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ABSTRACT. The main objective of our work is to introduce a new generalization of Harmonically
Weighted process to enhance the model’s flexibility by incorporating the parameter a, we estab-
lish several properties of the proposed model, including the harmonic inverse transformation,
spectral density and autocorrelation function. The model demonstrates a capacity to capture
short, long, and moderately long memory. Its persistence and memory characteristics are an-
alyzed theoretically using the spectral density, autocorrelation function, and impulse response
function. Furthermore, we compare the Moderate Harmonically Weighted (M-HW) process with
related models such as Harmonically Weighted process, ARFIMA, and GAR models. We con-
duct a simulation study to check the validity of the theoretical findings, providing graphically

the spectrum, ACF and IRF for our model, followed by comparisons with its competitors.

1. INTRODUCTION

Time series analysis has gained a widespread attention among researchers over last decades,
especially in applied fields such as finance ( [28], [8], [1], [9]), hydrology ( [23], [20], [25]), epi-
demiology ( [19], [27] , [30]), and climatology ( [11], [12], [24]).

In the early 1970s, the Box-Jenkins [7] method was introduced, based on the three core com-
ponents: autoregression, differencing, and moving average. In this framework, the differencing
degree is an integer.

Later, in 1980, Granger and Joyeux [13], and Hosking [17] in 1981 defined a new model "frac-
tional ARIMA" by allowing the differencing parameter to be fractional.

This model is notable for its ability to handle long memory, where the effect of a shock vanishes
slowly. Mathematically, the sum of the auto-correlations is infinite Baillie [3]. Moreover, frac-
tional differencing is crucial in solving the problem of cause over-differencing, which will lead to
the loss of information Huang [18].

Several extensions of ARFIMA process have been proposed. Gray et al. [14] introduced ARFIMA
with quasi-periodic behavior, Peiris et al. [22] presented a flexible model GAR(1) to model long
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memory and weak-long memory, Sabzikar et al. [26] introduced Tempered ARFIMA (ART-
FIMA), while Bhootana et al. [5] generalized GARMA model basing on Humbert polynomial.

Several studies have explored time-varying ARFIMA models, which are capable of capturing

regime changes in long-memory time series, such as those presented in [29] and [6]. [2] Amimour
et al. defined a periodic degree of fractional parameter, Benaklef et al. [41] incorporated a peri-
odic coefficient into the fractionally integrated model.

An alternative way to define a long memory model was suggested by Hassler [16], known as Har-
monically Weighted Process (HW). This model does not require the estimation of the parameter
d, but it may still capture long memory, though less effectively than a fractional autoregressive
process. The HW process has an unbounded spectrum at the origin and the sum of autocorre-
lations is infinite but its square sum is finite, see( [10]).

A further extension of HW process has been presented in [21] who considered cyclic long memory,

know as Generalized Harmonically Weighted (GHW) process, and it is defined as follows

o = M+Z

B cos(Ag(j + 1)) '
- :U‘—{_Jz%] ]+1 7 Lt

1—277L+L2

Where L is lag operator and n = cos(\g).

The main goal of this work is to extend the results in Hassler et al. [16]. To do this, by introducing
a real-valued parameter a into the lag operator, thereby increasing the model’s flexibility and
making the memory properties dependent on a.

The remainder of the manuscript is set out as follows, the first section introduces the Moderate
Harmonically Weighted (M-HW) process along with its harmonic inverse transformation. In the
second section, we analyze the spectral density and autocorrelation function. The third section
presents a comparison of the proposed model with competing models, including the Harmonically
Weighted (HW) process, ARFIMA, and GAR models. Finally, the paper concludes with a

summary and future research perspectives.

2. PRESENTATION OF THE MODEL: MODERATE HARMONICALLY WEIGHTED PROCESS
(M-HW)

In this section, we present a novel model that generalizes the HW process by incorporating
the parameter a , the latter is called Moderate Harmonically Weighted Process (M-HW).
We begin by defining the harmonically weighted filter h(L) as follows

In(1—al) e
h(L)_¥

L is lag operator, |a| < 0 to ensure the invertibility of the process.
When a = 1 it reduces to the results of [16].


https://doi.org/10.28924/ada/stat.6.10

Eur. J. Stat. 10.28924 /ada/stat.6.10 [ 3 |

Then, we present M-HW process in the following form

Xt = U + h(L)&t, (2)
where g, ~ WN(0,0?).
Thus,
oo aj
Xi=p+ 7 E&t—j 3

It 41 +1
Applying D’Alembert criterion lim 7 J +. = lim ‘7 i
j—oo 9+ 2 al Jj—oo ]+

a=a,

e If |a| <1 then h(L) < oo, meaning that it converges. Conversely, if |a| > 1, then h(L)

diverges.

h
1
o If When a =1, Z i In(h) + 7, where ~ is the constant of of Euler-Mascheroni.
—0J
7=0
Now, we present the harmonic inverse transformation (HIT). It is defined as follows

—al

S e L go=1. 4
ln(l—aL) Zgj » 4o ( )

J=0

g(L) =

The coefficient are similar to Gregory coefficients.

alL a a? a’ 19a* 3a®
- 14+ -L-——L*+—L3%— LY+ 15 5
In(1 — aL) * 3 127 T o 720~ T 160 (5)

3. PROBABILISTIC PROPERTIES OF M-HW PROCESS

Spectral density of M-HW process. We present the spectral density form of M-HW process,

and its asymptotic behavior.

Proposition 3.1. For M-HW process defined in equation 3, and under the assumption of |a| < 1,
the spectral density is given by the following expression

2

= 2;:@2 (ln2 (\/1 +a? —2a coS(u))> + arctan? (%)) (6)

Proof. For w > 0 and p = 0, we have fx(w) = |h(exp(iw))|*

f(w) = o In(1 — aexp(zw)lln(l — aexp(iw))

We calculate In?(1 — a exp(iw):

We know that In?(1 — aexp(iw)) = In?(r(w) exp(if(w))) = In?(r(w)) + (A(w))?

fo(w)

r(w) = \/1 — acos(w) + a?sin?(w) = \/1 + a? — 2a cos(w)

and
0(w) = arctan —250)
—acos(w)
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Finally, we combine the results to get (6).

For b — 0, f(w) ~ In%(1—a)f.(0) indicating the spectral singularity at the origin. This implies

that the sum of the Wold coefficients diverges at a logarithmic rate.

Autocovariance Function of M-HW process. We present the autocovariance and autocor-

relation of the M-HW process, along with their asymptotic behavior .

Proposition 3.2. The autocovariance function v, (h) for M-HW process can be written in the

following form
() =5 3 (7)

Proof. knowing that 7, (h) = E(Xy, X¢ip)

h j h j+h
E(XXiin) = E[D> = ¢, > e
+ ]+ 1 ) - ]+ h+ 1 -7+

0o 2j
a
Using the same arguments, the variance is expressed as follows Var(X;) = o? E —5 - Thus, we
i=1
combine v, (h) and Var(X;) to get the autocorrelation function.
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2 Z," since |a?| < 1. For
h ]

The asymptotic behavior of v;(h) can be bounded by v,(h) < o

h
1
the sake of simplicity, we use the approximation Z — =~ In(h) +~, where  is the constant of of

J=1
h

Euler-Mascheroni, thus v, (h) < 02%

Impulse response function of M-HW process. Impulse response function(IRF) is the most

In(h).

commonly utilized tool for calculating how shocks affect time series, this measure is based on
MA (00) representation of equation (3).

The MA coefficients in M-HW process, also known impulse response coefficients, characterize
how the process reacts to shocks. The persistence of the process is defined by the rate at which

these impulse responses decay to zero.
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aXt . a2j
86t_j ] +1
than the impulse response coefficients of the HW process j% because |a| < 1, confirming that

In our case the Impulse response coefficients are given by This is clearly lower

the latter is more persistent than the M-HW process.

4. COMPARISON OF M-HW PROCESS WITH FRACTIONAL INTEGRATED PROCESS

In this section, we compare between M-HW process and different models such as HW process
and Fractional integrated process. We focus particularly on the fractional autoregressive model
defined in [13], and GAR(1) introduced by [22], The comparison is based on the concepts of
persistence and memory characteristics.

Harmonically weighted process is defined as follows

=1
Xi=p+ > ——ey s, 9
t 1% ‘72()]_|_1t] ()

Et WN(O, 02)
The moving average presentation of ARFIMA(0,d,0) expression is presented as follows
= I(j+a4d)
Xt =) ———"—Ct; 10
! ;)r(d)r(yﬂ) = (10)
|d| € 3, e ~ WN(0,0?%).
The moving average presentation of GAR(1) is in the following form
o L(+d)
X = ———aley 11
! jzz(:)r(d)r(gﬂ) = ()
laj <1, deR, g ~WN(0,0?)
According to Hassler [15] the persistence is the sum of autocovariance and the concept of

memory based on the absolute sum of autocovariance.

e GAR(1) is more persistent than M-HW process if In?(1 —a) < (1 —a)~2%, this inequality
holds when a is close to 0, indicating that the persistence of M-HW process depends on

the value of a.

e ARFIMA (0,d,0) is more persistent than GAR(1). Consequently, M-HW process is less

persistent if the following inequality holds In*(1 — a) < (4sin?(%))~2¢.

e HW process is persistent than M-HW process if In?(1 — a) < In?(w).
e To compare between competitor models cited above basing on the autocorrelation func-
tion. we calculate the limit when h — oc.

e We compute the following limits

ACFy - "]
hlLIgo m = h;n;o W = 0 when |a| < 1, in the case of a=1, it reduces to

the results of [16].
ACFy—aw . a"In(h)/h

lim —— MW gy Z T
i, ACFpy e p2d—1
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. ACFM_HW . ahln(h)/h
O TACEaan  n arpt - fr0<d <1/

e These results justify the term "moderate", in the Moderate Harmonically Weighted (M-

HW) process. Due to its decay structure, the M-HW process exhibits the lowest level of

persistence among the models considered.

To discuss the process’ memory, we have to treat the absolute sum of autocovariance function

) = 15> =

IN

1
<
< 2>
Thus, the autocovariance function of M-HW process has "moderate" long memory and less than
HW process.
In Figure(1), we illustrate the comparison between the spectra of the M-HW process and its

fractional integrated competitor GAR(1), we take the value of a = 0.7 and we variate the values

of memory parameter d.

v — M-HW, a=07
—— GAR, 4=0.7.d=0.4
—— GARa=0.7.4d=03
GAR a=0_7.d=02
= _|
=)
o —
[
= —
-
T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

FIGURE 1. Comparison between the spectral density of M-HW process and GAR(1)
5. SIMULATION STUDY
We simulate GHW process using the truncation of its moving average representation.

X, =u+S 2 g, 12
t H JZ:%)J_I_lt] ( )

Where m = 1,...,T, &, ~ N(0,0?%). The generated model is presented in Figure (2).
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FIGURE 2. Generated Series of M-HW process for a=0.9

We present ACF of the process generated by 12 for different values of a in Figure (3) and
Figure (4).
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FIGURE 4. Sample Autocorrelation of M-HW, left a=0.2 right a=-0.8
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e For a=0.9 close to 1 the M-HW process, the behavior of ACF decay slowly and quite
similar to ACF of HW process which is described by a moderate long memory.

e For a=0.2 has a short memory characterized by a fast decay of ACF.

e For a negative, we get an anti-persistent process.

e Our model is more flexible due to its capacity to handle short and long memory according

to the values of a.
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FIGURE 5. Periodogram vs Spectral density of M-HW process for a=0.9
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FIGURE 6. Log Periodogram vs Log Spectral density a=0.9
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FIGURE 7. Periodogram of M-HW process for a=0.4
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FicURE 8. Log Periodogram of M-HW process for a=0.4

Figure (5) displays the theoretical spectrum and periodogram for a = 0.9, while Figure (6)
presents the corresponding log-periodogram. We remark that the theoretical spectrum fits the
periodogram perfectly, which exhibits an explosive behavior at the origin-an indication of long
memory. In contrast, Figures (7) and (8) show the periodogram and log periodogram for a = 0.4,
which is a value close to zero, where no such explosive behavior is observed.

To compare between the behavior of long, semi-long memory models and our models in term
of persistence and memory we have presented ACF function and Impulse response function
representation of M-HW, HW, ARFIMA, GAR processes for different values of a and d.

Autocorrelation Function Comparison

05
\

00

-5
\

FiGUure 9. Comparison between different model M-HW, HW, ARFIMA, GAR

processes for different values of a and d

FiGURE 10. Impulse Response Function for M-HW, HW, ARFIMA, GAR processes
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e We observe in Figure (9) that the autocorrelation functions of both HW and
ARFIMA(0,0.45,0) decrease slowly, indicating that ARFIMA(0,0.45,0) exhibits pure
long-memory behavior. In contrast, the same model with d = 0.25 shows a faster decay
compared to all other models, including HW, ARFIMA(0,0.45,0), and M-HW.

e M-HW and GAR(1) for d=0.45, the ACF of these models are too close and has quite
similar memory behavior.

e ACF of M-HW has a slowly decay comparing to ARFIMA(0,0.25,0) and GAR(1) for
d=0.25

e The graphical illustration of the IRF in Figure (10) confirms the validity of the theoretical
findings. The M-HW process and the GAR model exhibit similar behavior, as their

graphs become nearly identical starting from lag 20.

e ARFIMA is more persistent than other competitors.

CONCLUSION

In summary, this paper explores key time series properties to analyze the persistence and
memory behavior of the proposed model. Our findings demonstrate that the model exhibits a
"moderate" long-memory behavior, as confirmed theoretically through the interpretation of the
ACF, IRF, and spectral function. The proposed model offers greater flexibility compared to the
Harmonically Weighted process due to the inclusion of the parameter a. Specifically, for values
of a close to 0, the model captures short-memory behavior, while for a close to 1, it characterizes
moderate long-memory behavior.

This model can be further extended by considering a time-varying parameter a; periodic, double-
periodic, or quasi-periodic parameter. Additionally, parameter estimation can be performed
using various techniques such as whittle estimator, conditional sum of squares, and generalized

least squares. Future research could also explore other probabilistic properties of the model.
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