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ABSTRACT. Count data often exhibit overdispersion, heavy tails, and decreasing failure rates,
which limit the applicability of classical Poisson regression models. In this paper, we develop a
regression model based on the discrete new generalized Pareto (DNGP) distribution to better
capture these features. The proposed model incorporates covariate effects through suitable
link function and parameters are estimated using maximum likelihood estimation methods.
Simulation studies, model comparison and real data applications demonstrate that the DNGP

regression model provides a flexible and effective alternative for analyzing complex count data.

1. INTRODUCTION

Regression models for count data have considerable attention across diverse disciplines, in-
cluding economics, biostatistics, actuarial science, demography, and the social sciences, owing
to their wide range of practical applications. One of the earliest contributions in this area was
made by [8], who introduced multiple linear regression analysis for count responses assumed to
follow a Poisson distribution. Subsequently, [3] examined the use of the Poisson distribution
within a nonlinear regression framework for count data, particularly in situations where the
sample mean and variance are approximately equal. A major advancement in the modeling of
count data was achieved through the development of generalized linear models by [13], which
was later comprehensively elaborated by [12].

Several discrete Pareto-type models have been developed to accommodate count data
exhibiting decreasing failure rates and heavy-tailed characteristics; however, most of these
developments have primarily focused on distributional properties and data fitting rather than
on regression modeling. Notable contributions include the discrete Pareto (DP) by [11],

generalized discrete Pareto distribution studied by [1], the discrete generalized Pareto model
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proposed by [15] for analyzing road crash counts at accident-prone locations, and the discrete

three-parameter Burr type XII and discrete Lomax distributions introduced by [14] for
modeling kidney cyst count data. Further extensions such as the discrete Pareto type IV
distribution ( [4]), the discrete new generalized Pareto (DNGP) distribution developed by [5],
the discrete truncated Pareto model applied by [10], and another generalizations by [9], [6], have
demonstrated the flexibility of discrete Pareto models in handling overdispersion and heavy
tails. Despite their practical relevance, regression frameworks incorporating these discrete
Pareto distributions remain relatively underexplored. Motivated by this gap, the present
paper constructs a regression model based on the DNGP distribution, enabling the systematic
incorporation of covariate information while retaining the distribution’s ability to capture

complex dispersion patterns commonly observed in real-world count data.

The reasons behind proposing this model:

e To establish generalized family for all existing DP models.
e To expand generalized linear model (GLM) frameworks to accommodate heavy-tailed
count phenomena.

e To generalize, and extend existing discrete probabilistic models for complex datasets.

This paper is organized as follows. Section 2 introduces the DNGP model and explains some of
its properties in Section 3. Section 4 discusses characterization of the DNGP model. In Section
5, introduces DNGP regression model, including parameter estimation via MLE and simulation
study in Section 6 and an application to real data analysis illustrated in Section 7. Finally,
Section 8 presents the concluding remarks and outlines the major limitations of the proposed

model.

2. DNGP MODEL

To discuss the development of DNGP distribution, it is essential to know a generalization of
the Pareto distribution namely new generalized Pareto (NGP) distribution is introduced by [7].
The PDF of the NGP distribution is provided in equation (1).

o 0 af
gx(x)zaﬂ (1 —~)y x* —1

=27 (ot (= y)payerii & > P h7,6>0. )

The survival and failure rate functions of the NGP distribution are, respectively, given by

1 ,}/9 xa@
X =1~ 1 l[varwr(l—’y),@“]e}’ v=p .
and
(1=2) 2
rx(z) = - J : - , x> p. (3)
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Although NGP distribution provides a highly flexible framework for modelling heavy-tailed

data, its structure can be further extended to capture a wider range of tail behaviours and
distributional shapes. Motivated by the flexibility and practical relevance of the NGP distribu-
tion, we develop a new discrete generalization through survival discretization, called the DNGP
distribution.

Using the survival function of the NGP distribution, the PMF of the DNGP distribution can

be obatined as
fz(2) =P(Z = z) = Sx(2) = Sx(2 +1)
B 79 [ (Z + 1)040 B Za@ ‘|
1= (D) (1 =)B) (yze+ (1= 7)B) ]

where z = [B], [6+ 1], [+ 2],..;a,5,0 > 0,0 < v < 1 and is denoted by DNGP(«, 3,7, 0).

Definition 1. A non negative integer-valued random variable Z is said to follow DNGP distri-
bution if its PMF fz(z) = P(Z = z), is of the following

22) = =5 (9= + 17" =) (4)

1

2 (351)Be

where g(z) = - ,a>0,>0,0<y<1,0>0andz=I[5],[f+1],[5+2],.
Result 1. If=1,0 =1 and v — 1, DNGP reduces to DP distribution.
Proof. When 6 =60 =1 and v — 1, the PMF becomes ,
1\ ¢ 1 @
() ()

which is the PMF of DP distribution. O

Figure 1 presents the PMF plots of DNGP distribution for different combinations of param-
eters «a, 8,7 and #. The plots illustrate that increasing 6 or decreasing v tends to make the
distribution more peaked or unimodal, while larger values of v or smaller a produce heavier
right tails and monotonically decreasing shapes. Overall, these plots highlights the flexibility of
the DNGP model in capturing a wide range of discrete data behaviours- from symmetric and

bell-shaped forms to skewed and long-tailed patterns.
Result 2. The CDF Fz(z) of the DNGP distribution having PMF in equation (4) is the following

Fo(z)=1- 179 (1- g+ 1)), (5)

Remark 1. o Fr(0)=1- %5 (1 - g(O)_e) .

e The proportion of positive values: 1 — F(0) = ﬁ (1 — g(O)_6> .

e Pla<Z<b)= 11y (ga+ 1) —gb+1)7").
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FiGUure 1. The PMF plots of DNGP distribution for different values of «, 3,
and 6

Result 3. The survival function Sz(z) of DNGP distribution is given by

1

Sz(2) = —

(1= +17), (6)

(2B

ZOL

where g(z) =

3. STATISTICAL PROPERTIES

In this section, we study the detailed properties of DNGP distribution.
Theorem 1. DNGP distribution is heavy tailed.

Proof. From survival function of the DNGP distribution is given in equation (6). We can simplify

the term inside the bracket as follows:

(24 1)20 B (z+1)2?

(G 1+ =8 e e (14 4280
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where ¢ =
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Substituting this expression into the survival function gives

S = -
2(2) 1—99 1-4 z+1 1—~?

1 19(1 (C)a>_0 1<1+(2+61)a>9'

For large z, we have ﬁ < 1. Using the first-order Taylor expansion (1 + u)~? =
z

1 — Ou + O(u?) for small u, we obtain

c 1
1-|1-0—5— —
Sz(z) ~ { 9(Z+1)a+0<22a>]
1—~?
Oc o
Nl—'ye(z+1) .

Hence, for z — 00, Sz(2z) x 27%, which shows that the tail of the DNGP distribution decays
according to a power law with index «.
Therefore, the DNGP distribution is heavy-tailed, since its survival function is regularly

varying with index —a. O

Remark 2. In particular,

Sz(z) ~Kz™% K= w

v(1=99)
Consequently, the moments exist only up to order «, that is,
EZ" <o iffr <a.
Failure rates.

Result 4. The failure rate of DNGP distribution is given by

_9z+1) P —g(x)”°
rz(z) = 1-g(z+1)° (7)

Result 5. The reverse failure rate of DNGP distribution is given by

gz+ 1) —g(z)*
glz+1)70 =40 ~

r7(2) =

Moments.

Result 6. The " moment of DNGP distribution is given by

o0

B(Z)= Y. = (s D = 9(2) ). )
z=(A]

Theorem 2. E[Z"] < oo iff r < a.
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Proof. For a nonnegative integer-valued random variable Z, one convenient representation for

the r-th moment is

BIZT =3 #P(Z=2) = 3 [(F — (k= 1)) P(Z 2 ) = 3° Au() Sz - 1),
2=0 k=1 k=1

where Ag(k") = k" — (k — 1)" and Sz(z) is given in equation (6). For large k a first-order
expansion gives
Ay =k"— (k=1 =rk" 1+ 0(k"2?).
Hence, using the asymptotic form of Sz(k — 1) ~ K(k)~%, the k-th term in the series behaves
like
Ap(E")Sz(k—1) ~ (rk™ ) - (KE™) = (rK) k™17, (k — o0).
Thus the series for E[Z"] has the same convergence behaviour as the p-series >, k7179,

That series converges iff its exponent is strictly less than —1, i.e.
r—l—-a<-1 <+ r<oa
Therefore E[Z"] < oo iff r < . This completes the proof. O

Remark 3. In particular
e The mean E[Z] is finite iff « > 1 (r=1).
e The variance Var(Z) is finite iff the second moment is finite, i.e. iff « > 2 (r =2).

4. CHARACTERIZATIONS

This section deals with various characterizations of DNGP distribution. These characteri-
zations are based on:(i) failure rate function and (ii) reverse failure rate function. Due to the
nature of the DNGP distribution, we believe that our characterizations may be the only possible

ones for this particular distribution.
Based on failure rate function.

Proposition 1. If Z ~ DNGP(«a,3,v,0) iff its failure rate function satisfies the difference

equation

gk +2)" —gk+1)"" gk +1)~" —g(k)~’
k4+1)—rzk)= — ;i keN 10
with boundary condition
1
r20) = a1

Proof. If Z has PMF in equation (4) then clearly equation (10) holds. Now if equation (10)
holds, then for every Z € Ny, we have
S gkt 2 gk 1) gkt 1) g(h)

-9
g::()rz(k+1)—rz(k):];) 1= gk +2)7 )



https://doi.org/10.28924/ada/stat.6.5

Eur. J. Stat. 10.28924 /ada/stat.6.5
gz+1)"—g(x)* 1

1—g(z+1)7° 9(1)! =1
from the last equation we have

rz(z) —rz(0) =

In view of the fact rz(0) = ng_l,

g+ ) —g(2)*
o 1-gz+1)0

which in view of equation (7), implies Z has PMF in equation (4). O

rz(z)

Based on reverse failure rate function.

Proposition 2. If Z ~ DNGP(«a, 3,7,0) iff its reverse failure rate function satisfies the differ-
ence equation

. . gk +2)"" —g(k+ 1)~ g(k+1)"" —g(k)~*
k+1)—ry(k) = —

ry(k+1)—ry(k) gk +2)0 — 9 gk +1)0 — A0

I S
1—%g(1)7"

k € Ny (11)
with boundary condition r7%(0) =

Proof. If Z has PMF in equation (4) then clearly equation (11) holds. Now if equation (11)
holds, then for every Z € Ny, we have

= ey 9k +2) P =gk + 1) gk + 1) —g(k)°
2R = 2 T T e
Or,
gz +1)7" —g(2)~° 1

rz(2) = r7(0) =

In view of the fact that 77,(0) =

gz+ 10 =7 1—2%1)"
W, from the last equation we have
1 -0 -0
) = LD 290
9(z+1)7" =~

which in view of equation (8), implies Z has PMF in equation (4). O

)

5. DNGP REGRESSION MODEL

In this section, we formulate a regression model for a count response variable assumed to
follow the DNGP distribution.

Suppose Z is a count response variable that follows DNGP distribution given in equation (4)
and is associated with a set of covariates. Here we want to fit the response variable by using some
covariates. Let X; = (z1, 2, ®i3, ...x;,) be a k dimensional vector of explanatory varaibles. The
mean of DNGP distribution is not in a closed form. Since the distribution is characterized by a
parameter v that lies between 0 and 1, we assume that the parameter is a function of z; given
by v(z;) = ¢(xi, \), where 0 < ¢(z;, A) < 1 is a known function of z; and k dimensional column
vector A = (Ao, A1, A2, ..., \g)" of regression parameters. The logit function is

TN

wiaA = Ti) = — >
B ) = 1(@) = T
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since 0 < v < 1.

The DNGP regression model is defined by using PMF given in equation (4) with the function

e:vfb-)\

vz = TS (12)

This results in the DNGP regression model expressed as

1
N — P(7 = 2 ) — (1) — ()0 13
$@) = P(Z =2 0) = 1= (9 + D7 = aitz) ™), (13)
zf—i—(l;gz@f)) a

where, gi(y) = ——F—%>—, a >0, 3 >0, 0 < v(z) <1, § >0 and ~y(x;) given in

equation (12).

In the DNGP regression model in equation (13), one can also assume that the parameters
«, B and 6 are functions of covariates. Since the parameters a > 0, 5 > 0 and 6 > 0, we can
assume that the function a(x;) = f(x;) = 0(z;) = exp(2i\). In this article, we assume that the
parameters «, 8 and 6 are nuisance parameters. There are many regression models, like Poisson
regression model, the mean is taken as the function of covariates. But in the case of DNGP
mean is not in closed form and it is a function («, S, v, ). So we take the parameter v as the
function of covariates. Therefore, the mean of DNGP regression model is an implicit function

of covariates since the mean of DNGP distribution is a function of ~.

Fitted median. The relationship between certain explanatory variables and the median can
also be obtained. The median is more appropriate for count data. Also, the median has a closed
form for the DNGP model.

Median:MZﬁ[(l_’y) '

Ve _ 7, 14
- -

M+1=5[(177)[1_1_2791]_1/9_1]1/“. (15)
Substituting v = 15?; < in equation (15), we have,
M +1 = Ble™®? - 1 — 1] (16)
(/2 P+ 1)) 170
Taking logarithm on equation (16), we get,
log(M + 1) = log(8) — ZA —log((1/2 = (e"* + 1)) "1/% —1)). (17)

6. ESTIMATION

The estimation of the unknown parameters is done using the MLE method. Let (z;, 2;),1 =
1,2,...,n be a sample of 'n’ independent observations from the PMF. The likelihood function

based on this observed sample is given by,

1 _ -
L= tae) = [ 7 * (s + 77 = iz ™)) (18)

1=
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Whel‘e ’}/xz == ")/Z == j
+et
The log-likelihood function of the DNGP regression model is obtained by taking the natural

logarithm of the likelihood function:

n 1 - -
= ;bg [1_[7(%)]9 <gi(zi +1) 0 _ 9i(z) ‘9)]
(19)

=— zn:log (1 - [’y(xi)]e) + zn:log (Qi(zi +1)77 - gi(zi)i(;) )
i=1 =1
1*7(%)) B

A 2% 4 .~
9i(z) = ( ZL 2

where

e
V) = e
Then to obtain the ML estimates, the first partial derivatives w.r.t each unknown parameter

are obtained and set equal to zero.
L —7i p*
vi oy’

Define
ex;'—A
Vi = (i) BT gily) =1+

and u; = g;(z;+1)7% — gi(z)7°.

The log-likelihood becomes

C==>"log(1—~¢) + logu.
i=1 i=1

Ggi(Z) _ (Qi(z) _ 1)(10gﬁ — log z), we obtain

Using

X i i{fe 9i(z+ 1) (gi(z + 1) — 1) (log B — log(2; + 1))
Oa = U (20)
+ 9gi(zi)*(9+1)(gi(zi) —1)(log 8 — log z,)}
Using agéz) = (gi(z) — 1)%, we get
O AR CICARE) SR E)

! {—ea gi(zi + 1) D (g (2 +1) = 1) + 66

ov
7221;

9 I B
Using (Z&Z = 7;(1 —7;)z; and
dgi(y)~° 0 1
o = 0gi(y)” O (gi(y) — 1)
o) 9i(y) (9i(y) — 1) T
o [e4071
a - ;[1_7? 'Yz(l _’71)
- (22)

£ g+ D7D il + 1) — 1) — i) O (0s(z) — 1)) |

(2
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gg _ En: 71%9 log v; N En: —log(gi(zi + 1)) gi(zi + 1)7% + log(gi(2:)) gi(zi)_g' (23)
-1

- %’0 = U;

Setting the four expressions given in equations (20)-(23) equal to zero yields the ML equations
to be solved numerically. These system of likelihood equations cannot be solved simultaneously
and hence they do not have an analytic solution. Therefore MLEs of «, 5, A and 6 can be found
by directly maximizing the loglikelihood function numerically. This can be performed easily
using an iterative numerical optimization tool, such as the optim function in R.

Given that the parameter inferences are performed using the ML method, then under some
regularity conditions, these estimators have standard asymptotic properties. That is, the MLEs
&, B, 5\,9 have some characteristics as follows:

i) They are asymptotically consistent(unbiased).

ii) They have asymptotically variance-covariance matrix obtained from the inverse of the expected
Fisher information matrix,

Ina Iag Iop Ian

Iga Ipg Igo Ipx

Ioo Iog Ipe I

Ing D Ing I

where I, = —E[24],i,j = 1,2,3,4.

ninj5

iii) The MLEs &, B, X, 0 ae asymptotically normally distributed.

\/ﬁ NN ’I_lﬂ

> > @ O

—
—-p
-0
- A

o o o O

where «a, 3,60 and X are true value of the parameters and I is the Fisher information matrix.

Simulation study. The DNGP regression model is generated using v(x;) = exp(Ao+A1z;)/[1+
exp(Ao + A\1z;)], where z; is a random sample from uniform(0,1) distribution. We take different
sample sizes n=>50, 100, 150 and different values for parameter o, 3, 6, A\g and A;. Each
simulation is based on 1000 replications. The covariate z; is fixed throughout the simulation
study. We consider the values a = 2.0, g = 1.0, A\g = 1.2, Ay = 0.5 and 0§ = 0.1 for under-
dispersed data, while the values a = 1.5, § = 1.0, \p = 1.2, Ay = 0.5 and 6§ = 0.1 for over-
dispersed data. The ML estimates and MSE of the parameters were obtained.
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TABLE 1. Regression parameter estimates of «, 3, Ag, A1 and 0

sample size « 153 Ao A 0 a ,5’ 5\0 M 0
(n) MSE(@) MSE(B) MSE(\) MSE(\) MSE()
50 2.152 1.359 1.280 0.539 0.166

(0.227) (0.289) (0.168) (0.170) (0.153)
100 20 10 1.2 05 01 2.047 1.132 1.271 0.522 0.146
(0.139) (0.215) (0.157) (0.127) (0.193)
150 2.037 1.054 1.003 0.520 0.122
(0.126) (0.110) (0.120) (0.119) (0.244)
50 1.512 0.877 1.433 0.553 0.083
(0.156) (0.151) (0.544) (0.833) (0.740)
100 15 1.0 1.2 05 01 1.510 1.062 1.331 0.552 0.085
(0.151) (0.109) (0.412) (0.501) (0.687)
[0.720] [0.621] [0.507) [0.457) [0.852]
150 1.501 1.057 1.212 0.551 0.122
(0.112) (0.101) (0.109) (0.200) (0.127)

Table 1 lists the simulation results for paramater vectors given above. The simulation results
are evaluated by means of averages of the estimates and MSEs. From the Table 1, we see that

estimates are approaches to the parameter values and MSEs decrease as sample size n increases.

7. NUMERICAL ILLUSTRATION

7.1. Heart failure clinical records data: This dataset is taken from the medical records of
299 heart failure patients collected at the Faisalabad Institute of Cardiology and at the Allied
Hospital in Faisalabad (Punjab, Pakistan), during April-December 2015. For more details see
( [2]). The response variable is chosen as the ejection fraction which is the the percentage of
how much blood the left ventricle pumps out with each contraction. The covarites are taken
as age of the patients, level of serum creatinine in the blood and level of serum sodium in the
blood. The mean of the response variable is 38.0836 and variance is 140.0635.
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We have fitted the DNGP regression model to the data and compare with other popular count
data regression models such as Poisson and negative binomial distributions. The estimated value

of the parameters along with AIC values are given in Table 2.

TABLE 2. Fitting with other regression models

Intercept | level of serum creatinine other AIC
DNGPR 39.753 -55.241 & =18.697 1055.523
B=74.952
§ =1.041 x 1075
Poisson 3.645 -0.003 2709.400
Negative Binomial 3.644 -0.003 k=14.495 2312.600

To compare the relative fit of two competing, non-nested models, [16] proposed Vuong test.
This test allows for direct comparison of models that are not nested within each other, such as
a Poisson regression versus DP regression model. The Vuong statistic is given by:

Jid

Sd

V=

where, d is the mean log-likelihood difference between two non nested models, sq is the standard
deviation of differences and n is the sample size.

Under the null hypothesis that both models are observationally equivalent (i.e., have equal
expected K-L divergence from the true model), the statistic V is asymptotically standard
normal: V' ~ N(0,1). The hypothesis considered are

Hy: Both models fit the data equally well.

H;:One model fits significantly better than the other.

The decision taken at 5% significance level if:

e VV > 1.96: Model 1 provides a significantly better fit.
o IV < —1.96: Model 2 provides a significantly better fit.
e |V]| < 1.96: No significant difference between the models.

TABLE 3. Vuong test results for heart failure data
statistic | p value

DNGPR & Poisson 4.7361 | 0.00702
DNGPR& Negative binomial | 4.1328 | 0.000697

From Table 3, it is clear that p value is less than ax = 0.05, we reject our null hypothesis.
The model DNGPR is preferred over other two models.
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8. CONCLUSIONS

This paper introduced and examined a regression model based on the discrete new generalized
Pareto (DNGP) distribution for analyzing count data. The proposed model is flexible enough
to handle both underdispersed and overdispersed data, making it a useful alternative to classi-
cal count regression models. Although closed-form expressions for the mean and variance are
not available, the availability of closed-form probability mass and cumulative distribution func-
tions simplifies probability computations. Real data applications demonstrate that the DNGP
regression model provides a better fit than Poisson and negative binomial regression models.
A limitation of the proposed approach is the computational complexity of the likelihood func-
tion, which may lead to convergence issues and sensitivity to initial values during parameter

estimation.
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