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−2log(𝑓(𝑦; 𝑋𝛽̂, 𝜎̂2𝐼) + 2(𝑘 + 1)𝑄̂ + 2𝑄̂2 +
14𝑄̂2+2𝑘2𝑄̂2−8𝑘𝑄̂3+24𝑄̂2−32𝑄̂3+12𝑄̂4

𝑛−𝑘−2

𝑘 + 1

𝛽1, … , 𝛽𝑘, 𝜎
2

𝑄̂ = 𝜎̂0
2/𝜎̂2 𝜎̂0

2

𝜎̂2

𝑦 = 𝑋𝛽 + 𝑢 𝑛 →

∞ 𝑛 → ∞ 𝑄̂ = 1

𝑄̂ = 1

𝑛 → ∞

(𝑘 + 1)log(𝑛) 𝑛
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𝑛+𝑘

𝑛−𝑘
𝑆

𝑆 =  ∑ 𝑢̂𝑡
2𝑛

𝑡=1 = 𝑛𝜎̂2

𝑛 log (
𝑛+𝑘

𝑛−𝑘
𝑆) = 𝑛 log(𝑆) + log (1 +

2𝑘

𝑛−𝑘
)
𝑛

≈ 𝑛 log(𝑆) + log(exp(2𝑘)) = 𝑛 log(𝑆) +

2𝑘

= 𝑛 log(𝜎̂2) + 2𝑘 + 𝑛 log(𝑛)

−2log(𝑓(𝑦; 𝑋𝛽̂, 𝜎̂2𝐼) + 2(𝑘 + 1)

𝑘 𝑛

𝑘 𝑘

𝜒2(2)

𝐸‖𝑧 − 𝑋𝛽̂‖
2

𝑧 𝑦

𝛽

𝐸𝑋𝛽̂ = 𝐸𝑦

𝑄̂
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𝑆

𝐸𝑦 = 0

𝑛 × 𝑘

𝑋 𝐾 𝑘

𝜁1(𝑘, 𝐾)

𝜒2(1)

𝐹𝑃𝐸𝑠𝑢𝑏(𝑘) =
𝑛+𝜁1(𝑘,𝐾)

𝑛−𝜁1(𝑘,𝐾)
𝑆

𝐾

𝜁1(1, 𝐾 − 𝑘) 𝜁1(𝑘 +

1, 𝐾) 𝑘 𝑘 + 1

𝜁1(1, 𝐾)

2 log(𝐾)

𝜁1(1, 𝐾) = 2 log(𝐾) − log(log(𝐾))

 𝑛

𝜎2𝐼

𝜇 = ∑ 𝐴𝑗 (

cos(𝜔𝑗 ∙ 1)

⋮
cos(𝜔𝑗 ∙ 𝑛)

)

⏟        
=:𝐶𝑗

𝐾
𝑗=1 + ∑ 𝐵𝑗 (

sin(𝜔𝑗 ∙ 1)

⋮
sin(𝜔𝑗 ∙ 𝑛)

)

⏟        
=:𝑆𝑗

𝐾
𝑗=1
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𝐾 = [(𝑛 − 1)/2] 0 < 𝜔𝑗 = 2𝜋𝑗/𝑛 < 𝜋  𝑗

𝐶1, … , 𝐶𝐾, 𝑆1, … , 𝑆𝐾 𝐴𝑗

𝐵𝑗 𝑦

𝐴̂𝑗 =
∑ cos(𝜔𝑗𝑡)𝑦𝑡
𝑛
𝑡=1

∑ cos2(𝜔𝑗𝑡)
𝑛
𝑡=1

=
2

𝑛
∑ cos(𝜔𝑗𝑡)𝑦𝑡
𝑛
𝑡=1

𝐵̂𝑗 =
∑ sin(𝜔𝑗𝑡)𝑦𝑡
𝑛
𝑡=1

∑ sin2(𝜔𝑗𝑡)
𝑛
𝑡=1

=
2

𝑛
∑ sin(𝜔𝑗𝑡)𝑦𝑡
𝑛
𝑡=1

𝑆(𝐾) = (𝑦 − ∑ 𝐴̂𝑗𝐶𝑗 − ∑ 𝐵̂𝑗𝑆𝑗)
𝑇
(𝑦 − ∑ 𝐴̂𝑗𝐶𝑗 − ∑ 𝐵̂𝑗𝑆𝑗)

= 𝑦𝑇𝑦 − ∑ 𝐴̂𝑗
2𝐶𝑗

𝑇𝐶𝑗  − ∑ 𝐵̂𝑗
2𝑆𝑗
𝑇𝑆𝑗 

= ∑𝑦𝑡
2 −

𝑛

2
∑ (𝐴̂𝑗

2 + 𝐵̂𝑗
2)⏟      

=:𝑅̂𝑗
2

𝜇 = 0

𝐴̂𝑗 , … , 𝐴̂𝑗 , 𝐵̂𝑗 , … , 𝐵̂𝑗 ~ 𝑁 (0,
2𝜎2

𝑛
𝐼)

𝑛

2𝜎2
𝑅̂1
2, … ,

𝑛

2𝜎2
𝑅̂𝐾
2  𝜒2(2)

𝑘 ≤ 𝐾

𝐶𝑗 , 𝑆𝑗

𝐸𝑆(𝑘) = 𝐸 (∑ 𝑦𝑡
2𝑛

𝑡=1 −
𝑛

2
∑ 𝑅̂𝑞(𝑗)

2𝑘
𝑗=1 ) = 𝜎2𝐸 (∑

𝑦𝑡
2

𝜎2
𝑛
𝑡=1 −

𝑛

2𝜎2
∑ 𝑅̂𝑞(𝑗)

2𝑘
𝑗=1 ) = 𝜎2(𝑛 − 𝜁2(𝑘, 𝐾))

𝑞 𝑅̂1
2, … , 𝑅̂𝐾

2  

𝑅̂𝑞(1)
2 ≥ ⋯ ≥ 𝑅̂𝑞(𝐾)

2 ,

𝜁2(𝑘, 𝐾) = 2𝑘 (1 + ∑
1

𝑗

𝐾
𝑗=𝑘+1 )                                                (16)

𝜒2(2)

𝐸𝑆∗(𝑘) = 𝐸(𝑧 − ∑ 𝐴̂𝑞(𝑗)𝐶𝑞(𝑗)
𝑘
𝑗=1 − ∑ 𝐵̂𝑞(𝑗)𝑆𝑞(𝑗)

𝑘
𝑗=1 )

𝑇
(𝑧 − ∑ 𝐴̂𝑞(𝑗)𝐶𝑞(𝑗)

𝑘
𝑗=1 − ∑ 𝐵̂𝑞(𝑗)𝑆𝑞(𝑗)

𝑘
𝑗=1 )

= 𝑛𝜎2 + 𝐸
𝑛

2
∑ (𝐴̂𝑞(𝑗)

2 + 𝐵̂𝑞(𝑗)
2 )𝑘

𝑗=1 = 𝜎2(𝑛 + 𝜁2(𝑘, 𝐾))
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𝐹𝑃𝐸𝑆𝑈𝐵(𝑘) =
𝑛+𝜁2(𝑘,𝐾)

𝑛−𝜁2(𝑘,𝐾)
𝑆(𝑘)

𝑆(0) 𝑆(1)

𝜇 = 0 ℎ

𝑃(𝑆(1)ℎ < 𝑆(0)) = 𝑃 (
1

2𝜎2
(𝑆(0) −

𝑛

2
𝑅̂𝑞(𝐾)
2 )ℎ <

1

2𝜎2
𝑆(0)) = 𝑃 (𝑍 >

𝑆(0)

𝜎2
ℎ−1

2
) ≈

𝑃(𝑍 >
𝑛(ℎ−1)

2⏟  
=:𝐻

)

𝑍 𝐾

𝐻

𝐸𝑍 𝐻 − 𝐸𝑍 > 0

𝑃(𝑍 > 𝐻) = 𝑃(𝑍 − 𝐸𝑍 > 𝐻 − 𝐸𝑍) ≤ 𝑃(|𝑍 − 𝐸𝑍| > 𝐻 − 𝐸𝑍) ≤
𝑉𝑎𝑟(𝑍)

(𝐻−𝐸𝑍)2

𝑍

𝑍 =
𝑒1

1
+
𝑒2

2
…+

𝑒𝐾

𝐾

𝑒1, … , 𝑒𝐾

𝑉𝑎𝑟(𝑧) = 1 +
1

4
+⋯+

1

𝐾2
<
𝜋

6

𝐻 − 𝐸𝑍 → ∞

𝑛ℎ − 𝑛 − 2𝐸𝑍 → ∞

ℎ 

ℎ𝜆 = 1 +
1

𝑛
𝜆 (log(𝐾) + 𝐶 +

1

2𝐾
) 𝜆 > 2

𝑛ℎ𝜆 − 𝑛 − 2𝐸𝑍 = 𝑛ℎ𝜆 − 𝑛 − 2(1 +
1

2
+⋯+

1

𝐾
) ≥ (𝜆 − 2) (log(𝐾) + 𝐶 +

1

2𝐾
) → ∞

𝐶 = 0.5772156649…

𝑝𝜆 = 𝜆 (log(𝐾) + 𝐶 +
1

2𝐾
) 𝜆 > 2
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𝑛 log(𝑆(1)ℎ𝜆) = 𝑛 log(𝑆(1)) + log(1 +
 𝑝𝜆

𝑛
 )𝑛 ≈ 𝑛 log(𝑆(1)) + 𝑝𝜆

𝜆

𝑦1, 𝑦1 + 𝑦2, 𝑦1 + 𝑦2 + 𝑦3, …

𝑏, 2𝑏, 3𝑏, …

𝑏

𝐼(𝜔𝑗) =
1

2𝜋𝑛
|∑ 𝑦𝑡𝑒

−𝑖𝜔𝑗𝑡𝑛
𝑡=1 |

2
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2𝜋𝑗/12, 𝑗 = 1,… ,6

2𝜋𝑗/12 = 𝜔141 = 141 ∙ 2𝜋/𝑛 𝑛 = 12 ∙ 141 = 1692
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[(𝑛 − 1)/2] [𝑛/2]

𝐾 𝜋

sin(𝜋) = 0 𝜋

(𝐶𝑗, 𝑆𝑗)

𝑘

𝑛 log(𝑆(𝑘)) + 𝑝(𝑘) < 𝑛 𝑙𝑜𝑔(𝑆(𝑘 − 1))

𝑝(𝑘) 𝑛

𝐾 𝐾 − 𝑘 + 1

𝑝𝐴𝐼𝐶(𝑘) = 2 ∙ 2 𝑝𝐵𝐼𝐶(𝑘) = 2 log(𝑛)

𝑝𝜆 𝐾

𝐾 − 1

𝐾 − 2

 𝑝𝜁(𝑘) =  2 𝜁2(1, 𝐾 − 𝑘 + 1) = 4 (1 + ∑
1

𝑗

𝐾−𝑘+1
𝑗=1 )

𝐾 𝐾

https://doi.org/10.28924/ada/stat.2.11


 

𝐾 𝑛 𝐾 ≈

𝑛/2

𝜋
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𝜆 = 2.5

                 AIC               BIC              𝟐 𝜻𝟐      𝝀 = 𝟐. 𝟐𝟓    𝝀 = 𝟐. 𝟓𝟎   𝝀 = 𝟐. 𝟕𝟓   𝝀 = 𝟑. 𝟎𝟎 

1 1 1 1 1 1 1 
1 1 1 1 1 1 1 
1 1 1 1 1 1 1 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 

47 3 0 1 1 1 0 

1 1 1 1 1 1 1 
1 1 0 1 1 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
1 0 0 0 0 0 0 

47 5 0 3 1 0 0 

1 1 1 1 1 1 1 
1 1 1 1 1 1 1 
1 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 

47 5 0 3 2 2 1 

1 1 1 1 1 1 1 
1 1 1 1 1 1 1 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 

48 5 0 4 3 2 0 

1 1 1 1 1 1 1 
1 1 1 1 1 1 1 
1 1 0 1 1 1 1 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 

47 8 0 4 3 1 1 
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