. Inference 91 (2000), 323-340. https://doi.org/10.1016/50378-3758(00)00185-3.

[26] A.G. Hawkes, Spectra of Some Self-Exciting and Mutually Exciting Point Processes, Biometrika 58 (1971), 83-90.
https://doi.org/10.1093/biomet/58.1.83.

[27] Y.S. Mishura, Stochastic Calculus for Fractional Brownian Motion and Related Processes, Springer, Berlin, Hei-
delberg, 2008. https://doi.org/10.1007/978-3-540-75873-0.

[28] Y.S. Mishura, Stochastic Analysis of Mixed Fractional Gaussian Processes, Elsevier, San Diego, 2018.

[29] D. Straumann, Estimation in Conditionally Heteroscedastic Time Series Models, Springer, Berlin, Heidelberg, 2005.
https://doi.org/10.1007/b138400.

[30] D. Straumann, T. Mikosch, Quasi-Maximum-Likelithood Estimation in Conditionally Heteroscedastic Time Series:
A Stochastic Recurrence Equations Approach, The Annals of Statistics 34 (2006), 2449-2495. https://doi.org/
10.1214/009053606000000803.

[31] AW. van der Vaart, Asymptotic Statistics, Cambridge University Press, 2000.


https://doi.org/10.28924/ada/stat.5.4
https://doi.org/10.1007/s00780-010-0136-6
https://doi.org/10.1016/j.spa.2012.08.005
https://doi.org/10.1016/S0378-3758(00)00185-3
https://doi.org/10.1093/biomet/58.1.83
https://doi.org/10.1007/978-3-540-75873-0
https://doi.org/10.1007/b138400
https://doi.org/10.1214/009053606000000803
https://doi.org/10.1214/009053606000000803

	Competing interests:
	References

