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ABSTRACT. We propose an adaptive functional local polynomial estimator of the conditional
hazard function of a scalar response, observed only partially, given a functional covariate val-
ued in a semi-metric space. The estimator extends the functional local linear method of Ke-
nouza, Mechab and Benaissa to a polynomial order that grows with the sample size through
the adaptive rule p, = |[logn|. As in the local linear case, the conditional distribution and the
conditional density are estimated first, the hazard estimator being their ratio. Under missing-at-
random (MAR) responses and the same regularity setting as the local linear analysis (small-ball
probability, Hélder-type continuity, standard kernel and bandwidth conditions, together with a
non-degeneracy condition for the growing design), we establish the almost complete convergence
with rate of the three estimators, following the same four-step proof strategy: identification of
the conditional law on complete cases, control of the bias by the Holder exponents, an expo-
nential inequality for the stochastic term, and control of the denominator. The growing order
is shown to be a smoothness-adaptive device: it automatically attains the local-polynomial bias
rate permitted by the (unknown) functional regularity, while the slow logarithmic growth keeps
the local design matrix stable. A Monte Carlo study illustrates the finite-sample behaviour

under several missingness levels.

1. INTRODUCTION

Functional data analysis has become central to modern statistics because many observations

are naturally recorded as curves, trajectories, spectra or signals; classical multivariate tools
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are then inadequate and infinite-dimensional nonparametric techniques are required. For the

nonparametric framework we refer to the monograph of Ferraty and Vieu [8] and to the surveys
[12,13,16].
Let X be a functional covariate valued in a semi-metric space (F,d) and let Y be a real-valued

response. The conditional hazard function of ¥ given X = x is

) = L P <, (1)

where F* and f% are the conditional distribution and density of Y given X = z. Hazard
estimation is fundamental in reliability, survival analysis, risk prediction and biomedical appli-
cations. In the functional setting, Ferraty, Rabhi and Vieu [6] established the almost complete
convergence with rates of the kernel estimator of h® in several contexts, including censored
and dependent variables [17]. The local linear (more generally local polynomial) technique has
well-documented advantages over the kernel method, namely bias reduction and boundary adap-
tation [1,3,5]. The local linear estimate of h* under missing-at-random responses was studied
by the present author and coauthors [9]; the aim of the present work is to extend that estimate
to an adaptive local polynomial estimate, keeping the same modelling idea and the same line of
proof.

More generally, flexible lifetime and hazard-rate modelling has been developed in the relia-
bility literature by Sadok and coauthors [2, 15], while non-informative Bayesian estimation for
dispersion models is studied in [14]. These references provide complementary parametric and
Bayesian perspectives to the nonparametric functional approach adopted here.

In applications responses are frequently incomplete. We use the missing-at-random (MAR)

mechanism
Po=11X,Y)=P06=1]|X)=n(X), (2)

where § is the response indicator. MAR mechanisms for functional data were treated by Ferraty,
Sued and Vieu [7], Ling, Liang and Vieu [10], Efromovich [4] and, in the multivariate case,
Little and Rubin [11]. Under (2) the conditional law of ¥ given X is preserved among complete
cases, so the complete-case localized estimator targets the conditional functional without inverse-
probability weighting; this is made explicit in Lemma 5.1.

The contribution is threefold.

e We construct a functional local polynomial estimator of h* under MAR which reduces,
for order p = 1, to the local linear estimator of [9].

e We let the order grow as p, = |logn| and show that this is a smoothness-adaptive choice:
it reaches the bias rate O(hl}é) permitted by the Holder regularity, for any unknown finite
b1 (Remark 4.4), without prescribing the order in advance.

o We establish the almost complete convergence with rate, following the same four-step
strategy as the local linear case: MAR identification, H6lder control of the bias, an

exponential inequality for the stochastic term, and control of the denominator.
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The paper is organised as follows. Section 2 introduces the model and the adaptive estimator.

Section 3 states the assumptions and Section 4 the main results. The proofs are gathered in
Section 5, organised as a sequence of lemmas mirroring the four steps. Section 6 discusses the
bias—variance trade-off induced by the order, Section 7 reports a simulation study and Section 8

concludes.

2. MODEL AND ESTIMATOR
Let (X;,Y, 6i)1<i<n be independent copies of (X,Y,6) with X; € F,Y; € R and

1, if Y; is observed,
0; =

0, otherwise.

Fix z € F, write F*(y) = P(Y <y | X = z) and assume that F'* admits a conditional density
f*. Let K be a kernel, H a smooth distribution function with derivative H', hx,hy > 0 two
bandwidths, and 5(-,x): F — R a known locating function with g(x,z) = 0 and |B(z,2)| <
Csd(z,z). For an order p set

my(z) = Z ay B(Z,x)k.
k=0

The local polynomial coefficients solve the complete-case weighted least squares problem

(o, . . ., dp) = argminiéiK(W> [H<yl;HY> B éakﬁ(Xi,x)kr' (3)

a0,0p 1y

The conditional distribution estimator is ﬁpﬁ (y) = ap; differentiating in y gives the conditional

~

density estimator f,*

(y), and the conditional hazard estimator is

B = 2 (@

For p = 1 this is exactly the functional local linear estimator of [9]. In the adaptive version

studied here the order is
pn = [logn]. (5)
Matrix form and equivalent weights: Let u; = 3(X;, z)/hk, w; = 6; K(d(X;,2)/hk) and b(u) =
(L, ..., uP)T. With U = (b(u;)")i, W = diag(w;) and Z = (H((y — Y:)/hm));, the solution
of (3) is
a=U'WU)T'UTWZ,  EI(y)=ela,

where e; = (1,0,.. ., O)T. Introduce the normalized empirical moment matrix

~

Sp=mEw) 'U'WU,  Spjp=nEw) Y wu!™*, 0<jk<p,

and the equivalent weights



https://doi.org/10.28924/ada/stat.6.18

Eur. J. Stat. 10.28924 /ada/stat.6.18 [ 4 |

so that ﬁpﬁ (y) = (nEwy) '3, wili H((y — Yi)/hi). The weights ¢; reproduce every polynomial
of degree < p in (-, x) exactly; this reproducing property is the source of the bias reduction

and is used in Lemma 5.3.

3. ASSUMPTIONS

Write ¢z(h) = P(d(X,z) < h) for the small-ball probability and abbreviate ¢ := ¢, (hg).
We use the same regularity setting as the local linear analysis [3, 0,8, 9], with two additions,
(H6)-(H7), required only because the order grows.

(H1) Small ball: For every h > 0, p5(h) > 0 and ¢, (h) — 0 as h — 0.

(H2) Holder continuity: There exist by, by > 0 and C > 0 such that, for all (x1,y1), (x2,y2)

in a neighbourhood of (z,y),

|F™ (y1) — F*2(yo)| < C{d(a1, 22)" + |y1 — va2|” },

and the analogous condition holds for f*.
(H3) Kernels: K is bounded, non-negative and supported on [0,1] with K (1) > 0; H' is a
bounded, integrable kernel with [ H’ = 1 and finite moments up to order [bs].

1
Bandwidths: hx — 0, hy — 0 and —2 " (.
nhge
Missingness: 7(-) is continuous in a neighbourhood of  and 7(x) > 0.

H4

H5
H6

— 0.

(H4)
(H5)
(H6) Adaptive order / stability: p, = [logn| and - 5;
(H7) Design non-degeneracy: The population moment matrix S = (Sji)o<jk<pn, Sjk =
E[wyui T*]/E[w;], has smallest eigenvalue bounded below uniformly in n: Apm(S) >

)\0>0.

Remark 3.1. (H1)-(H5) are exactly the conditions used in the functional local linear analysis
of the conditional distribution, density and hazard [3,0,8,9]. (H6)-(H7) are the only additions
required by a growing order: they keep the local design matrixz stable as its dimension p, + 1

increases.
4. MAIN RESULTS
Theorem 4.1 (Conditional distribution). Under (H1)-(HT7),

‘ﬁm (y) . Fx(y)’ _ O( mln (Pn+1, bl)) + 0 th{Q + Ou.co. < logn> )

Pn ny

Theorem 4.2 (Conditional density). Under (H1)-(HT),

rx :1: m1n n+1,b b logn
‘fpn( — ’_ ( (p 1))+O(h 22)+ Oq.co. < n;’f}{@).

Theorem 4.3 (Adaptive conditional hazard). Assume (H1)-(H7) and F*(y) < 1. Then
E;cn(y) . hm(y)‘ _ O<hr;in(pn+1,b1)) + O(h ) + Oy o, ( nlzg}{n(p) ’ (7)

and consequently /ﬁ;"n (y) — h*(y) almost completely.
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Remark 4.4 (The adaptive order is smoothness-adaptive). Since p, = |logn| — oo, for any

fized finite by there is ng with p, +1 > by for n > ng; hence min(p, + 1,b1) = by eventually,
and (7) attains the full Holder bias rate O(hl}}) without prescribing the order in advance. A fized
order p saturates the bias at O(h?in(p +1’b1)) and is suboptimal whenever the reqularity exceeds
p+ 1. For p =1 the three theorems reduce to the local linear rates of [9]. If the functionals are
infinitely smooth (analytic), min(p, + 1,b1) = p, + 1 and the functional bias decays faster than

any power of hx, becoming asymptotically negligible.

Remark 4.5 (Rate balancing). Once n > ng the dominant error in (7) is O(h%) + O(h%) +

Oq.co.(\/logn/(nhgp)). Balancing the response-direction bias against the stochastic term, hlﬁ =

Viogn/(nhge), and treating the typical functional decay ¢ = @, (hk) as fized at the chosen hy,
. _ 1/(2b2+1)
gives hy =< (logn/(ny))

practice hi, hg are selected by cross-validation on the complete cases (Section 7).

, after which hg is chosen so that hl[’} is of the same order; in

5. PROOFS

We follow the same four-step strategy as for the local linear estimate [9]. The hazard esti-
mator (4) is a ratio, so it suffices to control ﬁp‘fl — F% and fpfl — f* and then to bound 1 — ﬁpi
away from zero. Throughout, C denotes a generic positive constant that may change from line

to line.
5.1. Identification of the conditional law under MAR.

Lemma 5.1. Under (2) and (H5), for every bounded measurable g,
E[d K(d(X,2)/hK) g(Y)]
E[5 K(d(X, a:)/hK)] hx—0

Hence the complete-case localized estimator targets the conditional functional and the propensity

Elg(Y) | X = z].

7w cancels in the ratio; no inverse-probability weighting is needed.

Proof. By (2),0 LY | X, s0E[6g(Y) | X] =m(X)E[g(Y) | X]. With K, = K(d(X,z)/hk) and
the tower property,

E[SK,g(Y)] = E[K,r(X)E(g(Y) | X)],  EBK,] = E[K,m(X)].

As hx — 0 the weight K, concentrates on {d(X,z) < hgi}; by continuity of 7 (H5) and of
z— E(g(Y) | X = 2) at x (which follows from H2), both expectations equal 7(z)E(g(Y) | X =
)EK, (14 0(1)) and 7w(x) EK, (14 o(1)) respectively. The ratio tends to E(g(Y) | X = x) and
the factor m(z) > 0 cancels. O

5.2. Moments of the kernel weights.
Lemma 5.2. Under (H1),(H3),(H5), for every fized integer a > 1,
E[w('] = B[6{' K*(d(X1, ) /hk)] = m(2) Ma @ (1 4 0(1)),

for constants M, > 0 depending only on K. Moreover E[wiu{"| = O(p) for every fized m > 0.
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Proof. Since 6{* = 01 and E[§; | X1] = 7(X1), we get E[w{] = E[x(X1)K*(d(X1,z)/hk)]. By
(H3), K is bounded and supported on {d(X1,z) < hg}, of probability ¢; the standard small-
ball computation [8, Lemma 4.3-4.4] gives E[K%(d(X1,z)/hk)] = Map(1 + o(1)), and (H5)
yields the factor 7(z)(1+ 0(1)). As |ui| < Cg on the support of K (because |5(X1,x)| < Cghk
there), Elwiu{"] = O(Ew;) = O(yp). O

5.3. Bias.
Lemma 5.3. Under (H2),(H3),(HT7),

B[R () | X1, Xo] = Fo(y) | < CRE"PTH) 4 ol
The same bound holds for f.2 .

Proof. Response direction. With ¢; = H((y —Y;)/hm), Lemma 5.1 gives, for z near x,

Bl | X = 2] — /H(%)fz(t) dt = /FZ(y — o) H'(v) dv

after the change of variable t = y — hyv and integration by parts. By the bo-Holder condition
iny (H2) and [ H' =1,

Elp | X = 2] = F*(y)| < C [ Ihol” H'(v)dv = O(h}7).

Functional direction. The order-p, weighted least squares estimator reproduces every poly-
nomial of degree < p,, in (-, x) exactly; cf. the reproducing identity (6). Thus the functional
bias of @y equals the weighted projection of the polynomial-approximation error of z — F*(y)
on the ball B(z,hi) = {2z : d(z,2) < hx}. By (H2), |F*(y) — F*(y)| < Cd(z,2)" < Chl;é for
d(z,x) < hg. The best degree-p,, polynomial approximation error of a bj-Holder function on a

ball of radius hg is
O(h?in(pn'f‘l, bl))

(it equals O(h%) when p, +1 > by and saturates at O(h’;?“) otherwise). With (H7), ||S71| <
Ao ! and since |u;| < C3 on the support of K, the projection contributes only a bounded factor;

min(anrl,bl))

hence the functional bias is O(hy . Adding the response term proves the claim. The

density case is identical, using the Holder condition on f% and integration by parts with H”

(equivalently, the Holder condition on f* directly). O
5.4. Exponential inequality and the stochastic rate.

Lemma 5.4. Let T,, = (nEwy) ™' 30 (wi¢; — Elwi(1]), where (¢;) are i.i.d. bounded variables
attached to (X;,Y;) and w; = §; K(d(X;,x)/hk). Under (H1),(H3),(H4),

T, = 0(\/1?) .

If ; carries the factor hi H'((y — Y;)/ha) (density case), then T, = Oy co(r/Togn/(nhug)).
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Proof. Set & = w;¢; — E[wi(1], so B = 0 and, by (H3), |&| < Ck for a constant Cx. By
Lemma 5.2, E¢? < E[w?¢?] < Cy (distribution case) or < Cp/hy (density case, by the change
of variable in H'). Put a, = y/logn/(ny). Bernstein’s inequality applied to > &; gives, using
E’UJl = $,

1,2 2,22
507 (Ewq)“n“a log n
P(|Tn| > nan) < 2exp| ———32 (1 )" nay :gexp(_u)’
nE&T + 3Cx Bwy nann

since npa? = logn and the dominant balance is nE(? < np =< logn/a2. Choosing n with
n?/(2¢) > 2 yields P(|T,,| > na,) < 2n~2, which is summable; hence T,, = Oa.co.(ay). In the
density case E¢? < ¢/hy, so ¢ is replaced by phy in a,, giving the stated rate. O

5.5. Stability of the empirical design.

Lemma 5.5. Under (H1),(H3),(H6),(HT7), ‘gn —SH — 0 almost completely, 50 Amin(Sp) >

Xo/2 > 0 a.co. for n large; moreover the normalized denominator (Ewy) ™ 'n=13, w; — 1 a.co.

Proof. Each entry §n,jk — S, has the form of T}, in Lemma 5.4 with ¢; = uin (bounded on the

support of K), so it is Oa.co.(an). By a union bound over the (p, + 1)? entries,
P(max|Sogi = S| > nan) < 2pn + 1),

which is summable since (logn)?n=2 is. As H§” - SH < (pn+1)max; |-| and ppa, — 0 by (H6)
(indeed p2a? = p2 logn/(ny) — 0 follows from p,,/(nhxp) — 0 and hx — 0), Weyl’s inequality
gives Amin(Sn) > Ao — Hgn — SH > A\o/2 a.co. The denominator is the (0,0) entry, treated the

same way. O

5.6. Proof of Theorem 4.1.

Proof of Theorem 4.1. Write ﬁpﬁ (y) = e] S71G, with gn = (nEw;)~! S wib(u;)y;. Using the
equivalent weights £; = efgglb(ui) of (6), set N, = (nEwq) ™t >, wilitp; and decompose

EZ (y) — F*(y) = (EN, — F*(y)) + (N,, — EN,,) +Rn,

B Sn

where R, collects the second-order contribution of replacing SA; Uy S~
Bias. By Lemma 5.3, |B,| = O(h?n(pnﬂ’bl)) + O(h%).

Stochastic term. By Lemma 5.5, on the support of K we have |{;| < 2)\51(pn +1)1/2

, S0 Sy, is
a centered kernel-weighted sum to which Lemma 5.4 applies (the factor (p, + 1)/ is absorbed
because ppa, — 0), giving S, = Oy co. (V10g n/(nep)).

Remainder. Since §;1—S_1 = —S‘l(gn—S)bA’,jl, Lemma 5.5 gives R;, = Oq.co.(Pnan) = 0(Sy)
a.co., so the remainder is negligible.

Collecting the three terms proves Theorem 4.1. O


https://doi.org/10.28924/ada/stat.6.18

Eur. J. Stat. 10.28924 /ada/stat.6.18 [ 8 |

5.7. Proof of Theorem 4.2.

Proof of Theorem 4.2. Differentiating (3) in y replaces 1; by hy H'((y — Yi)/hn), so fpﬁ (y)
has the same structure as ﬁpﬁ (y) with this attached variable. The bias is unchanged,
O(h?in(p ”H’bl)) + O(h%2) (Lemma 5.3 for f*). The attached variable now carries the factor
h;ll, so the density branch of Lemma 5.4 gives the stochastic term O, co.(v/1ogn/(nhu)).

]

5.8. Control of the denominator.
Lemma 5.6. Under the assumptions of Theorem 4.1 and F*(y) < 1, withn = (1-F*(y))/2 > 0,

Z]P’(l —ﬁpfb(y) <n) < oo;

n>1
thus 1 — ﬁpﬁ (y) is bounded away from O almost completely.

Proof. If ‘ﬁp‘fl(y) — Fx(y)‘ <1 then 1 — ﬁp“;(y) >1— F*(y) —n > n; hence {1 — ﬁpi(y) < 77} -
{’ﬁpi (y) — F gc(y)‘ > n}, and the right-hand probabilities are summable by Theorem 4.1. O

5.9. Proof of Theorem 4.3.

Proof of Theorem 4.53. From (1) and (4),

> IO . () I () I Cl (D el €
hpn(y)—h(y)——l_ﬁpﬂy) + h%(y) ()

By Lemma 5.6, 1 — ﬁ'pi (y) > n > 0 a.co., so both denominators contribute bounded factors.

Inserting Theorems 4.1 and 4.2, and noting that the density stochastic term +/logn/(nhgp)
dominates the distribution one (since hy — 0), we obtain (7). Almost complete convergence
follows because h?n(pnﬂ’bl) — 0, h%2 — 0 and logn/(nhge) — 0 by (H4). O

5.10. Role of the adaptive order p, = [logn|. Two effects compete. The functional bias
h?n(p nt181) Jecreases with pr until it is capped by the Hélder exponent by; by Remark 4.4
the choice p, — oo reaches that cap for any unknown by, which is the smoothness-adaptive
benefit. On the other hand, the local design has dimension p, + 1, and its stability requires
pn/(nhip) — 0 (H6), preventing the moment matrix from degenerating relative to the effective
local sample size ng. The logarithmic growth p, = |logn] is the slowest growth that still
guarantees p, + 1 > by eventually while keeping p,a, — 0, hence a natural compromise between

bias adaptation and stochastic stability.

6. THE BI1AS—VARIANCE TRADE-OFF

Figure 1 summarizes the construction of the estimator and Figure 2 illustrates, qualitatively,
the bias—variance compromise as a function of the polynomial order. The functional bias de-

creases with the order until it is capped at O(hg}) by the Holder regularity, while the variance
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grows with the local design dimension p,, 4+ 1; the resulting MSE is essentially flat, with a shallow

optimum, which is exactly the behaviour observed in the simulation tables of Section 7.

Incomplete functional sample
(X 1) }/i7 51)

Y
{ MAR mechanism }

P =1|X,Y)=n(X)

Y
Adaptive local polynomial ﬁt}

pn = [logn| (Eq. (3))
(y)] Estimate fpﬁ (y)]
~—

Hazard estimator
~. fo (y)
hpn (y> = 1 ﬁﬂc

— Loy, (y)

[Estimate F p”i

Ficure 1. Construction of the adaptive local polynomial conditional hazard

estimator.
T T T T
1 —— Bias |
- - - Variance
= —— MSE
= .
by
=
&0
&
S
‘g 0.5
+~
<
Q
~
0 | | | |
1 2 3 4 5 6

Polynomial order p

FIGURE 2. Theoretical bias—variance trade-off: the bias decreases with the order
p until it is capped by the Hdélder exponent, while the variance grows with the

local design dimension; the MSE is shallow with a flat optimum.
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7. SIMULATION STUDY

Protocol: We use n = 300 curves and N = 500 Monte Carlo replications. Functional observations

are generated by
5
Xl(t) = Z g”Lk Sok(t)7 QDk(t) = ﬁSin(kﬂ-t)? te [07 1]7 fzk ~ N(O’ k72)7
k=1

and the response by Y; = [y X;(1)8(t)dt + &;, B(t) = 2sin(nt), &; ~ N(0,0.25). The MAR
mechanism is P(6; = 1 | X;) = {1 + exp(—ap — a1 X;)} !, where X; = fol Xi(t) dt, the pair
(o, 1) being tuned to produce 10%, 20% and 30% missingness. We take K (u) = %(1 —u2)1[071},
H the standard normal c.d.f., the L? semi-metric after projection on the first four functional
principal components, and hg, hg chosen by cross-validation on the complete cases.

The three missingness levels are chosen because the effective local sample size nw(x)p de-
creases as the missingness rate increases, so that both bias and variance are expected to inflate.
This allows us to check whether the ordering of the polynomial orders is preserved when the
complete-case local information becomes scarcer. For each replication we compute the bias, the
variance and the mean squared error of the local linear (p = 1), local quadratic (p = 2), local
cubic (p = 3) and adaptive p, = |logn| estimators of the conditional hazard function.

Tables 1, 2 and 3 report the results for 10%, 20% and 30% missing responses, respectively.

TABLE 1. Simulation results for 10% missing responses.

Method Bias Variance MSE

Local Linear p =1 0.041 0.018 0.019
Local Quadratic p=2 0.029 0.020 0.021
Local Cubic p =3 0.024 0.022 0.023
Adaptive p, = [logn| 0.018 0.023 0.023

TABLE 2. Simulation results for 20% missing responses.

Method Bias Variance MSE

Local Linear p =1 0.056  0.026 0.029
Local Quadratic p =2 0.041 0.029 0.031
Local Cubic p =3 0.034 0.031 0.032
Adaptive p, = [logn| 0.027 0.033 0.034

Reading the tables: Table 1 shows that, at 10% missingness, the adaptive order p, = |logn|
attains the smallest bias (0.018, against 0.041 for p = 1), while its variance (0.023) remains

close to that of the cubic fit (0.022). The same monotone bias reduction appears in Table 2 for
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TABLE 3. Simulation results for 30% missing responses.

Method Bias Variance MSE

Local Linear p =1 0.073  0.037 0.042
Local Quadratic p=2 0.055 0.041 0.044
Local Cubic p =3 0.046 0.044 0.046
Adaptive p, = [logn| 0.038 0.047 0.048

20% missingness and in Table 3 for 30% missingness: increasing the polynomial order lowers the
bias at every missingness level, and the adaptive estimator always produces the smallest bias,
in agreement with Remark 4.4. This comes at a moderate variance cost, so that the MSE is
essentially flat across orders: 0.019-0.023 in Table 1, 0.029-0.034 in Table 2, and 0.042-0.048
in Table 3. The adaptive rule is therefore preferable when bias control is the main concern, for
instance in tail or boundary estimation of h”, rather than as a uniform MSE minimiser.
Across all three panels we observe MSE ~ Bias? + Variance, consistent with the qualitative
decomposition of Figure 2. As the missingness level rises from 10% to 30%, the effective local
sample size n7(x)p shrinks; both bias and variance inflate, for example the adaptive bias grows
from 0.018 to 0.038 and the adaptive variance from 0.023 to 0.047, but the ordering of the
methods is preserved. This robustness with respect to the missingness level is consistent with
the MAR identification of Lemma 5.1, which shows that the complete-case localisation targets

the conditional functional without inverse-probability weighting.

8. CONCLUSION

Following the same idea and the same line of proof as the functional local linear estimate of the
conditional hazard function under MAR [9], we developed an adaptive local polynomial estimate
with order p, = [logn|. We established the almost complete convergence with rate, through
MAR identification on complete cases, Holder control of the bias, an exponential inequality for
the stochastic term, and control of the denominator. The growing order is a smoothness-adaptive
device that reaches the bias rate permitted by the unknown functional regularity and reduces
to the local linear estimate for p = 1. The simulation confirmed the bias-reduction behaviour.
Future work may treat dependent functional data, censored responses, joint data-driven selection

of the bandwidths and the order, and asymptotic normality.
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