
 

𝐹(𝑥) = 𝐺𝛼(𝑥), 𝛼 > 0 
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𝐺 𝑋

𝑓(𝑥) = 𝛼𝑔(𝑥)𝐺𝛼−1(𝑥)

 𝐹(𝑥) = 1 − (1 − 𝐺(𝑥))𝛼 𝛼 > 0 

𝑓(𝑥) = 𝛼𝑔(𝑥)(1 − 𝐺(𝑥))
𝛼−1

.

𝐹(𝑥) =
1

𝐵(𝛼,𝛽)
∫ 𝑥𝛼−1𝐺(𝑥)

0
(1 − 𝑥)𝛽−1𝑑𝑥

𝑓(𝑥) =
𝑔(𝑥)

𝐵(𝛼,𝛽)
𝐺𝛼−1(𝑥)(1 − 𝐺(𝑥))𝛽−1, 𝛼 > 0, 𝛽 > 0,

𝐵(𝛼, 𝛽)

𝐹(𝑥) = 1 − (1 − 𝐺𝛼(𝑥))𝛽, 𝛼 > 0, 𝛽 > 0

𝑓(𝑥) = 𝛼𝛽𝑔(𝑥)𝐺𝛼−1(𝑥)(1 − 𝐺𝛼(𝑥))
𝛽−1

.

𝐹(𝑥) = (1 + 𝜆)𝐺(𝑥) − 𝜆𝐺2(𝑥),    |𝜆| ≤ 1

𝑓(𝑥) = 𝑔(𝑥)[1 + 𝜆 − 2𝜆𝐺(𝑥)
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𝑉(𝑥) = ∫ 𝑟(𝑡)𝑑𝑡 = 𝑅{ 𝑊(𝐹(𝑥))}
𝑊(𝐹(𝑥))

𝑎
                                                        

𝑣(𝑥) = {
𝑑

𝑑𝑥
𝑊(𝐹(𝑥))} { 𝑊(𝐹(𝑥))}

𝑟(𝑡) 𝑇 ∈ [𝑎, 𝑏] −∞ ≤ 𝑎 < 𝑏 ≤ ∞

𝑊(𝐹(𝑥)) 𝐹(𝑥) 𝑋

 𝑊(𝐹(𝑥)) ∈ [𝑎, 𝑏] 

 𝑊(𝐹(𝑥)) 

 𝑊(𝐹(𝑥)) → 𝑎 𝑥 → −∞

 𝑊(𝐹(𝑥)) → 𝑏 𝑥 → ∞

𝑊: (0,1) → (𝑎, 𝑏) −∞ ≤ 𝑎 < 𝑏 ≤ ∞

lim
𝛾→0+

𝑊: (𝛾) = 𝑎  lim
𝛾→1−

𝑊: (𝛾) = 𝑏

𝑉(𝑥), 𝑥 ∈ (−∞, ∞)

𝑉(𝑥)

𝑉(𝑥)

𝑉(𝑥) → 0 𝑥 → −∞ 𝑉(𝑥) → 1 𝑥 → ∞

𝐹𝑇𝐿𝐺(𝑥) = (𝐺(𝑥))𝑎(2 − 𝐺(𝑥))𝑎, 𝑥𝜖𝑅, 𝑎 > 0                                                    

𝑓𝑇𝐿𝐺(𝑥) = 2𝑎𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))𝑎−1(2 − 𝐺(𝑥))𝑎−1

𝐺(𝑥) 𝑔(𝑥) 𝐺(𝑥) =

1 − 𝐺(𝑥) 𝑎
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𝐹𝑇𝐿(𝑥) = 𝑥𝑎(2 − 𝑥)𝑎, 0 ≤ 𝑥 ≤ 1, 𝑎 > 0

 

𝑅(𝑡)  𝑟(𝑡)

[0, ∞) 𝐹(𝑥)

𝑊(𝐹(𝑥))

𝑊(𝐹(𝑥)) = −ln [1 − (𝐺(𝑥))𝑎(2 − 𝐺(𝑥))𝑎]

𝑉𝑇𝑋𝑇𝐿𝐺(𝑥) = ∫ 𝑟(𝑡)𝑑𝑡 = 𝑅{−ln [1 − (𝐺(𝑥))𝑎(2 − 𝐺(𝑥))𝑎]}
−ln [1−(𝐺(𝑥))𝑎(2−𝐺(𝑥))𝑎]

0
               

𝑣𝑇𝑋𝑇𝐿𝐺(𝑥) =
2𝑎𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))

𝑎−1
(2−𝐺(𝑥))

𝑎−1

1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎 𝑟{−ln [1 − (𝐺(𝑥))𝑎(2 − 𝐺(𝑥))𝑎]}.

𝑠𝑇𝑋𝑇𝐿𝐺(𝑥) = 1 − 𝑉𝑇𝑋𝑇𝐿𝐺(𝑥) = 1 − 𝑅{−ln [1 − (𝐺(𝑥))𝑎(2 − 𝐺(𝑥))𝑎]}

ℎ𝑇𝑋𝑇𝐿𝐺(𝑥) =
𝑣𝑇𝑋𝑇𝐿𝐺(𝑥)

1−𝑉𝑇𝑋𝑇𝐿𝐺(𝑥)
=

2𝑎𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))
𝑎−1

(2−𝐺(𝑥))
𝑎−1

𝑟{− ln[1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎

]}

{1−𝑅[− ln(1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎

)]}[1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎

]
.
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 𝑅(𝑡) = 1 − 𝑒−𝛽(𝑒𝑘𝑡−1) 𝑟(𝑡) = 𝛽𝑘𝑒𝑘𝑡𝑒−𝛽(𝑒𝑘𝑡−1) , 𝑡 > 0, 𝛽 >

0, 𝑘 > 0, 𝛽 𝑘

𝑉𝐺𝑇𝐿𝐺𝐷(𝑥) = 1 − 𝑒
−𝛽{[1−(𝐺(𝑥))

𝑎
(2−𝐺(𝑥))

𝑎
]

−𝑘
−1}                                                                                                         

𝑣𝐺𝑇𝐿𝐺𝐷(𝑥) =
2𝑎𝛽𝑘𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))

𝑎−1
(2−𝐺(𝑥))

𝑎−1

[1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎

]
𝑘+1

𝑒𝛽{[1−(𝐺(𝑥))𝑎(2−𝐺(𝑥))𝑎]−𝑘−1}

 

  𝑅(𝑡) = 1 − 𝑒
−

𝑡2

2𝜎2 𝑟(𝑡) =
𝑡

𝜎2 𝑒
−

𝑡2

2𝜎2 , 𝑡 > 0, 𝜎 > 0 𝜎

𝑉𝑅𝑇𝐿𝐺𝐷(𝑥) = 1 − 𝑒
−

1

2𝜎2{ln [1−(𝐺(𝑥))𝑎(2−𝐺(𝑥))𝑎]} 2

𝑣𝑅𝑇𝐿𝐺𝐷(𝑥) =
−2𝑎𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))

𝑎−1
(2−𝐺(𝑥))

𝑎−1
ln [1−(𝐺(𝑥))𝑎(2−𝐺(𝑥))𝑎

𝜎2[1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎

]𝑒
1

2𝜎2{ln [1−(𝐺(𝑥))𝑎(2−𝐺(𝑥))𝑎]} 2

 

  𝑅(𝑡) = 1 − (1 + 𝑏𝑡)−𝜆  𝑟(𝑡) =
𝑏𝜆

(1+𝑏𝑡)𝜆+1
, 𝑡 >

0, 𝜆 > 0, 𝑏 > 0 𝑏 𝜆 ,

𝑉(𝑥)𝐿𝑇𝐿𝐺𝐷 = 1 −  {1 − bln [1 − (𝐺(𝑥))𝑎(2 − 𝐺(𝑥))𝑎]}−𝜆        

𝑣𝐿𝑇𝐿𝐺𝐷(𝑥) =
2𝑎𝑏𝜆𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))

𝑎−1
(2−𝐺(𝑥))

𝑎−1

[1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎

]{1−bln [1−(𝐺(𝑥))𝑎(2−𝐺(𝑥))𝑎]}𝜆+1
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 𝑅(𝑡) = 1 − 𝑒−(
𝑡

𝑚
)𝜃

𝑟(𝑡) =
𝜃𝑡𝜃−1

𝑚𝜃
𝑒−(

𝑡

𝑚
)𝜃

, 𝑡 >

0, 𝜃 > 0, 𝑚 > 0 𝑚 𝜃

𝑉𝑊𝑇𝐿𝐺𝐷(𝑥) = 1 − 𝑒
−

1

𝑚𝜃
{− ln[1−(𝐺(𝑥))

𝑎
(2−𝐺(𝑥))

𝑎
]}

𝜃

                                                           

𝑣𝑊𝑇𝐿𝐺𝐷(𝑥) =
2𝑎𝜃𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))

𝑎−1
(2−𝐺(𝑥))

𝑎−1
{− ln[1−(𝐺(𝑥))

𝑎
(2−𝐺(𝑥))

𝑎
]}

𝜃+1

𝑚𝜃[1−(𝐺(𝑥))
𝑎

(2−𝐺(𝑥))
𝑎

]𝑒

1

𝑚𝜃
{− ln[1−(𝐺(𝑥))

𝑎
(2−𝐺(𝑥))

𝑎
]}

𝜃

 

  𝑅(𝑡) = 1 − 𝑒−𝑐𝑡 𝑟(𝑡) = 𝑐𝑒−𝑐𝑡, 𝑡 > 0, 𝑐 > 0 𝑐

𝑉𝐸𝑇𝐿𝐺𝐷(𝑥) = 1 − [1 − (𝐺(𝑥))
𝑎

(2 − 𝐺(𝑥))
𝑎

]
𝑐

𝑣𝐸𝑇𝐿𝐺𝐷(𝑥) = 2𝑎𝑐𝑔(𝑥)𝐺(𝑥)(𝐺(𝑥))
𝑎−1

(2 − 𝐺(𝑥))
𝑎−1

[1 − (𝐺(𝑥))
𝑎

(2 − 𝐺(𝑥))
𝑎

]
𝑐−1

 

 

  𝐺(𝑥) = 1 − (1 + 𝑘𝑥)−𝑝 𝑔(𝑥) =

𝑝𝑘

(1+𝑘𝑥)𝑝+1 , 𝑥 > 0, 𝑝 > 0, 𝑘 > 0, 𝑘 𝛽

𝑉𝐸𝑇𝐿𝐿𝐷(𝑥) = 1 − [1 − (
(1+𝑘𝑥)2𝑝−1

(1+𝑘𝑥)2𝑝
)

𝑎

]
𝑐

𝑣𝐸𝑇𝐿𝐿𝐷(𝑥) =
2𝑎𝑐𝑝𝑘((1+𝑘𝑥)2𝑝−1)

𝑎−1
[(1+𝑘𝑥)2𝑎𝑝−((1+𝑘𝑥)2𝑝−1)

𝑎
]

𝑐−1

(1+𝑘𝑥)2𝑎𝑐𝑝+1
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𝑎

𝑐, 𝑝 𝑘

 

  𝐺(𝑥) =
𝑥

𝑏
𝑔(𝑥) =

1

𝑏
, 0 < 𝑥 < 𝑏, 𝑏

𝑉𝐸𝑇𝐿𝑈𝐷(𝑥) = 1 − [1 − (
𝑥

𝑏
)

𝑎

(2 −
𝑥

𝑏
)

𝑎

]
𝑐

𝑣𝐸𝑇𝐿𝑈𝐷(𝑥) =
2𝑎𝑐

𝑏
(1 −

𝑥

𝑏
) (

𝑥

𝑏
)

𝑎−1

(2 −
𝑥

𝑏
)

𝑎−1

[1 − (
𝑥

𝑏
)

𝑎

(2 −
𝑥

𝑏
)

𝑎

]
𝑐−1

𝑎, 𝑏 𝑐
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  𝐺(𝑥) = 1 − 𝑒
−

𝑥2

2𝑝2 𝑔(𝑥) =
𝑥

𝑝2 𝑒
−

𝑥2

2𝑝2 , 𝑥 > 0, 𝑝 > 0 𝑝

𝑉𝐸𝑇𝐿𝑅𝐷(𝑥) = 1 − [1 − (1 − 𝑒
−

𝑥2

𝑝2)

𝑎

]

𝑐

𝑣𝐸𝑇𝐿𝑅𝐷(𝑥) =
2𝑎𝑐

𝑝2 𝑥𝑒
−

𝑥2

𝑝2 (1 − 𝑒
−

𝑥2

𝑝2)

𝑎−1

[1 − (1 − 𝑒
−

𝑥2

𝑝2)

𝑎

]

𝑐−1

𝑎,

𝑐 𝑝
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 𝐺(𝑥) = 1 − 𝑒−𝑚𝑥  𝑔(𝑥) = 𝑚𝑒−𝑚𝑥, 𝑥 > 0, 𝑚 > 0 𝑚

𝑉𝐸𝑇𝐿𝐸𝐷(𝑥) = 1 − [1 − (1 − 𝑒−2𝑚𝑥  )𝑎]𝑐

𝑣𝐸𝑇𝐿𝐸𝐷(𝑥) = 2𝑎𝑐𝑚𝑒−2𝑚𝑥(1 − 𝑒−2𝑚𝑥)𝑎−1[1 − (1 − 𝑒−2𝑚𝑥)𝑎]𝑐−1

𝑎,

𝑐 𝑚
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pth

E[𝑋𝑝] = 2𝑎𝑐𝑚 ∫ 𝑥𝑝𝑒−2𝑚𝑥(1 − 𝑒−2𝑚𝑥)𝑎−1[1 − (1 − 𝑒−2𝑚𝑥)𝑎]𝑐−1𝑑𝑥
∞

0
.   

E[𝑋𝑝] = 2𝑎𝑐𝑚 ∑ ∑ (𝑐−1
𝑞

) (𝑎(𝑞+1)−1
𝑟

)(−1)𝑞+𝑟∞
𝑟=0

∞
𝑞=0 ∫ 𝑥𝑝𝑒−2𝑚(𝑟+1)𝑥∞

0
𝑑𝑥.        

E[𝑋𝑝] =
𝑎𝑐𝛤(𝑝+1)

(2𝑚)𝑝
∑ ∑ (𝑐−1

𝑞
) (𝑎(𝑞+1)−1

𝑟
)(−1)𝑞+𝑟∞

𝑟=0
∞
𝑞=0 (𝑟 + 1)−(𝑝+1).                      

𝑝 = 1

E[X] =
𝑎𝑐

2𝑚
∑ ∑ (𝑐−1

𝑞
) (𝑎(𝑞+1)−1

𝑟
)(−1)𝑞+𝑟∞

𝑟=0
∞
𝑞=0 (𝑟 + 1)−2.
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sth

𝐸[𝑋 − 𝜇]𝑠 = ∑ (𝑠
𝑝

) (−𝜇)𝑠−𝑝𝑠
𝑝=0 𝐸[𝑋𝑝]

𝐸[𝑋𝑝] 𝜇

𝐸[𝑋 − 𝜇]𝑠 = 2𝑎𝑐𝑚 ∑ ∑ ∑ (𝑠
𝑝

) (𝑐−1
𝑞

) (𝑎(𝑞+1)−1
𝑟

)(−1)𝑞+𝑟(−𝜇)𝑠−𝑝∞
𝑟=0

∞
𝑞=0

𝛤(𝑝+1)

(2𝑚(𝑟+1))𝑝+1
𝑠
𝑝=0

𝑠 = 2

𝐸[𝑋 − 𝜇]2 = 2𝑎𝑐𝑚 ∑ ∑ ∑ (2
𝑝

) (𝑐−1
𝑞

) (𝑎(𝑞+1)−1
𝑟

)(−1)𝑞+𝑟(−𝜇)2−𝑝∞
𝑟=0

∞
𝑞=0

𝛤(𝑝+1)

(2𝑚(𝑟+1))𝑝+1
2
𝑝=0

𝑘𝑡ℎ W(k) 

1 − [1 − (1 − 𝑒−2𝑚𝑥𝑘   )𝑎]𝑐 = 𝑘

𝑥𝑘

𝑊(𝑘) = 𝑥𝑘 = −
1

2𝑚
𝑙𝑛 [1 − (1 − (1 − 𝑘)

1

𝑐)]

1

𝑎
.

𝑀 𝑘 = 0.5

𝑀 = 𝑥0.5 = −
1

2𝑚
𝑙𝑛 [1 − (1 − (0.5)

1

𝑐)]

1

𝑎

pth

𝐽𝑝(𝑧) = ∫ 𝑓(𝑥)𝑑𝑥
𝑧

0
= 2𝑎𝑐𝑚 ∑ ∑ (𝑐−1

𝑞
) (𝑎(𝑞+1)−1

𝑟
)(−1)𝑞+𝑟∞

𝑟=0
∞
𝑞=0 ∫ 𝑥𝑝𝑒−2𝑚(𝑟+1)𝑥𝑧

0
𝑑𝑥.    

𝐽𝑝(𝑧) =
𝑎𝑐

(2𝑚)𝑝
∑ ∑ (𝑐−1

𝑞
) (𝑎(𝑞+1)−1

𝑟
)(−1)𝑞+𝑟 ∞

𝑟=0
∞
𝑞=0

𝛾(𝑝+1,[2𝑚(𝑟+1)]𝑧)

(𝑟+1)𝑝+1
.

𝐽1(𝑧) =
𝑎𝑐

2𝑚
∑ ∑ (𝑐−1

𝑞
) (𝑎(𝑞+1)−1

𝑟
)(−1)𝑞+𝑟  

𝛾(2,[2𝑚(𝑟+1)]𝑧)

(𝑟+1)2
∞
𝑟=0

∞
𝑞=0

𝑀𝑋(𝑡) = ∑
𝑡𝑝

𝑝!
∞
𝑝=0 𝐸[𝑋𝑝] = 2𝑎𝑐𝑚 ∑ ∑ ∑ (𝑐−1

𝑞
) (𝑎(𝑞+1)−1

𝑟
)(−1)𝑞+𝑟∞

𝑟=0
∞
𝑞=0

𝑡𝑝𝛤(𝑝+1)

𝑝!(2𝑚(𝑟+1))𝑝+1
∞
𝑝=0

𝑄𝑋(𝑖𝑡) = 2𝑎𝑐𝑚 ∑ ∑ ∑ (𝑐−1
𝑞

) (𝑎(𝑞+1)−1
𝑟

)(−1)𝑞+𝑟∞
𝑟=0

∞
𝑞=0

(𝑖𝑡)𝑝𝛤(𝑝+1)

𝑝!(2𝑚(𝑟+1))𝑝+1
∞
𝑝=0
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𝑉𝐸𝑇𝐿𝐸𝐷(𝑥) = 𝑢

 𝑢~𝑈(0,1) 𝑢

1 − [1 − (1 − 𝑒−2𝑚𝑥  )𝑎]𝑐 = 𝑢

𝑥

𝑥 = −
1

2𝑚
𝑙𝑛 [1 − (1 − (1 − 𝑢)

1

𝑐)]

1

𝑎
.

𝑠 𝑎, 𝑐 𝑎𝑛𝑑 𝑚

𝛿1(𝑥) = ∫ |𝑥 − 𝜇|𝑓(𝑥)𝑑𝑥 = 2𝜇1
′∞

0
𝐹(𝜇1

′ ) − 2𝐽1(𝜇1
′ )

𝑀

𝛿2(𝑥) = ∫ |𝑥 − 𝑀|𝑓(𝑥)𝑑𝑥 = 2𝜇1
′∞

0
𝐹(𝜇1

′ ) − 2𝐽1(𝜇1
′ )

𝜇1
′ 𝐹(𝜇1

′ )

𝐽1(𝜇1
′ )

𝐵(𝜋) =
𝐽1(𝑏)

𝜋(𝜇1
′ )

 𝐿(𝜋) =
𝐽1(𝑏)

𝜇1
′

𝑏 = 𝑊(𝜋)

𝐽1(𝑏)

pth

𝐸[𝑋𝑝/𝑋 > 𝑡] =
1

𝐹(𝑡)
∫ 𝑥𝑝∞

𝑡
𝑓(𝑥)𝑑𝑥.

= 2𝑎𝑐𝑚 ∑ ∑ (𝑐−1
𝑞

) (𝑎(𝑞+1)−1
𝑟

)(−1)𝑞+𝑟∞
𝑟=0

∞
𝑞=0 ∫ 𝑥𝑝𝑒−2𝑚(𝑟+1)𝑥∞

𝑡
𝑑𝑥.        

𝐹(𝑡) = 1 − 𝐹(𝑡)
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𝐸[𝑋𝑝/𝑋 > 𝑡] =
𝑎𝑐

(2𝑚)𝑝  𝐹(𝑡)
∑ ∑ (𝑐−1

𝑞
) (𝑎(𝑞+1)−1

𝑟
)(−1)𝑞+𝑟 ∞

𝑟=0
∞
𝑞=0

𝛤(𝑝+1)−𝛾(𝑝+1,[2𝑚(𝑟+1)]𝑧)

(𝑟+1)𝑝+1 .

𝐸[𝑋𝑝/𝑋 > 𝑡] − 𝑡

𝐼𝑅(𝛿) =
1

1−𝛿
𝑙𝑜𝑔 [𝐼(𝛿)]

𝛿 > 0 𝛿 ≠ 1

𝑓(𝑥) 𝐼(𝛿)

𝐼(𝛿) = ∫ 𝑓𝛿(𝑥)𝑑𝑥
∞

0

= (2𝑎𝑐𝑚)𝛿 ∑ ∑ (𝛿(𝑐−1)
𝑞

) (𝑎(𝑞+𝛿)−𝛿
𝑟

)(−1)𝑞+𝑟 ∫ 𝑥𝑝𝑒−2𝑚(𝑟+𝛿)𝑥∞

0
𝑑𝑥 ∞

𝑟=0
∞
𝑞=0

𝐼(𝛿) = (2𝑎𝑐𝑚)𝛿 ∑ ∑ (𝛿(𝑐−1)
𝑞

) (𝑎(𝑞+𝛿)−𝛿
𝑟

)(−1)𝑞+𝑟[2𝑚(𝑟 + 𝛿)]−1∞
𝑟=0

∞
𝑞=0

𝐼𝑅(𝛿) =
1

1−𝛿
𝑙𝑜𝑔 [(2𝑎𝑐𝑚)𝛿 ∑ ∑ (𝛿(𝑐−1)

𝑞
) (𝑎(𝑞+𝛿)−𝛿

𝑟
)(−1)𝑞+𝑟[2𝑚(𝑟 + 𝛿)]−1∞

𝑟=0
∞
𝑞=0 ].

𝑠𝐸𝑇𝐿𝐸𝐷(𝑥) = 1 − 𝑉𝐸𝑇𝐿𝐸𝐷(𝑥) = [1 − (1 − 𝑒−2𝑚𝑥  )𝑎]𝑐

ℎ𝐸𝑇𝐿𝐸𝐷(𝑥) =
𝑣𝐸𝑇𝐿𝐸𝐷(𝑥)

1−𝑉𝐸𝑇𝐿𝐸𝐷(𝑥)
= 2𝑎𝑐𝑚𝑒−2𝑚𝑥(1 − 𝑒−2𝑚𝑥)𝑎−1[1 − (1 − 𝑒−2𝑚𝑥)𝑎]−1.
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𝑋1, 𝑋2 … 𝑋𝑛 𝑋(1) ≤

𝑋(2) ≤ ⋯ ≤ 𝑋(𝑛) 𝑋(𝑗)

 𝑗 = 1,2,3, … , 𝑛 ,

𝑣𝐸𝑇𝐿𝐸𝐷𝑋(𝑗)
(𝑥) =

1

𝐵(𝑗,𝑛−𝑗+1)
[𝑉𝐸𝑇𝐿𝐸𝐷(𝑥)]𝑗−1[1 − 𝑉𝐸𝑇𝐿𝐸𝐷(𝑥)]𝑛−𝑗 𝑣𝐸𝑇𝐿𝐸𝐷(𝑥).

𝑣𝐸𝑇𝐿𝐸𝐷𝑋(𝑗)
(𝑥) =

2𝑎𝑐𝑚𝑒−2𝑚𝑥

𝐵(𝑗,𝑛−𝑗+1)
(1 − 𝑒−2𝑚𝑥)𝑎−1[1 − (1 − 𝑒−2𝑚𝑥)𝑎]𝑐(𝑛−𝑗+1)−1{1 − [1 − (1 − 𝑒−2𝑚𝑥)𝑎]𝑐}𝑗−1.

𝑣𝐸𝑇𝐿𝐸𝐷𝑋(𝑗)
(𝑥) =

2𝑎𝑐𝑚𝑒−2𝑚𝑥

𝐵(𝑗,𝑛−𝑗+1)
∑ ∑ ∑ (𝑗−1

𝑖
)(𝑐(𝑛−𝑗+2)−1

𝑙
)(𝑎(𝑙+1)−1

𝑤
)∞

𝑤=0
∞
𝑙=0

𝑗−1
𝑖=0 (−1)𝑖+𝑙+𝑤𝑒−2𝑚𝑤𝑥.

 𝑗 = 1

𝑣𝐸𝑇𝐿𝐸𝐷𝑋(1)
(𝑥) = 2𝑎𝑐𝑚𝑛𝑒−2𝑚𝑥 ∑ ∑ (𝑐(𝑛+1)−1

𝑙
)(𝑎(𝑙+1)−1

𝑤
)∞

𝑤=0
∞
𝑙=0 (−1)𝑖+𝑙+𝑤𝑒−2𝑚𝑤𝑥
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𝑗 = 𝑛

𝑣𝐸𝑇𝐿𝐸𝐷𝑋(𝑛)
(𝑥) = 2𝑎𝑐𝑚𝑛𝑒−2𝑚𝑥 ∑ ∑ ∑ (𝑛−1

𝑖
)(2𝑐−1

𝑙
)(𝑎(𝑙+1)−1

𝑤
)∞

𝑤=0
∞
𝑙=0

𝑛−1
𝑖=0 (−1)𝑖+𝑙+𝑤𝑒−2𝑚𝑤𝑥.

𝑥1, 𝑥2 … 𝑥𝑛 𝑛 𝑣𝐸𝑇𝐿𝐸𝐷(𝑥) 

𝐿(𝑥; 𝑎, 𝑐, 𝑚) = (2𝑎𝑐𝑚)𝑛𝑒−2𝑚 ∑ 𝑥𝑖
𝑛
𝑖=1 ∏ (1 − 𝑒−2𝑚𝑥𝑖)𝑎−1[1 − (1 − 𝑒−2𝑚𝑥𝑖)𝑎]𝑐−1.𝑛

𝑖=1

𝑙𝑛𝐿(𝑥; 𝑎, 𝑐, 𝑚) = nln(2𝑎𝑐𝑚) − 2𝑚 ∑ 𝑥𝑖 + (𝑎 − 1) ∑ 𝑙𝑛(1 − 𝑒−2𝑚𝑥𝑖)𝑛
𝑖=1

𝑛
𝑖=1

+(𝑐 − 1) ∑ 𝑙𝑛[1 − (1 − 𝑒−2𝑚𝑥𝑖)𝑎]𝑛
𝑖=1

𝜕𝑙𝑛𝐿(𝑥,𝑎,𝑐,𝑚) 

𝜕𝑎
=

𝑛

𝑎
+ ∑ 𝑙𝑛(1 − 𝑒−2𝑚𝑥𝑖)𝑛

𝑖=1 − (𝑐 − 1) ∑
(1−𝑒−2𝑚𝑥𝑖)𝑎 ln (1−𝑒−2𝑚𝑥𝑖)

[1−(1−𝑒−2𝑚𝑥𝑖)
𝑎

]

𝑛
𝑖=1 = 0,

𝜕𝑙𝑛𝐿(𝑥,𝑎,𝑐,𝑚) 

𝜕𝑐
=

𝑛

𝑐
+ ∑ 𝑙𝑛[1 − (1 − 𝑒−2𝑚𝑥𝑖)𝑎]𝑛

𝑖=1 = 0

𝜕𝑙𝑛𝐿(𝑥, 𝑎, 𝑐, 𝑚)

𝜕𝑚
=

𝑛

𝑚
− 2 ∑ 𝑥𝑖

𝑛

𝑖=1

+ 2(𝑎 − 1) ∑
𝑥𝑖𝑒−2𝑚𝑥𝑖

(1 − 𝑒−2𝑚𝑥𝑖)

𝑛

𝑖=1

− 2𝑎(𝑐 − 1) ∑
𝑥𝑖𝑒

−2𝑚𝑥𝑖(1 − 𝑒−2𝑚𝑥𝑖)𝑎−1

[1 − (1 − 𝑒−2𝑚𝑥𝑖)𝑎]

𝑛

𝑖=1

                   = 0.
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𝑎̂ = 13.651(3.990)

𝑐̂ = 9.382 (4.566)

𝑚̂ = 0.286(0.064)

𝑎̂ = 25.261(6.015)

𝑚̂ = 0.606(0.046)

𝑚̂ = 0.327(0.041)
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𝑎̂ = 2.982(0.893)

𝑐̂ = 6.826(17.802)

𝑚̂ = 0.129(0.192)

𝑎̂ = 3.558(0.611)

𝑚̂ = 0.379(0.038)

𝑚̂ = 0.391(0.043)
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𝑎̂ = 1.818(0.201)

𝑐̂ = 3.660(− − −)

𝑚̂ = 0.136(− − −)

𝑎̂ = 1.893(0.340)

𝑚̂ = 0.345(0.047)

𝑚̂ = 0.480(0.060)
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